’t Pitman Research Notes in Mathematics Series 318

R Raghavan and E Ozkan

A method for
computing unsteady
flows in porous
media

. e

Scientific &
Technical

Longman |



Pitman Research Notes in Mathematics
Series

Main Editors

H. Brezis, University de Paris

R.G. Douglas, State University of N§w York at Stony Brook

A. Jeffrey, University of Newcastle upon Tyne (Founding Editor)

Editorial Board

R. Aris, University of Minnesota D. Jerison, Massachusetts Institute of

G.I. Barenblatt, University of Cambridge Technology

A. Bensoussan, INRIA, France K. Kirchgassner, Universitat Stuttgart

S. Bloch, University of Chicago B. Lawson, State University of New York at
B. Bollobas, University of Cambridge Stony Brook

S. Donaldson, University of Oxford S. Mori, Kyoto University

R.J. Elliott, University of Alberta L.E. Payne, Cornell University

R.P. Gilbert, University of Delaware G.F. Roach, University of Strathclyde

R. Glowinski, University de Paris B. Simon, California Institute of Technology
K.P. Hadeler, Universitat Tubingen S.J. Taylor, University of Virginia

Submission of proposals for consideration

Suggestions for publication, in the form of outlines and representative samples, are invited
by the Editorial Board for assessment. Intending authors should approach one of the main
editors or another member of the Editorial Board, citing the relevant AMS subject
classifications. Alternatively, outlines may be sent directly to the publisher’s offices.
Refereeing is by members of the board and other mathematical authorities in the topic
concerned, throughout the world.

Preparation of accepted manuscripts

On acceptance of a proposal, the publisher will supply full instructions for the preparation of
manuscripts in a form suitable for direct photo-lithographic reproduction. Specially printed
grid sheets can be provided and a contribution is offered by the publisher towards the cost of
typing. Word processor output, subject to the publisher’s approval, is also acceptable.

INlustrations should be prepared by the authors, ready for direct reproduction without further
improvement. The use of hand-drawn symbols should be avoided wherever possible, in
order to maintain maximum clarity of the text.

The publisher will be pleased to give any guidance necessary during the preparation of a
typescript, and will be happy to answer any queries.

Important note

In order to avoid later retyping, intending authors are strongly urged not to begin final
preparation of a typescript before receiving the publisher’s guidelines. In this way it is hoped
to preserve the uniform appearance of the series.

Longman Scientific & Technical
Longman House

Burnt Mill

Harlow, Essex, CM20 2JE

UK

(Telephone (0279) 426721)



Titles in this series. A full list is available on request from the publisher.

100 Optimal control of variational inequalities
V Barbu

101 Partial differential equations and dynamical
systems
W E Fitzgibbon HI

102 Approximation of Hilbert space operators
Volume II
C Apostol, L A Fialkow, D A Herrero and
D Voiculescu

103 Nondiscrete induction and iterative processes
V Ptak and F-A Potra

104 Analytic functions - growth aspects
O P Juneja and G P Kapoor

105 Theory of Tikhonov regularization for Fredholm
equations of the first kind
C W Groetsch

106 Nonlinear partial differential equations and free
boundaries. Volume I
J I Diaz

107 Tight and taut immersions of manifolds
T E Cecil and P J Ryan

108 A layering method for viscous, incompressible
Lp flows occupying JR'
A Douglis and E B Fabes

109 Nonlinear partial differential equations and their
applications: College de France Seminar.
Volume VI
H Brezis and J L Lions

110 Finite generalized quadrangles
S E Payne and J A Thas

111 Advances in nonlinear waves. Volume II
L Debnath

112 Topics in several complex variables
E Ramirez de Arellano and D Sundararaman

113 Differential equations, flow invariance and
applications
N H Pavel

114 Geometrical combinatorics
F C Holroyd and R J Wilson

115 Generators of strongly continuous semigroups
J A van Casteren

116 Growth of algebras and Gelfand-Kirillov
dimension
G R Krause and T H Lenagan

117 Theory of bases and cones
P K Kamthan and M Gupta

118 Linear groups and permutations
A R Camina and E A Whelan

119 General Wiener-Hopf factorization methods
F-0 Speck

120 Free boundary problems: applications and
theory. Volume El
A Bossavit, A Damlamian and M Fremond

121 Free boundary problems: applications and
theory. Volume IV
A Bossavit, A Damlamian and M Fremond

122 Nonlinear partial differential equations and their
applications: College de France Seminar.
Volume VII
H Brezis and J L Lions

123 Geometric methods in operator algebras
H Araki and E G Effros

124 Infinite dimensional analysis-stochastic processes
S Albeverio

125 Ennio de Giorgi Colloquium
PKr&

126 Almost-periodic functions in abstract spaces
S Zaidman

127 Nonlinear variational problems
A Marino, L Modica, S Spagnolo and
M Degliovanni

128 Second-order systems of partial differential
equations in the plane
L K Hua, W Lin and C-Q Wu

129 Asymptotics of high-order ordinary differential
equations
R B Paris and A D Wood

130 Stochastic differential equations
R Wu

131 Differential geometry
L A Cordero

132 Nonlinear differential equations
J K Hale and P Martinez-Amores

133 Approximation theory and applications
S P Singh

134 Near-rings and their links with groups
J D P Meldrum

135 Estimating eigenvalues with a posteriori/a priori
inequalities
J R Kuttler and V G Sigillito

136 Regular semigroups as extensions
F J Pastijn and M Petrich

137 Representations of rank one Lie groups
D H Collingwood

138 Fractional calculus
G F Roach and A C McBride

139 Hamilton’s principle in continuum mechanics
A Bedford

140 Numerical analysis
D F Griffiths and G A Watson

141 Semigroups, theory and applications. Volume I
H Brezis, M G Crandall and F Kappel

142 Distribution theorems of L-functions
D Joyner

143 Recent developments in structured continua
D De Kee and P Kaloni

144 Functional analysis and two-point differential
operators
J Locker

145 Numerical methods for partial differential
equations
S I Hariharan and T H Moulden

146 Completely bounded maps and dilations
V I Paulsen

147 Harmonic analysis on the Heisenberg nilpotent
Lie group
W Schempp

148 Contributions to modern calculus of variations
L Cesari

149 Nonlinear parabolic equations: qualitative
properties of solutions
L Boccardo and A Tesei

150 From local times to global geometry, control and
physics
K D Elworthy



151 A stochastic maximum principle for optimal
control of diffusions
U G Haussmann

152 Semigroups, theory and applications. Volume II
H Brezis, M G Crandall and F Kappel

153 A general theory of integration in function spaces
P Muldowney

154 Oakland Conference on partial differential
equations and applied mathematics
L R Bragg and J W Dettman

155 Contributions to nonlinear partial differential
equations. Volume II
J 1 Diaz and P L Lions

156 Semigroups of linear operators: an introduction
A C McBride

157 Ordinary and partial differential equations
B D Sleeman and R J Jarvis

158 Hyperbolic equations
F Colombini and M K V Murthy

159 Linear topologies on a ring: an overview
JS Golan

160 Dynamical systems and bifurcation theory
M I Camacho, M J Pacifico and F Takens

161 Branched coverings and algebraic functions
M Namba

162 Perturbation bounds for matrix eigenvalues
R Bhatia

163 Defect minimization in operator equations:
theory and applications
R Reenitsen

164 Multidimensional Brownian excursions and
potential theory
K Burdzy

165 Viscosity solutions and optimal control
R J Elliott

166 Nonlinear partial differential equations and their
applications: College de France Seminar.
Volume Vin
H Brezis and J L Lions

167 Theory and applications of inverse problems
H Haario

168 Energy stability and convection
G P Galdi and B Straughan

169 Additive groups of rings. Volume II
S Feigelstock

170 Numerical analysis 1987
D F Griffiths and G A Watson

171 Surveys of some recent results in operator
theory. Volume I
J B Conway and B B Morrel

172 Amenable Banach algebras
J-P Pier

173 Pseudo-orbits of contact forms
A Bahri

174 Poisson algebras and Poisson manifolds
K H Bhaskara and K Viswanath

175 Maximum principles and eigenvalue problems in
partial differential equations
P W Schaefer

176 Mathematical analysis of nonlinear, dynamic
processes
KUGnisa

177 Cordes’ two-parameter spectral representation
theory
D F McGhee and R H Picard

178 Equivariant K-theory for proper actions
N C Phillips

179 Elliptic operators, topology and asymptotic
methods
J Roe

180 Nonlinear evolution equations
J K Engelbrecht, V E Fridman and
E N Pelinovski

181 Nonlinear partial differential equations and their
applications: College de France Seminar.
Volume IX
H Brezis and J L Lions

182 Critical points at infinity in some variational
problems
A Bahri

183 Recent developments in hyperbolic equations
L Cattabriga, F Colombini, M K V Murthy
and S Spagnolo

184 Optimization and identification of systems
governed by evolution equations on Banach space
N U Ahmed

185 Free boundary problems: theory and
applications. Volume I
K H Hoffmann and J Sprekels

186 Free boundary problems: theory and
applications. Volume II
K H Hoffmann and J Sprekels

187 An introduction to intersection homology theory
F Kirwan

188 Derivatives, nuclei and dimensions on the frame
of torsion theories
J S Golan and H Simmons

189 Theory of reproducing kernels and its
applications
S Saitoh

190 Volterra integrodifferential equations in Banach
spaces and applications
G Da Prato and M lannelli

191 Nest algebras
K R Davidson

192 Surveys of some recent results in operator
theory. Volume II
J B Conway and B B Morrel

193 Nonlinear variational problems. Volume II
A Marino and M KV Murthy

194 Stochastic processes with multidimensional
parameter
M E Dozzi

195 Prestressed bodies
D Iesan

196 Hilbert space approach to some classical
transforms
RH Picard

197 Stochastic calculus in application
J R Norris

198 Radical theory
B J Gardner

199 The C -algebras of a class of solvable Lie groups
X Wang

200 Stochastic analysis, path integration and dynamics
K D Elworthy and J C Zambrini



201 Riemannian geometry and holonomy groups
S Salamon

202 Strong asymptotics for extremal errors and
polynomials associated with Erdos type weights
D S Lubinsky

203 Optimal control of diffusion processes
V S Borkar

204 Rings, modules and radicals
B J Gardner

205 Two-parameter eigenvalue problems in ordinary
differential equations
M Faierman

206 Distributions and analytic functions
R D Carmichael and D Mitrovic

207 Semicontinuity, relaxation and integral
representation in the calculus of variations
G Buttazzo

208 Recent advances in nonlinear elliptic and
parabolic problems
P Blnilan, M Chipot, L Evans and M Pierre

209 Model completions, ring representations and the
topology of the Pierce sheaf
A Carson

210 Retarded dynamical systems
G Stepan

211 Function spaces, differential operators and
nonlinear analysis
L Paivarinta

212 Analytic function theory of one complex variable
C C Yang, Y Komatu and K Niino

213 Elements of stability of visco-elastic fluids
J Dunwoody

214 Jordan decomposition of generalized vector
measures
K D Schmidt

215 A mathematical analysis of bending of plates
with transverse shear deformation
C Constanda

216 Ordinary and partial differential equations.
Volume II
B D Sleeman and R J Jarvis

217 Hilbert modules over function algebras
R G Douglas and V I Paulsen

218 Graph colourings
R Wilson and R Nelson

219 Hardy-type inequalities
A Kufner and B Opic

220 Nonlinear partial differential equations and their
applications: College de France Seminar.
Volume X
H Brezis and J L Lions

221 Workshop on dynamical systems
E Shiels and Z Coelho

222 Geometry and analysis in nonlinear dynamics
H W Broer and F Takens

223 Fluid dynamical aspects of combustion theory
M Onofri and A Tesei

224 Approximation of Hilbert space operators.
Volume I. 2nd edition
D Herrero

225 Operator theory: proceedings ofthe 1988
GPOTS-Wabash conference
J B Conway and B B Morrel

226 Local cohomology and localization
J L Bueso Montero, B Torrecillas Jover and
A Verschoren

227 Nonlinear waves and dissipative effects
D Fusco and A Jeffrey

228 Numerical analysis 1989
D F Griffiths and G A Watson

229 Recent developments in structured continua.
Volume II
D De Kee and P Kaloni

230 Boolean methods in interpolation and
approximation
F J Delvos and W Schempp

231 Further advances in twistor theory. Volume I
L J Mason and L P Hughston

232 Further advances in twistor theory. Volume II
L J Mason and L P Hughston

233 Geometry in the neighborhood of invariant
manifolds of maps and flows and linearization
U Kirchgraber and K Palmer

234 Quantales and their applications
K I Rosenthal

235 Integral equations and inverse problems
V Petkov and R Lazarov

236 Pseudo-differential operators
S R Simanca

237 A functional analytic approach to statistical
experiments
I M Bomze

238 Quantum mechanics, algebras and distributions
D Dubin and M Hennings

239 Hamilton flows and evolution semigroups
J Gzyl

240 Topics in controlled Markov chains
V S Borkar

241 Invariant manifold theory for hydrodynamic
transition
S Sritharan

242 Lectures on the spectrum of L2(r\G)
F L Williams

243 Progress in variational methods in Hamiltonian
systems and elliptic equations
M Girardi, M Matzeu and F Pacella

244 Optimization and nonlinear analysis
A Toffe, M Marcus and S Reich

245 Inverse problems and imaging
G F Roach

246 Semigroup theory with applications to systems
and control
N U Ahmed

247 Periodic-parabolic boundary value problems and
positivity
PHess

248 Distributions and pseudo-differential operators
S Zaidman

249 Progress in partial differential equations: the
Metz surveys
M Chipot and J Saint Jean Paulin

250 Differential equations and control theory
V Barbu



251 Stability of stochastic differential equations with
respect to semimartingales
XMao

252 Fixed point theory and applications
J Baillon and M Thfra

253 Nonlinear hyperbolic equations and field theory
M K V Murthy and S Spagnolo

254 Ordinary and partial differential equations.
Volume IH
B D Sleeman and R J Jarvis

255 Harmonic maps into homogeneous spaces
M Black

256 Boundary value and initial value problems in
complex analysis: studies in complex analysis
and its applications to PDEs 1
R Kiihnau and W Tutschke

257 Geometric function theory and applications of
complex analysis in mechanics: studies in
complex analysis and its applications to PDEs 2
R Kiihnau and W Tutschke

258 The development of statistics: recent
contributions from China
X R Chen, K T Fang and C C Yang

259 Multiplication of distributions and applications to
partial differential equations
M Oberguggenberger

260 Numerical analysis 1991
D F Griffiths and G A Watson

261 Schur’s algorithm and several applications
M Bakonyi and T Constantinescu

262 Partial differential equations with complex
analysis
H Begehr and A Jeffrey

263 Partial differential equations with real analysis
H Begehr and A Jeffrey

264 Solvability and bifurcations of nonlinear
equations
P Drdbek

265 Orientational averaging in mechanics of solids
A Lagzdins, V Tamuzs, G Teters and
A Kregers

266 Progress in partial differential equations: elliptic
and parabolic problems
C Bandle, J Bemelmans, M Chipot, M Griiter
and J Saint Jean Paulin

267 Progress in partial differential equations:
calculus of variations, applications
C Bandle, J Bemelmans, M Chipot, M Griiter
and J Saint Jean Paulin

268 Stochastic partial differential equations and
applications
G Da Prato and L Tubaro

269 Partial differential equations and related subjects
M Miranda

270 Operator algebras and topology
W B Arveson, A S Mishchenko, M Putinar, M
A Rieffel and S Stratila

271 Operator algebras and operator theory
W B Arveson, A S Mishchenko, M Putinar, M
A Rieffel and S Stratila

272 Ordinary and delay differential equations
J Wiener and J K Hale

273 Partial differential equations
J Wiener and J K Hale

274 Mathematical topics in fluid mechanics
J F Rodrigues and A Sequeira

275 Green functions for second order parabolic
integro-differential problems
M G Garroni and J F Menaldi

276 Riemann waves and their applications
M W Kalinowski

277 Banach C(K)-modules and operators preserving
disjointness
Y A Abramovich, E L Arenson and
A K Kitover

278 Limit algebras: an introduction to subalgebras of
C*-algebras
S C Power

279 Abstract evolution equations, periodic problems
and applications
D Daners and P Koch Medina

280 Emerging applications in free boundary problems
J M Chadam and H Rasmussen

281 Free boundary problems involving solids
J M Chadam and H Rasmussen

282 Free boundary problems in fluid flow with
applications
J M Chadam and H Rasmussen

283 Asymptotic problems in probability theory:
stochastic models and diffusions on fractals
K D Elworthy and N Ikeda

284 Asymptotic problems in probability theory:
Wiener functionals and asymptotics
K D Elworthy and N Ikeda

285 Dynamical systems
R Bamon, R Labarca, J Lewowicz and J Palis

286 Models of hysteresis
A Visintin

287 Moments in probability and approximation theory
G Anastassiou

288 Mathematical aspects of penetrative convection
B Straughan

289 Ordinary and partial differential equations.
Vol ume IV
B D Sleeman and R J Jarvis

290 /~-theory for real C*-algebras
H Schroder

291 Recent developments in theoretical fluid
mechanics
G P Galdi and J Necas

292 Propagation of a curved shock and nonlinear ray
theory
P Prasad

293 Non-classical elastic solids
M Ciarletta and D Iesan

294 Multigrid methods
J Bramble

295 Entropy and partial differential equations
WADay

296 Progress in partial differential equations: the
Metz surveys 2
M Chipot

297 Nonstandard methods in the calculus of variations
C Tuckey

298 Barrelledness, Baire-like- and (LF)-spaces
M Kunzinger

299 Nonlinear partial differential equations and their
applications. College de France Seminar.
Volume XI
H Brezis and J L Lions

300 Introduction to operator theory
T Yoshino



301 Generalized fractional calculus and applications
V Kiryakova
302 Nonlinear partial differential equations and their
applications. College de France Seminar
Volume XII
H Brezis and J L Lions
303 Numerical analysis 1993
D F Griffiths and G A Watson
304 Topics in abstract differential equations
S Zaidman
305 Complex analysis and its applications
C C Yang, G CWen, KY Liand Y M Chiang
306 Computational methods for fluid-structure
interaction
J M Crolet and R Ohayon
307 Random geometrically graph directed
self-similar multifractals
L Olsen
308 Progress in theoretical and computational fluid
mechanics
G P Galdi, J M£lek and J Necas
309 Variational methods in Lorentzian geometry
A Masiello
310 Stochastic analysis on infinite dimensional spaces
H Kunita and H-H Kuo
311 Representations of Lie groups and quantum
groups
V Baldoni and M Picardello
312 Common zeros of polynomials in several
variables and higher dimensional quadrature
Y Xu
313 Extending modules
N V Dung, D van Huynh, P F Smith and
R Wisbauer
314 Progress in partial differential equations: the
Metz surveys 3
M Chipot, J Saint Jean Paulin and I Shafrir
315 Refined large deviation limit theorems
V Vinogradov
316 Topological vector spaces, algebras and related
areas
A Lau and I Tweddle
317 Integral methods in science and engineering
C Constanda
318 A method for computing unsteady flows in
porous media
R Raghavan and E Ozkan



R Raghavan

Phillips Petroleum Company, USA

E Ozkan

Istanbul Technical University, Turkey

A method for

computing unsteady
flows in porous media

Longman
Scientific &
Technical

Copublished in the United States with
John Wiley & Sons, Inc., New York



Longman Scientific & Technical

Longman Group UK Limited

Longman House, Burnt Mill, Harlow

Essex CM20 2JE, England

and Associated companies throughout the world.

Copublished in the United States with
John Wiley & Sons Inc., 605 Third Avenue, New York, NY 10158

© Longman Group Limited 1994

All rights reserved; no part of this publication may be reproduced, stored in
a retrieval system, or transmitted in any form or by any means, electronic,
mechanical, photocopying, recording, or otherwise, without the prior written
permission of the Publishers, or a licence permitting restricted copying in
the United Kingdom issued by the Copyright Licensing Agency Ltd,

90 Tottenham Court Road, London, W1P 9HE

First published 1994

ISBN: 978-0-582-07811-6

British Library Cataloguing in Publication Data

A catalogue record for this book is
available from the British Library

Library of Congress Cataloging-in-Publication Data

Raghavan, R.
A method for computing unsteady flows in porous media / R.
Raghavan & E. Ozkan.

p. cm. —(Pitman research notes in mathematics series, ISSN
0269-3674)

1. Unsteady flow (Fluid dynamics) 2. Differential equations,
Partial-—Numerical solutions. 3. Porous materials. 1. Ozkan, E.
II. Title. HI. Series.

QA911.R26 1992
532°.052—dc20 92-4745

CIP

Printed and bound in Great Britain
by Biddles Ltd, Guildford and King’s Lynn



Contents

I. General Theory

1.1. Equations for flow through porous solids
1.2. Diffusion with impulsive and concentrated sources. Distributions
1.3. Integral representation of solutions to the diffusion equation;

the fundamental solution

II. The Initial-Boundary-Value Problem

2.1. Flow in an infinite medium

2.2. Flow in linear (slab) porous media
2.3. Flow in cylindrical porous media
2.4. Flow in rectangular parallelepipeds

III. Treatment of Extraction Points

3.1. Pressure distribution in slab reservoirs
3.2. Pressure distribution in cylindrical porous media
3.3. Pressure distribution in rectangular parallelepipeds

IV. Computational Considerations

4.1. The integral j j» Ko[y/uy/(xo ~ ®)2+ yb\d°L
4.2. Tib€ Seii€k
E o @O
STig \A- (-
4.3. The series

»->) A 0

C:j;;?z (-v'» +» V «d+«vd);» >0
a a mi . r-voo  cos(2n—) %zcos(2n—1) zw
4A The SeneS
exp[--y/u + 2n - 1)27%2/(4z2D) + a2yD]\yD >0
4.5. The series j cos nnzD cos nirzwt£>

fa KO \Ju + n2n2LD y/(xD- a)2+ yD da

4.6. Flow in a domain bounded by two parallel planes that are
impermeable. Some applications

4.7. A note on the ratios ch(y/ua)/sh(y/uf3) and
sh(y/ua)/sh(y/u/3) for large 5

4.8. Flow in cylindrical porous media. Some Applications

4.9. Flow in rectangular parallelepipeds. Some Applications

13

13
13
16
22

35

36
46
48

55
55

61

63

63

64

70

75

78
79



V. Flow in Fissured and Layered Porous Media

5.0 Duhamel’s formula
5.2. Flow in naturally-fractured or fissured porous media

5.3. Layered porous media
5.4. Wellbore hydraulics

Appendix—Fundamental Solution for Slab Reservoirs

Subject Index

99

99
101
105
107

113

117



Preface

We are stimulated to write this survey for at least two reasons. First, much of the
information on flow through porous media appears in disparate journals and there is
little or no interdisciplinary communication. Second, a number of researchers, particu-
larly in petroleum engineering, have spent considerable effort over the past thirty years
developing computationally-efficient algorithms to describe flow through porous media
with a view to evaluating the properties of subterranean reservoirs. A compilation of
recent advances should be of particular interest to those involved in the study of partial
differential equations.

The issues we address arise in a number of scientific and engineering disciplines.
Much of the impetus for the study of flow through porous media, however, derives
as a consequence of flow in geologic media—the work of hydrologists, soil physicists,
and agricultural engineers who work at shallow depths and petroleum engineers who,
lured by the need to produce oil and gas more efficiently, operate at deeper levels.
In chemical engineering, packed bed reactors are used to facilitate various reactions.
Environmental concerns have also led to an increased interest in flow through porous
media.

Briefly, these notes may be thought of as a survey of implicit evolution equations
that arise in classical models of diffusion or convection in composite materials. Re-
stricting our attention to linear systems, the mathematical description of the diffusion
process in a composite medium consisting of two components leads to the following

pair of equations:

c\Ut —a\V2uH— (u—v) =0, @))]

and
c2vt- a2V2v+ -(v - u) = 0. 2)

Here, the dependent variables w[(x),£] and v[(x); £ denote temperatures, densities, or
pressures in the respective components at ¢ > 0, averaged at the point x E Rn over
a neighborhood containing both components. ( and c¢2 are monotone functions that
represent fluid storage-capacity or heat content, ax and a2 are non-negative functions
that correspond to permeability or conductivity, and e models the exchange rate be-
tween the two components. Our principal focus is on cases wherein a2/c2 >> al/c)
which occur when ¢2 « 0—the fissured-medium equation, or the Barenblatt problem.
The Barenblatt problem does not specify details regarding the exchange of fluid be-
tween the two media. We also consider models that examine fluid exchange between
the matrix blocks and the fissures in greater detail.

In most geologic settings, it is not always possible to deal with the porous medium
as if it were a single layer (even in the contexts noted above). Stratification cannot be



ignored. The extension of (1) and (2) to incorporate the layered nature of the porous
medium is presented. When developing mathematical models to many of the settings
noted above, it is essential to incorporate the existence of extraction points (wellbores).
In many realistic situations the geometrical shapes of the extraction points can be quite
complex. Thus, although we consider linear systems of the form noted in (1) and (2),
procedures to obtain solutions when boundary conditions are incorporated can become
rather formidable.

Simply stated, these notes provide a basis for the development of algorithms for the
study of unsteady flow in saturated porous media. These algorithms provide for the
examination of three-dimensional problems and complicated boundary conditions that
are a natural consequence of flow in geologic media. Chapter I presents an overview
of flow through porous media, previews notation and addresses a few basic issues
for ease of understanding. Chapter II considers the fundamental solution for flow
in porous media in Cartesian and cylindrical reference frames subject to Dirichlet,
Neumann, and mixed boundary-conditions. Chapter III demonstrates how one arrives
at the expressions for pressure distributions in porous media that account for the
extraction points. For illustrative purposes, we assume that the extraction points may
be represented by lines and discs (circles or rectangles). Chapter IV, the crux of this
work, is intended to aid those who are interested in developing algorithms for computing
pressure distributions. Solutions in Chapter III are reformulated with a view to aid
computations. The observations noted here are based on our experience, and many
of the solutions presented here have been computed with the numerical algorithm of
Stehfest (Communications of the ACM, January 1970, page 47). Asymptotic forms
of various solutions are also given here. Chapter V is a natural progression of the
solutions in Chapter III to more complicated visualizations of flow in porous media.

It is our pleasure to thank four individuals who were indispensable to this work.
This manuscript was typed in its entirety by Ms. Jan Want and we are grateful for
her patience in going through the myriad revisions of this work. Ms. Kathleen Henzel
of the Tulsa Public Schools helped us with editing the manuscript. Mr. Chih-Cheng
Chen of Halliburton Energy Services verified many of the developments given here
and provided us with valuable comments. We thank Ms. Laura Passiglia for drafting
the figures. In spite of all the assistance we have received, we are responsible for
the blemishes that remain. We thank the Society of Petroleum Engineers (SPE) for
permission to reproduce Figure 5.1 in Chapter V of this book.

R.R.
E.O.



Nomenclature

B:

C:

.

Cd -

CfD-
ChDm
Cne

cte

ch(x):

D:
—Fi(—x):
erf(x):
erfe(x):

/:
S (M ;1):
[()m

1(s):

Jt:

h:

hf:
Aro+1/2(¥*
h(x):

k:

hf.

ki
Kin(x):

I<m+1/2W :

N
L:

c.

I

Lf.
Lh:

L, (x):
L:

L*

Af:

boundary

ability of wellbore to store fluid per unit change in pressure
compressibility (fluid)

wellbore storage coefficient

dimensionless conductivity of fracture
dimensionless conductivity of horizontal well
compressibility (porous medium)
compressibility (total)

hyperbolic cosine

space-time domain, normalized (subscript)
exponential integral function

error function

complementary error function

source density, fanning friction factor, fissure system (subscript)
mass rate

function to incorporate fissured-medium characteristics
Laplace transform of F(¢)

friction factor

thickness

length of a line source

modified spherical Bessel function

modified Bessel function

permeability

fracture permeability

permeability in the i-direction

repeated integral of /lo(x)

modified spherical Bessel function

modified Bessel function

diffusion operator

Laplace transform operator

characteristic length

half-length of a vertical fracture

length of a horizontal well

modified Struve function

symbolic Laplace transform of L

formal adjoint of L

blocks of fissured porous media (subscript)
point, position vector



Pf
Ph(x):

Pm
Pm(.r):

V(M 1):

Vw:
7

xe.

Ve-

outward normal to the boundary

pressure

fissure-system pressure

pressure in the horizontal well

initial value of p

matrix-system pressure

Legendre polynomial

Legendre polynomial

associated Legendre function

wellbore pressure

withdrawal rate from porous medium
volumetric rate

flow rate at any point in the wellbore
point-source density (instantaneous)
point-source density (continuous)

influx into the wellbore

volumetric production rate per unit volume
subdomain, distance between points P and P/
distance, r-coordinate

Reynolds number

distance to the boundary

Reynolds number based on production rate
n-dimensional Euclidean space

normalized pressure drop in the skin region
Laplace transform variable

hyperbolic sine

time interval; temperature

time variable

hyperbolic tangent

equals 5 or sf(s)

volume, bulk volume

fluid volume

ratio of the volume of system j to total volume
fluid velocity

pore volume

wellbore volume

width of a vertical fracture

distance, x-coordinate

distance to the boundary

distance, y-coordinate

distance to the boundary

distance, “-coordinate



distance to the boundary

angle

boundary

Gamma function

fundamental solution, Euler’s constant (0.5772
Dirac-delta, function

degree of Assuring

diffusivity

angle, coordinate

characteristic constant of the fissured system
viscosity

angle, order (subscript)

distance, spherical coordinate

radius of a disc source

density

porosity, angle, coordinate

test function

angle

angle

space domain

characteristic constant of the fissured system
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I. General Theory

Our primary interest is to consider three-dimensional flow in porous media, including
fissured and layered media. We propose to provide for extraction or injection of fluids
via points that are complicated in geometry for a variety of conditions on the boundaries
of the porous solid. Here, we preview our notation and address a few basic issues for
ease of understanding.

Our notation is standard. The symbols x,y, and z denote the space variables in
Cartesian coordinates and ¢ denotes the time variable. $7 is a bounded domain in
space and T is the boundary of ft. The position of a point in ft is defined by the
position vector M = (X,y, 2). T denotes the time interval T,;{¢|0 < ¢ < oc}. The
space-time domain D = ft x T is the product of the region ft and the time interval T.
An inhomogeneous porous medium occupies ft and a fluid (liquid or gas) flows through
the porous medium. The porosity, <*(M; £), of the medium (defined as the void volume,
Vp, per bulk volume, V), and the density, /?2(M; ¢), of the fluid are both scalar functions
of M and £ for M and ¢ E D. Sources or sinks in D may supply or extract fluid. In
the following development, we use the term source to denote both the supply and the
extraction of fluid with the understanding that the strength of a sink is negative. We
also drop the distinguishing notation for vectors.

1.1. Equations for flow through porous solids

Let R be an arbitrary subdomain of ft with boundary I?, and n be the outward nor-
mal to B. Let v(M;t) denote the velocity of the fluid, and f(M ,¢) denote the local
rate (mass per unit volume per unit time) at which mass is extracted from R. The
conservation of mass principle yields

- f A=

A local version of (1) is obtained by applying the Divergence theorem to the surface
integral in (1) and is given by

Ay = -V «(H -/; (2)

This development assumes that the functions involved in (2) are continuous and

hence excludes the existence of sources in D that are impulsive in time and/or con-

centrated in space. To incorporate impulsive and concentrated sources, we provide a
distributional interpretation of (2) in §1.2.

We now assume that Darcy’s Law [1] holds. We restrict our attention to Newtonian

fluids and isothermal conditions. Ignoring gravity, the velocity of the fluid is given by

V=--Vp, 3



where k is the permeability of the medium, p is the viscosity of the fluid, and p is
the pressure. For the present, we assume that & — k(M). Later we will restrict our
attention to an anisotropic solid in which the permeability of the porous medium is
independent of position, and the coordinate axes are coincident with the principal axes
of permeability, see Childs [2].

The isothermal compressibility of the fluid, ¢, and the compressibility of the porous
medium, cm, are defined, respectively, by

\p »p)t u/ Sp)T
and
_(L?Yr\ ~ (\ d
Vp dp ) T ~ dpJT' A

where Vf is the fluid volume and Fp is the pore volume. The total compressibility of the
system, then, is ¢t = ¢+ cm. A comprehensive survey of pore-volume compressibility
is given by Scorer and Miller [3].

Insertion of the expressions on the right-hand sides of (3)—(5) for the appropriate
expressions in (2) yields the following diffusion equation in terms of pressure, p:

Nig v (i g tpe(vP2- (6)

where ¢ = f/p is the volumetric, production rate per unit volume. Note that in (6),
@) and ct are functions of pressure. The effects of the variations of #and ct with
pressure can be examined along the lines outlined by Raghavan, Scorer, and Miller [4].
Most often this variation is ignored and and ct are assumed to be constants. For
the purposes of this discussion, we will assume that () is a constant and ¢t = ¢ If
we assume that the pressure gradients are small and that the compressibility of the
fluid and the viscosity of the fluid are constants, then (6) leads to the linear, diffusion
equation

V.Q Vp)-f|-,~=0. (@)

Remark 1: In the context of heat conduction, p corresponds to temperature, kjfi
corresponds to thermal conductivity, and (fc corresponds to the heat content of the
solid.

Remark 2: If density and viscosity are functions of pressure, then an equation similar
to (7) can be derived from (2) via the Kirchhoff [5] transformation

) = ); ~dp- @®)

This transformation yields a diffusion equation in terms of m(p) and eliminates the
need to assume that c(Vp)2w 0. In passing, we note that for flow in simple geometrical
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systems (rectilinear, cylindrical or spherical), the transformation suggested by Cole [6]
and Hopf [7] renders the assumption c(Vp)2 ~ 0 unnecessary.

Remark 3: For a homogeneous and isotropic solid in which permeability is independent

9]

Here, 1 = K/((HC(i) is the ‘diffusivity” of the porous solid. For solids in which the
principal axes of permeability coincide with the coordinate axes, (9) will also describe
the diffusion process in the transformed coordinates V = iy/k/k{ for i = x,y, or z

of position, (7) becomes

where k may be chosen arbitrarily and ki represents the permeability in the i-direction
(note that if k is chosen arbitrarily, then q(Mf:t) is not necessarily equal to q(M;t);
if, however, k is chosen to be (kxkykz)”, then dMI = dM and q(M';t) = q{M]t)). If
the solid is infinite in extent or is bounded by planes perpendicular to the principal axes
of permeability, this transformation reduces the problem of flow in an anisotropic solid
to that of flow in an isotropic solid. In other cases, the bounding surfaces are usually
distorted.

Remark 4: If Q(t) is the volumetric rate at which sources supply fluid in R, then
O)/(cj)c) is the strength of the sources in R. Because

m

J- [ q(M; 1)dM, (10)
e JR

q(M;t)/((f)c) in (10) represents the density of the sources of strength, Q(t)/(<f>c). Note
that if V denotes the volume corresponding to R, and if P — JRdpdM denotes the
change in pressure in R from time t to time t + dt, then P = Q/((j>c)/V.

For generality and to be more concise, (9) can be expressed in terms of the normal-
ized quantities

D= ise, (11)
where i —£,y, or z, and
to = r/t/f (12)
as follows —
s/D P - W - " > (MD;tD)e D D. (13)

Here, £ represents the characteristic length of the system, V' D is the Laplacian operator
in 7Z&, Do is the space-time domain in terms of normalized quantities, and 5d/(0c) I8
the source density in It is also convenient to define the diffusion operator as

I ="°~wd (14>

and write (13) as

Lp = MdaJd) € Do- 15
P= ( ) (15)



The developments in the later parts of this work are in terms of the Laplace trans-
formation. Application of the Laplace transformation to (15) yields

Lp(s) — - pt; (16)
(e
where o
J(s) = C{f(tD)}= e-si°f(tD)dtD. 17
Jo
In (16), pi = lim*D>otp represents the initial value of p, and L represents

the symbolic Laplace transform of L given by
I =V3a- a (18)

In passing, we note that the elliptic operator, L, is a self-adjoint operator, whereas the
parabolic operator, L, is not a self-adjoint operator.

1.2. Diffusion with impulsive and concentrated sources. Distributions

Here, we develop the framework to consider extraction of fluid from porous media
through sources that are nearly impulsive and almost localized. For notational sim-
plicity, we will assume that the porous medium has unit properties.

Let us consider the diffusion equation

Lp(M;t) =f(M;t), (M;t) eD. 1

In the development in §1.1, the nonhomogeneous term, /, of the diffusion equation was
required to be a continuous function and p was a sufficiently differentiable function that
satisfied (1) pointwise on D. These requirements are met when / corresponds to the
density of a continuous and distributed source. For our purposes, however, we need to
interpret / as the density of an impulsive and/or a concentrated source. This is readily
accomplished by giving meaning to (1) in terms of the Theory of Distributions. The
basis for the distributional interpretation of (1) may be found in standard developments
of the theory of distributions; see Schwartz [8], Zemanian [9], and Stakgold [10]. For
continuity, we present the following definitions (from Stakgold [10]).

Definition I: An infinitely differentiable function, on Rn with compact support
is called a test function on Rn where Rn represents n-dimensional Euclidean space.
The space of all test functions on Rn is denoted by C£°(Rn).

Definition II: An n-dimensional distribution, f, is defined by the rule

f=04)=1 ()
JRn
where f(M) is a function in Rn that is locally integrable and (>(M) is a test function
belonging to C£°(Rn).
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Definition III: A4 distribution [ is said to be regular if it can be defined through the
rule given by (2) with f(M) locally integrable. All other distributions are said to be
singular. Given a singular distribution, f, we can assign to it a generalized function}
/(M ); and still use (2) symbolically.
Definition IV: The distributions f\ and f2 are said to be equal in the open set ft if
(fi —f2,05 =0 for every test function, <S>(M), with support in ft.

For a given distribution /, we can now interpret (1) as a differential equation in
a distributional sense and require that the distributions Lp and / be equal in D.
Here, p is a distributional solution of (1) if (p, L*> = (/, ¥ for every test function
0(M; t) in C£°(D) where L* is the formal adjoint of L. If/ is a distribution generated
by a distributed source density as in §l1.1 (that is, / is a continuous function), then
the sufficiently differentiable function p that satisfies (1) pointwise in D is a classical
solution of (1). In the context of the distributional interpretation, (1) still makes sense
even if / is a singular distribution. We shall now use the distributional interpretation
of (1) to define / as the symbolic density of an impulsive and concentrated source.

Let / be the singular, Dirac-delta distribution; therefore

Lp{M, M; 1) = SMM); (M, M;t) ED, 3)

is a diffusion equation in terms of distributions and the distribution p is a solution of
3) if

®L*G)} = 69) = [ [ 8MM)</)(M;t)dMdt — I <f>(Mit)dt. (4)

Jt Ja Jt

Because fOQS(M, M)dM — 1 for M in ft, we can visualize <M M) as the symbolic
source density for a concentrated source (a point source) of unit strength at M. If the
source strength is different from unity, then we define / = [q(M; t)/(</>c)]"M, M) as
the source density so that

[ f(M, M; t)dM = f M)dM = EMill (5)
n Jn 4>C <pc

is the strength of the source. Therefore the diffusion equation with a concentrated,
point source of strength q(M;t)/((f)c) at M is

Lp(M,M; 1) = K 6DVCV siM, M). (6)

If we also require that the action of the source be instantaneous at time ¢ = ¢, then for

t ET, we must have

[ [ [(M,M-t,t )JdMdt=q" tI @)
Jt Jn Vo



Thus, the corresponding source density is

= (®)

and the diffusion equation for an instantaneous and concentrated, point source of
strength q(M]t )/(<t>¢) located at M and acting at ¢t = ¢ is

Lp(M, M\t,t) = o M)6(t, t). 9)

We shall now extend the above ideas to define the source density for sources that
are concentrated over a volume, on a surface, or along a line in ft. This issue is of some
importance to our discussion.

Let ft be a subdomain in ft with M g (1 and T be a time interval T]{¢\ti <t < £2}*
Let us define a functional J~~(M, M; ¢,¢ ) by

Jt Jq (10)

=- [/ )dMdt,
«Jt Jn

that is, /~~(M, M ;t,t ) = 1/a if M £ ft and ¢ £ T; otherwise 7~~(M, M;t,t )= 0. It
is clear that

I~~(M, Mt,t Y= - /| [s(M,M)6(t,t )dMdt. (1D

a Jr Jii

Ifa= J-dMdt, then the functional when acting on a test function,
averages that test function over the volume of the domain ft and over the time interval
T. From (11), we visualize J~~ as the symbolic source density of a volumetric source
of strength equal to unity that consists of instantaneous, point sources of strength //a
distributed over the volume ft and the interval 7. If the strength of the source is
(5/(</>c), then we define the source density of the volumetric source by

M-tt)= 1L L h (M, M)6(t,t )dMdt. (12)
JTJQ ¢

In (12), the strength of the point sources in D —ft x T is q(M]t )/(<"c). Noting that

| | Q~~dMdt =

[ [ YdMdt= Q- (13)
JTJn iU Ji Jv +e <r

it is also possible to interpret g (M ;t )/(</>c) as the source density (subsequently referred
to as density) of the point sources in D = ft x T. In this interpretation, if the volume
of the fluid withdrawn from the porous medium through the source (the volume of ft)

6



for a period of time 7 is O, then the volume of fluid withdrawn per unit volume of
the source per unit of time is ¢(M,t ). This interpretation is essential for relating the
given production rate of an actual well with the density of the source representing that
well. Densities of continuous and instantaneous sources can be obtained from (12). For
example, if T = T, then (12) yields the density of a continuous, volumetric source:

O~c(M, M;t) = J SiM+Q.6(M, M)dM. (14)

If T is an infinitesimal time-interval around t, then (12) provides the density of an

instantaneous, volumetric source

O~ (MMt t)= [ "MJt h (M,M)6(t,t)dM. (15)
Jn <tc

Here, q(M,t )/((G>c) is the density of point sources in ft; that is, ¢(M ;¢ ) is the volume
of the fluid withdrawn from unit volume of the source at time ¢t = ¢. *

Similarly, if the sources are distributed over the entire space-domain (ft = ft) and
are continuous (T = T), then we obtain QOnc{M]t) —q(M;t)/(f>c as in §1.1. If ft is a
spherical region of vanishingly small radius around M, then Q"c = q(M]t)8(M, M)/(</>c)
is the density of the continuous, point source and Qpj —q (Mt )8(M,M)8(t,t )(J>c)
is the density of the instantaneous, point source.**

The densities of surface and line sources can also be written in a form similar to
that given by (12). If q(M t )(</>c) is the density of an instantaneous, point source
in D =8 x T where S = ft for a volumetric source, S — T for a surface source, and

S —C for a line source, then

= ) (16)
(c
is the density for an instantaneous, point source in D = ft x T. Thus, letting
/(M , M3t t ) denote the source density in D, we have
/M, M;t,t Y= f 1Q pi(M, M ;t,t )dSdt, (17)

Jt Js

* (15) represents the appropriate limit of (12) if the source-strength remains constant
while T becomes a vanishingly small time-interval around t (that is, the strength of
the instantaneous source is the same as that of an impulsive source acting over a
time period, T). This procedure ensures that the superposition of instantaneous source
densities given in (15) over a time interval T yields the impulsive source density given
in (12).

** Here, we take the limit of (12) by keeping the source-strength constant and making
ft vanish around M. Similar to the discussion following (15), superposition of the
point-source densities over the volume of ft yields the density for a volumetric source.
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and may write the diffusion equation as
Lp(M, Mt t} =/ ) GD. (18)

Because we now work with impulsive and/or concentrated sources, we expect p to
have singularities in ft and T. We can, however, apply the Laplace transformation to
(18) as in the classical sense (see Churchill [11] and LePage [12]) and obtain

Lp(M, M;sJ) =/(M,M ;sJ)-PL (19)

Here, L is defined in 1.1(18) and

f(M,M;s,t)= f f AM<E(M, M) exp(—st )dSdt
Jt Js 20)

= M; S, t)dSdt.

For a point source at M, we take the limit of (20), by keeping the strength of the source
constant as S vanishes. This yields

7(M M ;M )= LOpt(M,M;sJ)dZ 1)
Jt
Similarly, for an instantaneous source
/M, M ;M) =J~QP (M, M; s, t )dS. (22)
Note that for instantaneous sources acting at ¢ = 0, the initial value of p, can be
discontinuous at the source location. These discontinuities, however, disappear after a
very short period of time and thus lim* o+ P = Pi is continuous at all points except at

the location of the source. Of particular interest is the density for a continuous source,
the expression of which is given by

J(M, M; —f ANMIth {M,M -st)dSdt
( Vo gehy e (MM exvosy (23)

M)ds.



1.3. Integral representation of solutions to the diffusion equation;
the fundamental solution

Our interest is in obtaining the integral representation of solutions to the diffusion
equation (see, 1.2(19)),

Lp(MD,MD;s,to) = f(MD,MD:;s,tD) —p*; £nd, (1)

subject to one of the following boundary conditions,

p\rD = 9, (2)
Ipl -h 3)
dp
dn TP “)

where d/dn denotes differentiation along the outward normal of the boundary, To-
This objective can be accomplished by using the fundamental solution, 7 (M,j, M'D\<§ 0),
that corresponds to the operator L which satisfies

MP;s,0) = Md); (Md.M4d:0) GDd, )

and the respective, homogeneous boundary-condition of the original problem ((2), (3),
or (4) with ¢ = h = r = 0). As we discussed in §1.2, 7 represents the Laplace
transformation of the response of an instantaneous, point source of unit strength located
at M'd and acting at D = 0 with 7 = 0 for 0o < 0 (the casuality condition). We note
that L is a self-adjoint elliptic operator and the existence of the fundamental solution
is assured by the general theory of elliptic PDE’s. We also note that *

j(Mdi,Md2;s,0) =7(Md2,M di;s,0); (6)
* To prove (6), we let u = j(Md, 5,0) and v = Moz2]s, 0) be the solu-
tions for Lu = — Mijji) and Lv = respectively. Applying Green

identity to Lu and Lv and noting that u and v satisfy the homogeneous boundary-

conditions, we may write

[ [t(Md, Mq2s,0)8(Ma , Mdai)- j(Md,Mdi,s,0)8Md,Md2)]dMo = 0,
J Qn

which, by the fundamental property of the Dirac-delta function, gives (6).



that is, the fundamental solution is symmetric in space variables and satisfies *
7(MD,M'D-,s,0)dMD = [I-(] + ~ d T oy 7

The integral representation of the solution to (1) can be obtained by applying
Green’s identity to (1) and (5) as follows:

LmmdEi™~ & §

If we substitute the right-hand sides of (1) and (5) for Lp and £7, respectively, in (8),
interchange M jj and M D, and use the symmetry property of the fundamental solution
(see (6)), (8) yields

p(MD,MDJs,tD) — I pt%MD,MP:s10)dMD
JnD

— 1 f(MD"Mo,s,tDyy(MD"MD;s"0)dMD )

(9) is the general form of the integral representation of the solution to (1). In the
following chapters, however, we will assume that the initial pressure distribution is
uniform and p satisfies (2), (3), or (4) with g = r = pt/s, h —0 as these assumptions
hold true for most of the problems of interest in porous media. If we, then, use (7)
and the condition that the fundamental solution satisfies the respective homogeneous
boundary-condition of the original problem, we can recast (9) as

Ap(Mo,Mo;s,to) = f f(IMPp,Mo;sJto)y(Mo,MD;s,0)dMD, (10)
JnD
where

Ap=j-p. (1)

(The expression in (10) could also be derived from (8) by replacing p by Ap and noting
that the boundary integral in the right-hand side of (8) is zero, because 7 and Ap
satisfy the same homogeneous boundary-conditions.)

* With the aid of Green identity, this result is obtained from (5) as follows:

I LjdMo = I (Vi>7~sj)dMo
J Slo J QD

=/ ~drD-s [ jdMD=-i.
JrDdn J Ud
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Let us now scrutinize the result given in (10). Substituting the appropriate expres-
sion given in 1.2(20) for / in (10), we obtain

Ap(Mo, Mg, = f "r' DN (MPIMo)exp(—sto)dSodto
Jqd Jtd Jsd Pc
s,0)dMD

- L L MMf ' iD"exp(-stD)%MD, Md\s,0)dSDdtD.
Jed Jsd R

_ (12)

Here, Ap is the response of an impulsive and concentrated source and can be viewed

as the suitable limit of the response to a continuous and distributed source. If we wish

to express (12) in terms of the source density ¢/(<)c) in D —S x T, then we use

fo = AT9. (13)

or for instantaneous sources

where n — 0,1,2, or 3 for volume, plane, line or point sources, respectively. For
example, for a continuous source (12) yields (see §1.2)

Ap(Md,Md;s) = ( ~D* D’ " (Mb, Mb; s)dSo
JsD (15)

= A ij(MD-S)j(MD,MD]S)dS.
s

If g is the volumetric rate at which fluid is extracted from the porous medium (O)
through the source (5), then J*qdS =g¢q If$d(~d5 ) known or can be computed
by independent means, then (12) reduces the problems of unsteady flow in porous me-
dia to finding the fundamental solution (instantaneous, point-source solution of unit
strength) that satisfies the same boundary conditions of the original problem. There-
fore, in Chapter II we discuss how the fundamental solutions can be obtained subject
to Dirichlet, Neumann, or mixed boundary conditions in the Cartesian and cylindrical
coordinate systems. Chapter III is devoted to the discussion of the treatment of fluid
extraction points, where we regard the wellbore as a source and evaluate (12) with Sb
representing the wellbore geometry. Computational considerations and applications to
fissured and layered porous media are discussed in Chapters IV and V, respectively.
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II. The Initial-Boundary-Value
Problem

As noted in §1.3, the solutions for unsteady flow in porous media reduce to obtain-
ing the fundamental solution. The fundamental solution will satisfy the homogeneous
boundary conditions of the original problem. In this chapter, we establish the frame-
work for examining three-dimensional flow in porous media by deriving fundamental
solutions subject to Dirichlet, Neumann, or mixed boundary-conditions. Solutions are
expressed in terms of the Laplace transformation and are derived by the well-known
method of images.

2.1. Flow in an infinite medium

The fundamental solution, 7, satisfies the Laplace transformation of the diffusion equa-
tion,

L'y(Mi), M'd \s,0) = V|7 —s7 = —8(Md ,M'd);, (Md,M'd-0)GDd . (1)

As noted in §1.2 and §1.3, 7 corresponds to the solution for an instantaneous, point
source of unit strength that is located at M'D and acts at #D = 0. For a point source
located at the origin in an isotropic system, we may write (1) in spherical coordinates

as follows:

PD-P-) - s7="° for Md "M'd, )
Pd dPD dPDYJ

where po is the radial coordinate. The solution of (2) yields the well-known Lord
Kelvin’s, point-source solution

exp(~pDy/s)
7 41\pD

In the following sections, we use (3) to derive the fundamental solutions for problems
in Cartesian and cylindrical reference frames by the well-known method of images. (3)
will be used after translation (to account for the fact that the source may not be at
the origin), and the influence of anisotropy will be incorporated along the lines noted
in §1.1.

2.2. Flow in linear (slab) porous media

We consider flow in a linear reservoir with boundaries at z —0 and 0 = ze. As noted
previously, the fundamental solutions we derive here satisfy the homogeneous boundary
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conditions of the original problem. We consider a system with permeabilities, kx, ky
and kz in the x,y and 2 directions, respectively. We will assume that anisotropy is
incorporated through the coordinate transformation discussed in Chapter I. The source
is located at (V,y"£").

I. Both ends of the porous solid are impermeable

The fundamental solution, obtained by the method of images, is given by

=h £,

n= —oo

{exp -\/u VRD + (ZD - ZD ~ "nzeD)2
I

\Js£) "f' (%D 2nzejj)2

(1)
eXp —y/u yjRa + (zd + 2D ~ 2nzeo)?2
+
y/RD + (zD+ ZD - 2nzeD)2

Here, u = s; as we shall see in Chapter V, this nomenclature permits us to use the
development given here to derive solutions for naturally-fractured porous media by a
trite change in nomenclature. In (1)

RD — (XD —XD)2 + (vd - vid) ? (2)
tV kT’ £\ k! kz &

and
ZD= 1y e “

(see §1.1, Remark 3). (1) can be recast into a more suitable form for computational
purposes by using Poisson’s summation formula (see Carslaw and Jaeger [1], p. 275)
given by
o (£ - 2n%e)2
exXp 4to

1+ 22 Mexp I - ) cos Tax~~ (5)

n-i1 \% %e / ?e

After multiplying both sides of (5) by ¢t » 2exp[-a2/(4<£>)], where a is real and positive,
the Laplace transformation with respect to fo yields (see Ozkan [2], p. 17)

D exp -y/u via2+ (£- 2nge)2

Va2+ (f - 2n&)2
(6)

o a (Ik+

n
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If we use the summation formula given by (6), then the fundamental solution for a
porous medium bounded by two impermeable planes at z= 0 and z = ze is

1
7= 27}’2,eD

_ZD D
= COS U7T-

n=1 eD ZeD ZeD

In passing, we note that Poisson’s summation formula given in (5) is equivalent to
the transformation formula for theta-functions. In fact, all expressions derived in this
section can be expressed in terms of theta-functions.

II. Both ends of the porous solid are at the initial pressure

Here, we assume that the boundaries are at a pressure equal to the initial pressure
of the system. The fundamental solution in this case is given by

f00 exp -yju \/RQ + (zd - ZD- 2nzeD)2

1
7 =
Are E \/R2 + (zd - ZD - 2nzeD)2
(8)

exp -\/u y/RD+ (zd +z'd~ 2nzeD)2
\/R3 + (zd +:z'd- 2nzeD)2

which, by (6), becomes

7 : Y Ral\l sm TR st nie @ (9)
] d E L LR (2 iy
™ " ( “T ZeD Ze#)
II1. One end of the porous solid is impermeable, the other end is at the initial pressure
Let the boundary at 2 = 0 be impermeable and the boundary at z = ze be at a
pressure equal to the initial pressure. For this case, the fundamental solution is given

by

+00 exp V/Rjj + (zD - z'D- 2nzeDy
-i)n
n=-00 \/RD+ (zd - z'd- 2nzeD)2
(10)
exp —y/u \JRA + (zd +zZD- 2nzeD)2
4+ —
V/RD + (zd + zZD - 2nzeD)2
Noting that
oo a(xD - 2kxeD)21
£ (-1 'exp 4g
=—oc
£ s (11)
ci(xd —2k2x eD) o(xd —2kxeD)2
£ | 2exP —exp i~ .
k= —o0 J
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and using (6), we may recast (10) in the following form:

ILi:> / (2n — 1)27r2 (2 1)7T Zr) (2 1)0 ™ Zn
= Rd\1u cos(2n —1)——----cos(2n —1)——---—--
7 KZ2D " 2 Zef) 2 Zra

Vn=1 AzIld
(12)

2.3. Flow in cylindrical porous media

We assume that the porous medium is isotropic in the x —y plane and let kr denote
the permeability in the x —y plane. The vertical permeability will be represented by
kz. The bounding planes at z = 0 and z = ze may both be impermeable, both be at a
constant (initial) pressure, or the plane at z = 0 may be impermeable while the plane
at z = ze is at a constant (initial) pressure.

We consider two problems: flow in a finite cylinder with the boundary at » = re
considered to be impermeable or at a pressure equal to the initial pressure, and flow
in a composite region with a change in properties at » = a

1. Flow in a finite cylinder

The fundamental solution can be obtained in a formal way (see Carslaw and Jaeger
[3], Chapter XIV). Considering the development in §2.2, however, one can readily
write down the solutions merely by inspection. We derive the solutions in cylindrical
coordinates where (r#, 0,z4 ) and (>, zD) are the coordinates of the points Mo and
M 4, respectively.

We seek a solution of

1 9 ¢ dy \ 1 d d 2y
7/\0/\yD» + +34 uu7= (1)

in the form
7=P+G 2)

In (2), P is a solution of (1) that satisfies the conditions at the location of the source,
M'd , and also at the boundaries z = 0 and 2 = ze. It is obvious that one of the solutions
given in §2.2 for the appropriate boundary conditions at z —0 and z —z¢ can be used
for P. In addition to satisfying the boundary conditions at 2 = 0 and z = ze, G is
chosen such that P + G satisfies the boundary condition at » —re and the contribution
of G to the flux vanishes as M ¢ —* M'D. This procedure was used by Muskat [4] in the
study of steady flow in porous media.

Let us first consider the case wherein the boundary conditions at zd = 0, z* = zeD
and vd —reD are given, respectively, by

<97

dop FP=0.7eD (3)
and

O "\ rD=reD = 0. (4)
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In accordance with the boundary conditions given by (3), we choose P as the solution
given by 2.2(7). If we use the addition theorem for the Bessel function K g(ciRo ) (see
Carslaw and Jaeger [5], p. 377) given by

+ 00
I\o(aRD) = h(arD)Kk(arD)cosk(0 - 0'); rD < rD
k—o0
4-co (5)
KO(aRD) = h{ar'D)Kk(arD) cos k(6 - 6'); ro > ¥D
k= —o0

where RD = rD + r'p —2ror'D cos(9 —0O), we can write P as

+ oo
R Ik {V"™rD) I<k (\fur'D) cos k(6 - O)
"z =
@
z zD
Cos n 7T cos UT (6)
71=1 ZeD ZeD
+ 00 2/
£ |Wu+ T 'o )K* (Wlu+ " 'o IcosHO-0")
k=—o0 eD eD
for ro <rpD. For ro > rD, interchange ro and in (6). Let
+00
A A
YxzeD ki‘i (v~rd) cosk{6 —6)
00 (7
cos vrT—L_COS T £ hhiJu+ "j—r*coskiO-e')
ZeD ke eD
n—i = —00

This choice satisfies the condition given in (3) and the requirement that the contribution
of G to the flux —0 as Mo M'D. If a* and bk in (7) are now chosen as

h(Vur'D)K'k (y/ureD)

ak I'k (y/ureD) (8)

and

bk = ~ . «) (9)
(A1)
respectively, then P + G satisfies (4), the condition at re£ and therefore the funda-
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mental solution is given by

7 2TrzP Kq(Ra Vu)
t ( r~
Ik (y/urD)
k= —o0

\ Ik (y/ur'jj) I\ (y/ureo)
%

F iy ifeD)y cosKe~0)

cos nir----- CcOS mr------ Ko Ra\ u+
+21"El ZeD ZeD ‘eD
4-00
- Sfu + td
szoo a eb
cos f(0 —0%)
(\V“+ Sfm™)

If, in the above system, we replace the boundary condition given by (4) with

(10)

then the function P would still be given by the right-hand side of 2.2(7), but the

function G would have to be chosen as

G = ¢ her,ah
2trzeD
_k=—o0
@ ZD
COS m1r---—- cosn 7r—212
1ot 2eD ~eD
+ 00

E * w-+ 5% o

(>ep) cosk{6__ 15}
h(\/ureD)

e w T W /(Vq_]y T Y

18
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Therefore, the solution satisfying the boundary condition given by (11) would be

= Ko(Roy/u
271zeD y/u)
+ 00
- E cos ¥ (#-»")
k=—o0 IkW ureD)
00
ZD N
B n TI-~=-cos n7T—"~ A0 1 TR 13
. ZeD ZeD eD (13)
J-00
- h Ju +
k=—o0 eD

Mg P) (V19

In general, after choosing the function P as one of the solutions given by 2.2(7),
2.2(9), or 2.2(12) for the appropriate boundary conditions at z = 0 and z — ze, the
function G can be obtained by replacing the K¢(ciRd) terms in the function P with

-f® )
£  h(arD) v - 0 (14)
. ar = b
k=00 I k(areD) drD ,_
and with
+ 00 A
h(ar'D) Kk D
E [y t(ar D) KkareD) o vi6-0) if, = o. (15)
k=—c h(areo)

For ¥D = 0, the expressions given in (14) and (15) reduce, respectively, to

ToF bKI(areD) ¢ d~i 0 (16)
oF b)) Tap i
and
K O(areD)
- - i = 0. (17)
lolarD) hr{7aT£eD 1f 7

II. Composite regions

For illustration, we assume that the planes z = 0 and z —ze are impermeable. The
inner region extends over a region 0 < r < a (Region 1) and the outer region, Region 2,
with properties distinct from Region 1, is assumed to be infinite in extent. The source
is located at r', 0', zf'and rf < a, that is, the source is in Region 1. Solutions given here
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may be readily extended to other circumstances (source in the outer region, Region 2
is bounded, etc.)

We decouple the problems for Region 1 and Region 2. The fundamental solution,
71, for Region 1 satisfies

1.d273  d2yl

+ + =-6(Md , M'd-u,0). 18
rDdra \"Parp/ " iD as2 T viD ( u.0) (18)

If we write 1 = P + G and follow the development in I, then the solution for Region
1 is given by

4"'00
. . N oy
7i nz—y Ik (~ ro) Kk (Vutd)cos k(0 - O)
_k=—o00
a I -f-00
ZD zZD
-|-*Ecosn TE5-C08 U7 T Iu +
P ZeD ZtD o ceD
Kk Iu H—j—rD ) cos fe(0 —9’) (19)
eD
-foo
+ £ akoh (Vuro) cos k(0 - 9')
k=—00
B 0 2)) / + 00
+ 2 > COSn7T--—---- COSn7T------- > Clknh Ju -f ——r£ 1 cos
A ZeD ZeD , ! D
n=1 k=-00 e
for rf) > #D. For 1¢ < #D we interchange and >

We now consider an infinite porous medium having the properties of Region 2. The
counterpart of the fundamental solution, 71, 72, for this region, satisfies

1 d di2 \ 1 <272
(20)
>ddrD \rDd ~j + 4 aP-+ « = «,

where the normalized variables are based on the properties of Region 1,

[ kr2kzi

7D —\ — 2D, (21)
Vikr\kz2
U= HDW, (22)
and
vrl _ ki(j)2C2
vep ’ (23)
TIr2 k2l Ci
The solution 72 is given by
| 4-00
72 = y.: hoKk (VurD" cos k(9 - 9
271’.' eD P
- (24)
v o> 2D 27) A
+ 2> cosn7r— cosnir-~- > bknKk U+ TZ—COSfc(O— 0")
13 A N
_ eD 2eD A oD
n k= —o0 e
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where
~ jkr2k JOK\
ZeD = "k "k RZeD—- (25)

The coefficients a”n and bkn in (19) and (24) can now be found by coupling 71 and
72 at rD = ad- The coupling conditions are given by

71 =172 at rD= «D, (26)

and
feri ¢?71 _ kr2di2

at rjj = ap. 27
i drD ix drD W P @7

Because the terms in the summations in (19) and (24) are independent of one another,
(26) and (27) must hold for each value of the subscripts £ and ». Thus, we obtain

and
%d K d ,
= - u (29)
where
I B n 1 7 It i 1 | it i
Akn o= ~rD\ju 9 (\ju — aDI1&kI\ U
ceD | <7 eD Z%
(30)
S+ Ju + - 2—ad L u+ ——aD
eD \'V eD / \'V eD
T _x,\er/,\ r_‘Ilkzzyrz YEI nzzz?rz J\ r- 4 y/; n2?r2
(3D
and

AD - H (32)

In obtaining (28) and (29), we have used the following Wronskian relation of Bessel

functions (see Watson [6]):

W{Uz),KA.z)} =1v(z)K(z) - rv{z)Kv(z) = (33)
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Using (28) and (29), we now write the following expressions for 7j and 72 when

ro > rD:
/ -foo 00 I j-00 N
7] = =mme—=-- | Sko +2V 'cosR7r-~-cosn7r”- Sit,, (34)
270D \;_ _, nd "eD ZeD . p
and
+ 00 + o0
_ Vb V. iMo+ 2y” cosn7TA-COS 777TA- y  i2*n 1?2 (35)
S 27TZef)ao \ ¢ "eD "eD
k= —o0 n=1 k= —o0 /
where

A* Wu+ ——rD

eD eD
(36)

e AW+ o rD  COSfe(0 —07),
fen eD

Rfcn
(/”~ W D) A*(WZ5+ ~ T D) cost<#" e,) (37)
When ro < ¥Dj we interchange ro and r'D in (34).
To obtain the pressure drop for a volumetric, plane, line, or point source, we use
7 Xand 72 given in (34) and (35) in 1.3(15). This yields

ApCd < «d)=p /j (38)

and
Ap(rD > aD) = ~ J*q 72dS. (39)

2.4. Flow in rectangular parallelepipeds

We consider the fundamental solutions for flow in rectangular parallelepipeds. As in
§2.2, combinations of boundary conditions are examined. Although obtaining the fun-
damental solutions in a rectangular parallelepiped by using the method of images is
fairly easy, recasting the resulting expressions in a more manageable form for compu-
tational purposes is not straightforward. A triple Fourier series needs to be evaluated.
The triple sums, however, can be readily reduced to double sums by the procedure
outlined here. For two-dimensional problems, the triple infinite-series is reduced to the
computation of a single infinite-series, and for three-dimensional problems, a double
infinite-series needs to be computed.

The examples given below permit us to derive solutions for all combinations of
boundary conditions. Let the porous medium occupy the region 0 < x < xe, 0 <y <
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%, and 0 < z < ze, and the source be located at #',?/, z'. The assumptions noted in
§2.2 also apply here.
1. All boundaries of the porous solid are impermeable

The fundamental solution is obtained by applying the method of images to the

fundamental solution for an infinite medium (2.1(3)) and is given by

- -foo +00 4-00

T =an (*$1,1,1 + *S2,1,1 + Si,2,1 + 52,21

k= —00 m=—00 n= —00 (1)
+57M,2 + 52,12+ Si22 + S222)

Here, we have defined

exp -\/u\J{xDi ~ 2kxcD)2 +(yoj ~2myeD)2+ (zDI - 2nzeDf

(2)

yvfxpi ~ 2kxtD)2+ (yDj - 2myeD)2 + (zDl - 2nzeD)2

for zj, I = 1 or 2, where
XDl — XD —xD

XD2 = XD + x'd

vdi =yD-y'D (&)
VD2 = VD + v'd
zdi = zd —z'd
and
ZD2 —ZDH'zd -

Physically, each Sjjj represents the contribution of a given instantaneous, point source
in an infinite array of sources.
We now proceed to rewrite the right-hand side of (1) in a form suitable for compu-
tational purposes. Let Ts represent one of the triple sums; that is,
00 400 400

T=£ £ £ s )

k= —00 m=—00 n=—o0

where
exp -\fu Y (£d - 2kxeD)2+ (yo - 2myeD)2+ (zD - 2nzeDf
5 - ®)
yJ(xD - 2kxeDf f (yD- 2myeD)2 + (zD - 2nzeDf

Using Poisson’s summation formula given in 2.2(6) and the integral representation of
the Macdonald function, K¢(z), given by

(6)
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we obtain

1 im +o° i{%D —2kxeo)?2
jis=h exp
0

k= —o0
+0

u(yD- 2myep)?2 d

£ exp
m= —o00
. o 7
+ oo VNS Ao (mt+i”r) (x° ~2kxeD]R v
+ 27" cosn7r----- / exp(—£) ~ exp
n=1 Ao k——o00
+ 00 (« + Ipr™) (yo - 2myeD)
£ ex
711——00 P 4£ £

Let Ti be the second integral in (7). If we use the version of Poisson’s summation
formula given in 2.2(5) and then integrate, we obtain

rxD
aXeDVeD }I_z*; . (rr ;eD

axln

+ﬁm‘=l (npysgl;)(ﬂ VeD (8)

1
+47cosA x| 77N 7 A COS m7T-
*=] IeDm =1\1+ a” + a”l 2eD
where
n2n2
(9)
eD
Because (see Gradshteyn and Ryzhik [7], 1.445-2)
cos fenx T c/i[a7r(l —# 1
3 [a7e(l )] o< x < 2], (10)

A+ a2 2a s/z(a7r) "o

where ch(x) and sh(x) represent the hyperbolic cosine of x and hyperbolic sine of x,
respectively, 7\ is given by

JT__ chy/a(yeD - yD)

T! =
y/axeo shy/aygp
2tt ~ cosknf® ch™a+ ~ (y eD-y D) (11)
+ X*Dhi yla+ shja + ztp- yeD
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Thus, (4) becomes

J-00 -foe -f@

E E E S T j chs/u(yeD - \yD)

k 0 M= —00 N= 2XeDZeD 1 VeD

00 - ch™NJu + (veD ~ \yD))
+ 2 cos kn °

SUUED VD

(12)
+2E C(E777TZD /WM + Teb~
n=1 z

eD VeD

00 X]]
v~A
+ 2 > OBAT

T S WHFAV? BT

We have reduced the triple infinite-series to expressions involving a double infinite-
series. This procedure can be used to evaluate all eight triple-summation terms in
(1). Thus, the fundamental solution for a porous solid in which all boundaries are

impermeable is

chyfu (vep ~ Wwdil) + chy/u(yeD - yD2)
2XeDZeD y/ushy/uy,

00
xD . xD
+ 2 cos N7 COS K7 Temme

k=i xeD xeD

chyju + (yveD —\yo\|)+ c h f"iy ,D —yu2)

VMPTSVMY 7D

zn

00

A A
-f2 A cosnt-—--—-cosnt
ZeD ZeD

13)

c/ly/lw + S$-(yeD - \wwpn) +chyju + ~((/eD -jlZtt)

/u + ~sh . /u+ ~yeD
v

eD eD
00 »
. xD . %n
+ 2 cos kir--=- cos kn -—----
*_, XtD XeD
Ch('/u+" + A~ ( VeD - \VD11)+Ch¢'u+A + AN(VeD ~ VD2)
eD eD eD eD

Wif+WsVe- o, - oyen
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II. One boundary is at the initial pressure, the others are impermeable

Let the surface xp = xeo be at the initial pressure and all other surfaces be

impermeable. The fundamental solution for this case is given by

+00 +00 +00 .*
Ly v v ()
47r k"ocmoon"oc

(Si,!,! + 52,1,1 + Si,21 + S221 + Si,12 + S2,1,2 + Si,22 + $22,2) »

(14)

If we let

where 5 is given by (5), then, using 2.2(5) and (6), we have

i ( poo e u(xd —2kxeD)2
Ts "~ | 1 “P«) E (-» ““P 4£
X fo= — 00
4’00 u(yD - 2myeD)2j
£ exP ¢
mi%:; . (16)
roo + + D —2kxef>)?2
%OS n7'I‘—ZD / eXp(-£) £ (-l)*exp (u a)(x xef>)
~ ZeD JO k= —oo 4
4-00
- d
» exp (« +a)(yo 2mytD)2 t
m ——-o00

Here, a is given by n272/z2D. 1f we now let T\ represent the left-hand side of 2.2(11),
then using Poisson’s summation formula, 2.2(5), we obtain

Tj = ?(-1)*6Xp u(xd —2kxen)?2

N 4£
k= —o0 (17)

2k —1)272¢
; , p ( ) cos @ 171131_-1 _____ .
\A"eD fc= AaleD 2 fef>
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Using (17), we may write (16) as follows

cos(2fc - l)f/)\(el_)

(2fc-1)272
2 T Jn cosm Tr"
+ -V cos(2b- 1)5" - Vv —
Uk=1 v Zlglr: m=1i + 4ux2, + »),ID
\IS cosn7]5(‘\0s(2\,& —1 "Qeﬁ-
U+ « 1 4- (2fc~ ))2?r2
n= = (w-fa)x2£)
COS 777T-"G- COS( 2 k 7 Jn  v— cus' mvi-——-
___________ A -1)?2-N_ —
Ay U+ta X R S R (2fc-l%2]-2
n—i k— m—1 4(ws-a)xan 0 +a)yz2e£
Using (10), we have
r n cos2ft- 1)f ~ cfey/u+ ~ ~1 " 2(yeD - |yD))
*aow¥* 1 £1 thyfiT"""yeD
~ ~ @ 2fc-Hfftr
+ 2 COS UTT------ 2
n=l e }L_@_‘K ’Qj{____h T
eD
chyju + + ,p -(veD - a1
shJu + + ¢ VeD J
\% eD ZeD
Thus, we can write the fundamental solution as
i ( 00 /
= —-—1Y cos2k- 1) cosRk- 1)
XeDZeD D 2 £ef>
c, ¥ r ™ (yeD - |yD1D+ ch™Ju + - VD2j
yju + {2k- * 2sh*U + 2/e0
a )
vV Zjj
+ 2> osn7r ----- cosnt-----
;:1 ~eD ~eD
o)ee - L ~ e «
ch.cu + e + (Zfsflhg.,—(t/eb li/DI1l) + v b + (2 l)';).,r(yeD £02)
n¥J2 , 242 , / , 22, 2t—)27R



1. Two boundaries are at the initial pressure, the others are impermeable

We consider two possible combinations. In the first case, the constant-pressure
boundaries are opposite to each other and in the second case the boundaries are adja-
cent to each other.

A. The boundaries yD = 0 and yo = yeD are at the initial pressure.

The fundamental solution in this case is
+00 +00 +00
k= —00 m=—00 n= —00 (21)

”£1,2,2 < £2,2,2) o

The appropriate expression for 7 can be obtained by using (12) for each summation
term in (21). Simplification yields

ch™u + yeD - |2diD - ch™"Ju + yeD - yDi)

chyju + 2r~(yeD - WDi|) - ch™ju + ff (yeD ~ Vdt)

00

(22)

B. The boundaries xg —xeD and yo = yeD are at the initial pressure.

The fundamental solution in this case is

(23)
(Si,1,1 + + 51,20 + S2,2,1 + 51,1,2 + 52,1,2 + S\ 2,2 + 52)2,2) *
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If we let Ts represent one of the terms in (23), we have, using 2.2(6) and (6),

1 ) +00 . ,
Ts = exp(-() nD (~1)*exp i(xqg —2kxeo)?2
2ZeD 1Jo ke o0
il u(yD - 2myeD) df
E (-1 o
m= —o0
00 ~ [*00 +00 (U-f a)(xD —2kxco) 5, (24)
+ 2 cos mr ! exp(—f) (—)*exp o
n=1 ZeD k—o
-foo
E ( ])'eXp (u+ a)(yD - 2myeD)2 di
m= —o0

where a = n2"2/z2D. Using the result given in (17),

cos(2m —1)f
Ts — E AN - e E g ) 2 yeD
XeDyeDZeDU 14 t2*-1)zp2 1 2m—)27m2
duXid AuyeéD
47 r zc 00

+ E £ cos(2fc - 1); 25

XeDyeDZeD ALl 2 £eD 25)
E cos(2m - 1) f 7 yeD

AL (2fc—1)2%2 (2m —1)2tt2

-1

Because (see Hansen [8], Eq. 17.3.12)

cos(2A: —1)f £ xshj-(1—a)
E g 0<x<2, (26)
46
éﬁl - li/d])
Tc = Ecos(zA—l) o
el Ve 4xJ  yeD

(27)
n=1
o0 cos(2fc-1)§~ shyju + g2 '- + ~f*~(yeD - VD))

ts ro, 2s1)27m, I'K u+iJ N o+ A yeD r
v M+ ¢ A b chy/!
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Thus,

t f oo

1 [ x7 Xn /e XT x n
————— < cos@fc™ ) === cos(2fcty) ———
XeDZeD 2 £eD 2 £eD

sh™Ju + —KbW2KWyeD - Wdi D) + shyju + —KxWe+2(yeD - VD2)

(K= 1o o Qo) 272
+ 27k et
u VP c/u/\]72 + V—*ée yeD

.2,
+ % E cosSnNt—— cos nir —
=1 ZeD ZeD

SJu+ -zkixz n + $-(VeD - WOW + shJu + Xk y * + - (yeD —o/D2)
4 TeC ZeD Y eD ZeD

%

(Zk—1)27P | n27B,,
4272
(28)
IV. Three boundaries are at the initial pressure, the others are impermeable
Again we need to consider two cases.
A. The boundaries xp = xelj, yu —yeo, and zd = zeo are at the initial
pressure.
The fundamental solution in this case is
. -£00 +00 -f-oo . . .
=i E E E (){=r-r -

('S1 1,1 + $2,1,1 + $1,2,1 + A221 4+ Sija + £23,2 Si,22 + $2,2,2)'

We now proceed to evaluate one of the terms in (29). Let T5 represent this term. We
first write, using 2.2(6) and 2.2(11),

-f-o0 -f-oo -f-oo
= B E E
k=—00 m= —00 n= —oo

exp [-WAV(Ed - 2kxeD)2+ (yD - 2myeD)2+ (zD - 2nzeD)2
y/(xp ~ 2kxeD)2+ (yD - 2myeD)2+ (zD — 2nzeD)2

E E (Dr

k=—oom=—

(30

"eD

E Iko Wmt+ aW/(xo - 2kxeo)2+ {yD ~ 2myeo)2 cos(@2n — 1)-"—"~,
- 2

n_I cav
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where a = . Using (6), we have

7D
T B re (w+ a)Gf> —2kxeo) 21
Ts=— £ W exp(-0 £ (-D‘exp 4¢
n=1 k==00
4-00 (31)
D exp Mt -amyeDd2 Ay o LD
m= —oo i [ 2 £eb
Using Poisson’s summation formula, 2.2(5) and 2.2(11), we can write (31) as
™ AT g cos@n__ gy 0. ~"zp ° .0 e

XeDVeDZzeDnls, =~ 4T T~~~ le=1co<2k - 2 73 £ cosCm” 1’y yeD

£ tp(-£)exp (-bL)d(,

(32)
where
QA —D2f2  (2m—1)2%2 (
Adm+ a)xD  4u+ a)yad' 33)
Evaluating the integral in (32), and using (26), we have
Ts = 2 /\ S
7 XeDzeD E . ) S E1<< m
(34)
- WadW
L. 1 (2fc-1)27> (2n —1)272 (2 fc—1)2%2 (2n—17)z7tz
VU+ 418 + 4°c c/lvf +  4d + 47 yeD
Thus, using (34), the fundamental solution given in (29) is given by
cos(2n —1) - —"-cos(en —1) D
XeDZeD |- 2 2en
V cos(A- 1)] —  cos@jc— 1)
fosi 2 xeD 2 xef)
~ + @ ffii(yeP - lypiD+ sh™uT + I~ Z (i/eD - yp2)
/v + + (2ng>lllchlu+ M ill +
A% 4 leZ) 42cC A% eD * ZeD
(35)
B. The boundaries x& = aef), Va — 0 and yu = yeD are at the initial
pressure.
The fundamental solution in this case is given by
1 +oo0 4-00  4-00
7T = 4 £ £ (“D*@LL1+5211-Si,21-S221
k—60 m—€0 n—60 v
+ S'L,2 + £2,1,2 — 51,22 — 5252,2) *
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We have already developed the appropriate expressions in II. Using the expression
given in (19), we may write

Ecos(2k- 1| "= cosi2k - D"~
xeDZeD {k:l AN xeD 2 XeD

chJu+ —V "iyeD - WoW-c h fT ~ "~ (y eD - yD2)

WK u

+ 2 \g cosn7r—— cosn?r——l—
~ “eD D>

chJu+~ * +Ar()yeD—‘v’§DiI)—chVJu+ . +A(rj/eD—W>2)

V. eD

vET +
(37

V. i'owr boundaries are at the initial pressure, the others are impermeable
We consider two cases.

A. The boundaries xq = £eD, yo —VeD, 7ZD = (? and zd = zeD are at the
initial pressure.
The fundamental solution by the method of images is

~e e e (D

(38)
=—O00m= —oon= —o0

(Si,!,! + 7211+ Si,21+ 8221 —S 12—S212“ $1,22 ~ $22,2) ¢
We outlined in III the steps to evaluate

1+ Lo Ho

=E E E (39)

k——00 m= —00 n= —oo0

Using the result in (27), the fundamental solution for this system is

a9}
2 A
7 = E smn?r—D— smnir—ZE:
XeDZeD 71 ZeD ZeD
60) ,
Vcos(2Jfc- l)J—£eI—)cos(2]fc D__Xeé)
-li/MDiD+shJu+ ~" +"(y eD- yD2)
V eD VD v # eP feD _
X\Vy/LH— 4XeD i S4 —ch&u i 4*eZ>_ i #;eD neD

(40
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B. The boundaries xd
initial pressure.

0, xo = xeD

ve = 0, and yo = vep are at the
The fundamental solution by the method of images is
1 Hdoo +00 +00
k=—00 m=—00 n=—o00 v /
(£1,1,1 ~ £2,1,1 ~ £1,2,1 + £2,2,1 + £1,1,2 ~ £2,1,2 “ £1,2,2 + £2,2,2)
We can use the expression in (12) to evaluate the triple sums in (41). Thus, the
fundamental solution is given by
7 ; 1 ,sin kirlD—sin Kir =
XeDkD lk: XeD XeD
ch™Ju+ "~ (y eD ~ WdiW~ chyju+ “r“(yeD- Vdi)
u-+
(42)
+ rz>?‘ cosn7r———cosn7r—Z—D— > sfn7A;7r—X—D— sin 8‘17r———
1 7eD ZeD

A ~eD ~eD
+ Prl {yeD - ¥WWD1D - cfe <+

+ Z)ri (?/eD “ J/7J2)
eD ef>,
<H‘%'Xﬂhu+ ~d

~

VeD
eD

VI. Fzve boundaries are at the initial pressure, the other is impermeable

Let the surface xd = O be impermeable and the other boundaries be at a the initial
pressure. The fundamental solution in this case is given by

E E E M+GAHRI-B2H2

(43)
—£i,1,2 - £2,1,2 + £1,2,2 + £2,2,2) *
Using the results in II (see (19)), we have
( 00 *
1 T Xn T
7 = cos(z2k —15) - A~ cos(24A: —1)x— ‘D
XeDZeD k=1

eD

+ —4] ~ 'r2(yeD - |I/D]) = chyju + ~ 4 -

{yeD ~ VD2)
Wu+ @7 x ~ "W/m+ @4 " - *xy«p

ZeD

y 22+ APA(yeD - [$/Du) - chlu +

. {yeD J/D2)
PR E W e

(44)
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VII. All boundaries are at the initial pressure
Using the method of images, the fundamental solution is given by

R SRR 4s)

k= —oom = —oon= —oo

(el,1,1 ~ £2,1,1 “ £l,2,1 + £2,2,1 ~ £1,1,2 + £2,1,2 + £1,2,2 ~ £2,2,2) *

Using the expression for Ts derived in (12), we have

( oo ,0 0
7 = 2 <> osmn7r—#% sinn7r-4" %" sth Kn = siukt t
xeDzeD \n=i zeD zeD 1‘;:=i %eD xeD
AN fu+tr”™ +7(j/eD- W) - chJu+ ~ +"(VeD -VD2)' (46)
v eD ZeD A eD ZeD
+~  + " + 7 ~
‘{]u c% h J\}bl eD eD Veb

This completes our discussion of the solutions needed to solve for pressure distri-
butions in porous solids that are considered to be rectangular parallelepipeds.
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[II. Treatment of Extraction
Points

A unique feature of the production of fluids from geologic media is that for a variety
of reasons, the surfaces through which fluid has to be extracted have complicated ge-
ometrical features. The conventional wellbore (the simplest case) is assumed to be a
cylindrical surface that extends over the entire thickness of the porous medium (in all
of the following we assume that the porous medium is horizontal). Such a wellbore is
usually approximated by a line source. When extracting fluids from geologic media, it
1s not unusual for wellbores to be in contact with only a part of the porous medium;
that is, fluid is not extracted over the entire thickness of the porous medium, and in
this case, we need to examine flow in three dimensions. Similarly, wellbores are not
always vertical; in many oil fields, wells are frequently “inclined” and, in some cases,
even horizontal. In such situations, we must, again, contend with flow in three dimen-
sions. In geologic media that are not very permeable, it is not unusual to extend the
surface area available for withdrawal by creating cracks known as hydraulic fractures.
Such cracks are usually filled with sand and can be treated as a porous medium with
properties distinct from those of the reservoir rock. Because of the prevailing stresses
in the reservoir rock, such cracks are usually vertical, although horizontal cracks may
develop at shallow depths. Hydraulic fractures or cracks are usually considered to be
rectangular or circular sources.

The purpose of this section is to examine the details that are pertinent to the extrac-
tion of fluids for the conditions noted here, and then develop pressure distributions for
a few cases that will permit us to discuss the essential characteristics of these solutions,
so that efficient algorithms may be developed for computational purposes.

With the fundamental solutions derived in Chapter II, obtaining pressure distribu-
tions in porous media when fluid is extracted via lines or planes, in most cases, is a sim-
ple matter. If the strength of a continuous, point source located at M’ is q(M"; )/(f>c),
then the pressure distribution in terms of the Laplace transform of Ap(M;t) is

Ap(xD,yD,zD) = J*q{x'D,yD,zD)"(xD -x'D,yD -y'D,zD -z'D)dS', (1)

where dSf denotes the element of a line or surface through which fluid is withdrawn. If
we assume that the source-strength is uniform over time and space, then (1) becomes

Ap(xD,yD,zD) - J”.1(xD ~ XD,yD - y'0,zD - ZD)dS". @)

Solutions that satisfy the constraint in (2) are known as the uniform—flux solutions. In
some cases it is possible to compute the pressure distribution on the source. In such
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cases we will find that the pressure will vary over the source. In many other cases, we
are interested in imposing the constraint that the pressure distribution (on the source)
be a function of time, that is, Ap(M;t) = f(t). Such solutions will be referred to as
infinite—conductivity solutions. We will discuss approximate procedures for obtaining
infinite—conductivity solutions from the uniform-flux solutions. We shall now document
solutions for a few systems.

3.1. Pressure distribution in slab reservoirs

In this section we explore the extraction of fluid from a variety of surfaces of interest
to us. The fundamental solutions in Chapter 2 will be our starting point. Solutions
given here assume that the top and the bottom of the reservoir are impermeable. The
fundamental solution, 7, for this system is given in 2.2(7). Solutions for the other
boundary conditions readily follow and are given in Ozkan [1]

I. Withdrawal via a rectangular plane source, perpendicular to the z = O plane with its
center at {xw,yw,zw) and parallel to the x-axis

Let 2L{ be the length of the source and hf be its height. If q is the flux, then the
pressure distribution is obtained by substituting the right—hand side of 2.2(7) in 3(1)
for 7 and integrating with respect to z from zw—hf{/2 to zw+ hf/2 and with respect
to x' from xw—L{f to xw+ Lf. The appropriate expression is

Ap = fit /_ fyH
2TrkgeD J-HE/(2D J-Li/t
A3 Wit “EOD  ywD)2
N 1
_ I XT _ D (1)
+2V A WuH— >—vi"D-"wDy-ViyD-y"0)2 cosnm-
»=1 \Y ZeD kD

cosnn—  Ddad/3.

zeD J

Here, £ is the reference length, xwd = xwD + a”/k/kx, zwd —zwd + {37 k/kz, and
u(s) is the Laplace transform variable with respect to normalized time, tjj. If qis the
withdrawal rate from the porous medium, then q — P)dotd/3.
Several limiting forms of (1) can be derived. (Of course, they may also be obtained
directly from the fundamental solution.) If the height of the source, hf, is equal to the
slab thickness h = ¥&Wthen qis uniform in 0, and the pressure distribution is given by

fih  rtLi/z

Ap = /
2 TrkZ2D J-Lfft

a{xwD)I< 0 XD - XWi) + (yD - ywDf da. (2)

If, however, fluid is extracted via a line source of length &+, that is parallel to the
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x-axis with its center at (xw, yw, zw), then the pressure distribution is

" r+Lhj(2¢8)
Ap 72711{2@]) WI-Lh/(2) Q Ao UW/(xD - X wD) + (yD - Vwd) da
4 D oo i 78D
cos n7I== cos nir (3)
n=1 ZED ZeD
+ Lh/(2D _
/[ 1n2:2 [ - w ./ - ~
Q(XWD)KO iU Y zI\D xwD) 4" (2/D VwD) day
h/(ZD ’ ZeD Y

Here, g may be viewed as the flux.
It is convenient to express the solutions in terms of a normalized pressure given by

2ttkh
PD(xD,yD,ZD'tD) = 3 [ ~p(x,y,2)t)], (4)
where the pressure at t = 0 is pi, h is the thickness (h = ¥eWand the withdrawal rate,
q, is constant. In terms of (4), (1) may be written as (with £ = Lf)

i f+h/D y/kz/k/2  fe+! _

Pd 9,4 (xwD) zwd)

LD J—hDy/R /2 {1

Ko \/u\/(xd - xwDy + (yD- ywD)2

®)

00

+ ’ + —2— V(XD ~ XwD)2 + (VD ~ Vwd)2
2E A eD zeD

71=1

CoS nir Wdad/3.

ZeD

Here, hfjj = hfy/k/kz/Lf and o/D ~ (2£//&%/<?, where q may be viewed as the flux.

II. Withdrawal from a hollow disc of radii ri and r2 (rj < r2) with its center at
(*/,2//,",) and parallel to the plane z = 0

We use the fundamental solution in 2.2(7) with the restriction that kx —ky = kr.
In this case, k= VWz-
Consider

Ko \/P\J{xD - xD)2+ (VD - yDf

Using the integral representation of Kq(z),

Ko(z) = WIQ exP (~£_ ") ne(z2) > % (6)
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and working in terms of polar coordinates, we have
J™ KO| ['D+ rD ~ 2rDrDcos(6 -9') 21rDd0

=rrb/ «p(-0«p /.~ ) f
(7)

:*I"D/r eXD(_7/{>)eXD rD + rD [j (r»r'l)\ dT
Jo

(2i'DIO (v rD) #o (VSirD); rD > rD

W2LrDIO (y/ftrD) B (W4X'D) ; rD < rD

Thus, if we consider a ring source in a slab reservoir and assume that q is independent
of 0, then the pressure distribution is given by

_ 2 (rD_ f f f
Ap=— Jy ar'DIO0 (y/ur'D) KO (VurD) dr'D

frD2
+ /

- & DHo (%/wro) A0 {Whur'D) dr'D
iF
00 /*’]B_

7D 7D
COS 727T-2- COS TI7T--"=-2- ' D
=1 ﬁrDi 9'd /o (nA
pibD2 _

+ /  qr'Dlo (Wm+ a,rD) Ao Wu+ a,ri,) d'D
Jm

where < is the flux and an = n2#%2/z8D. If q is the withdrawal rate from the poro(gg
medium, then q = 2irJ” r'cfer™dr'.

Let en = y/u + n242/zD, and ~rDi)"/"r be the normalized area of the
source. We will assume that the flux distribution is uniform. The pressure distribution
is then given by

2
Po(rD,ZD,s) = +1 rDIO (y/urD) KO (y/urD) dr'D
aos WrOX

+ f rA0 (VurD) 0 (Wiur'D) dr'D

jigh)

+.43 d n ()
%smré—cosnnf— /  rDlo(enrD)Ko(enrD)dr'D
o ZtD zeD  —JD1

?ﬂm I
7|_ b rDlo(e,rD)I<o("nr'D)dr'D j.
r
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III. Withdrawal from a disc of radius pj with its center at (xw, ywizw) and perpendicular
to the plane z = 0 and at an angle v with respect to the x —= plane (isotropic medium)

Let p and pf be the distances of points P(x,y,z) and P'(V,y',z') from the point
0(xw,yw, zw), respectively. If we now temporarily consider a coordinate system with
the point O as the origin, and if (p, 6> and are the coordinates of the
points P and P, respectively, then, for a porous medium that is infinite in extent, the
fundamental solution in spherical coordinates is given by

7= 47T exP(-VuRD)- (10)
Here, RD = |PP'|2, and by the law of cosines
R2 = [PP*W2= pP + pp —2Pd Pd cos (11)
where ip 1s the angle POP' and
cos 9? = cos6cos 6 f sin 6 sin 61cos(<*— f). (12)

Using the addition theorem of Bessel functions (see Watson [2] and Abramowitz and
Stegun [3]), we have

p(-kRD) ( Fm W d'kP°®)P"*(cos Vy; PD < pD (13)
= lVVEm=o R (kpo,kpD)Pm(cos®); PD > PD,
where Pm(x) represents the Legendre polynomial and
Fm(a, b) = Kmt 1/2(a)Im+ 1/20b)- (14)
Using (13), we can write (10) as
7=J- E ("P'd,V"Pd) Pm(cosip), (15)

47”0 VPdpd

where, for notational simplicity, we have defined

Fb) = {orfa b psa {16)

If we now use the method of images and let 7 n denote the solution for the nth image
in an infinite array of sources, then the fundamental solution for a slab reservoir with
impermeable boundaries at zjj = 0 and zp —zeo can be written as (see Appendix)

+ 00

7= IniPDmPDmVn)- (17)
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Relating pDn,pDn-1 and ipn with pD,pD” and  respectively, and then recasting (17),
we obtain

-foo +o00 .
=—W=Y Y@Cm+1D FOTup e yMEPRD b (cos(rni)
AVVV >U n= —w00om=0 {
(18)
+ F {WupD.y/upDn2) Pm(cosv?n2)
W/PDn2
where
PDni = (PD cosO+ 2z«,d — 2nzeD)2+ pi, sin2 0, (19
PDn2 = (A cos0 ~ 2nzeD)2 +  sin29, (20)
cos(fk = cos 9" cos 0™ + sin#” sin 0™ ad<i>—</); k = nl or n2 (21)
Omi = arceos PD cos0 + 2zud - 2nzeD (22)
PDnl
) 0—2nzeD
$A2 —arccos PO €08 e (23)
PDn?2
d (24)
and
(25)

y<<2 = o'-

The pressure distribution owing to a disc source of radius pfD = Pf/A&> at an angle
v with respect to the x —z plane and perpendicular to the plane z = 0 can now be
written, by using (18), as follows (assuming uniform flux):

D(Gnl + Gn2)dp'D), (26)

Pr=—o00 =1

where

_ F(y/up'p, AupDk) [ B @G =u “F-PrcCB tpk)™ —2+71 dO | @7

y/pDk Jo

Gk

for k = nl or k = n2. Note that by the addition theorem of associated Legendre
functions (see Gradshteyn and Ryzhik [4], 8.814),

Pm(cosip) - Pm [cos9cosO + sin9sin O cos@ —<3)]

= Pm(cos 9)Pm(cos 9f)
(28)

' gm 0P (cos6,)P™(AHO) AR” - 0< 9,0 < tt],
m + kW
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where P"(x) represents the associated Legendre function, we can write

-Am(cOS / “f" P m(COS ( — — 2P m(cOS 0)Pm(cOSO )
A (m - kW
+2 €~ LPm(@EEHPMAS [  — + cos&E—"—D)]
m + *)!
(29)
Also noting that (see Gradshteyn and Ryzhik [5], 8.820)
P,,(cos0) = P, (cos0), (30)
and using the result given in Gradshteyn and Ryzhik ] 7.132.1, 7.166,
dx2
3D
[rG+f)r(i-f)]12
we may write the normalized pressure as follows:
ZeD f/w 4‘!1 T£ 1= 2 | )]
nP{DS /® n=fo§(
F(Vup'D,VuPDnl) Bm@s W, F (/upD"PDn2 )gmgcosgnz)
WO WEPDn2
F(y/up'D, y/upDni) . (32)
+ F {APWVAPDHZ)%(COSW)
y/PDn2

[cos 8 —) + cos &—v —m]11  pl(cos 0)de'Wdp'D,

where we have used q = np&-
IV. Withdrawal from a line source of length hf with its center at (xw,yw,zw) and
inclined at an angle ip with respect to the vertical (in an isotropic medium)

For illustrative purposes, we derive the solution in Cartesian and cylindrical coor-
dinates.

A. Solution in Cartesian coordinates

If we consider a reference frame [xWyWzf) that is obtained by rotating the x and
z axes about the y axis in the clockwise direction by an angle ip, then x1= x cosip —
zsinip, yl = vy, and z' = xsimp + z cosip.
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For an infinite medium, the pressure distribution is given by

A rWHRf/ exp -ViV/rD+ (0D ~ zwd)2 WL
p= . 9 (XU ? y'wDt ZwD) !
4'7rk£Jz'w—hf/2 Vr'l+iz'o-"D)2
L/ A, /(2) exp ~y/ VrD + (ZD ~ Zn —
L. (x'wDi ywhi zLd —O" d(
dirk o)) 9 ywbiz VrD+ (ZD ~zwD~ 0 2
+h,1(2t) eXp -"/uy/rij + (ZD - ZwD)2
= JL- [+h q(XwD, VwD, ZwD)
47He J-h, KV WAd + (ZD  ZwD)
(33)

where r% - (xD - xWD)2+ (¥yD — ywD)2, r*, = (xD — xwD)2+ (yD - ywD)2, xwD =
xwd + £sin”, and zwq = zwq + £cosx> The solution for a slab reservoir can be

obtained from (33) by using the method of images along the lines suggested in §2.2,
and the pressure distribution is given by

Ap — L Ko (rDy/w)
2irkz eD /(29)

-2 Kq (roy/u + an) cosmr-"- cosnn-"- dt,
h=1 ZeD ZeD

(34)

where ar  n27R/zgpy
The solution given in (18) is especially convenient if the line-source well is inclined
with respect to the vertical and tilted at an angle v with respect to the

~

at an angle
x —z plane. Using the fundamental solution given in (18) and assuming uniform flux,
we obtain the following solution:

; /2
Ap = 1?1/]_ I O =" 0= v+ 7@ = =y £+7D]dp'
s
Lo .o - hf /29 . (35)
Anks 53 + / {GnW+ Gn2)—7 =,
=-oom=o0 V PD

where for k = nl or k = n2

« F{sfup'D ly/upDk)

[~ m{cB + Pm{cOS "K)f=1DJ=1"¥1) * ("6)
Wipm

B. Solution in cylindrical coordinates

If the well is in the vertical (x —z) plane (the case for v — O in Part A), then
the solution can also be constructed in cylindrical coordinates. Let the cylindrical
coordinates of the points (x,z,y) and (x,,z,,y/) be given, respectively, by (r, 0,y) and
(rr,0',y;). The fundamental solution for an infinite medium is given by

) (~y/uRD), 37
7= ggRo TP TV (37
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where

Rd = (xD —=xD)2+ (zd ~ z2d)2+ (yD —2/d)2

. (38)
=D * D ArDAD COs(0 —0) + (UD — vd)2’
Therefore, the fundamental solution for a slab reservoir with impermeable boundaries
at zd = 0 and zd = zeD can be written, by using the method of images, as follows:

exp ~Wluyjw2+ (zdi - 2nzeD)2
y/w2+ (zDI - 2nzeD)2

(39

exp Wy/uy/w2+ (zD2 ~ 2nzeD)2

+ 1)
VWe+ ) o2 ]
where

w2 —xd + yii, (40)
xs —XD —xD —rD sin0 —rD sin™ 41
VD = VD ~ Vd = VD ~ VwD, (42)
zdi = zd —2'd = rD cosO—rD cos & 43)

=D+ D=\ - D& +4)+27Y). (44)

Using the summation formula given in 2.2(6), we may recast (39) into the following
form:

7 = ’@Ko(y/uw)+2E Aol Wu+ - -w
W (45)

QT DO QG 50
n D

The pressure distribution for an inclined line-source is now given by (assuming
uniform flux)

au fhf/(29)
" ISJ A =~ 4 :’\+T)]er
=m }+h .. 7(0' = ip)drD
ks J_W )
aF r+h,!1(2i) o

Kq (y/uxv) + 2 Ao "y U+ W
27rkzeDS J —hf /(2£)

___@___ ___ drn—

=%

Note that
w2=r" +rDsin2® ~ " dt 'dshn & cos&, (47
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where = (XD-xwD)2+ (yD-ywD)2, zwD+rD cos 6 = andrDcos€ = |xd~Zu2>|;
thus, the solution obtained in (46) is the same as that given in (34). It is also possible
to use the addition theorem of Bessel functions given in 2.3(5) to express (46) in the
following form:

ol r¥h( /(2D
Ap = Fk(~) +2j2Fk 10U+
2Tk zeH)S J-hf J(<> it?# o <D -
ZwD + rD COS( . ZwD + rn COS?
COS TITT- nir=—=-——-—--=== drpj
ZeD ZeD
where o
Pk(a) (Ik(arD)Kk(ar'Dsin™)cosg; ru < rDsinip (49)

Wikiar'D simp)Kk(arD) cos rjj > rDsinip.

V. Fluid withdrawal from a rectangular region with properties distinct from the porous
medium

Here, we examine fluid extraction via a vertical fracture as discussed in the Intro-
duction to this chapter. Let us assume that the vertical fracture can be represented
by a rectangle in the region —rf < x < Ly, —wrj2< y < wg/2, r >> wr) with
the center of the rectangle at the (0, 0, ze/2). The height of the fracture is equal to the
thickness of the porous medium. We assume that fluid is withdrawn from the fracture
at a rate q over a strip (line) of width Wf that is centered at the origin. Fluid enters
the fracture only along the longer sides of the rectangle; however, the flux distribution
is unspecified; that is, the flux distribution at W= Wi{/2 is unknown and must be
determined.

Because LI >> WI we will assume that pressure gradients in the y-direction are
negligibly small and thus consider flow only in the x—direction within the fracture.
Also, flow within the fracture will be considered to be steady because the volume of
the fracture is negligibly small compared with the porous medium that surrounds it.
Because of symmetry, we restrict our attention to the first quadrant. We follow the
ideas of Cinco and Meng [7].

If Pf(x;t) denotes the pressure distribution in the fracture and pfjj is given by (4),
then we can readily show that pressure distribution is given by

d2pr

dxl CfD—?d(xd)= o. (50)

Here, Cfo = kfw/(kLf),qo = 2Lfq/q and the reference length is chosen to be Lf.
Integration of (50), using the appropriate boundary conditions (outer boundary is
sealed and fluid is withdrawn at a constant rate at x —0; that is, dpfo/dxjj ——mnjCfu
at xo = 0), yields the pressure distribution within the fracture, given by the following
expression:

PwD~PID = -8~ D - s P gDMaxtax’! . 1)
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Here, pwo is the normalized pressure at xo —0.
The pressure distribution in the porous medium (assuming the porous medium is
an isotropic system) is given by (qjj = @

Pa(xDVd.s) = ~J  5(qs)A0] (xD-a)2+yD 2 Wil da. 52)

Using (52) for pjD in (51), we have

- 1 I*1_ f f
PwD J/ q(x',s) {Ao o« — XWyjuw) + Ko [txa + X') yuW ) dx'
0

(53)
+ oo ogk's)dxiixt = 2Xe
cfb Jo Jo CiDS
We shall now solve (53) numerically. Consider the partition 0= xdi,.. ., x 1, xDi+1i 7ee*?
%Dn+1 = 1. If we assume that the fracture may be divided into n segments, then we
can write
J/ q(xWs) {A'o WD - xWy/w + Ko [XD + x') W} dx'
° r?Di+1 (54)
= 22 qi(s) / {Ko @D - xWy/w) + Ko [(xD + x') yuW} dx'.
=1 JxDi
The second integral in (53) may be written as
rXDj X _ B3-1_ AxD . .
/ a(x",;s)dx'dx =V q (x) + Axd (x0j — iAx0)
Jo Jo 1=1 (55)
AxD-
+—1~qj(s)’

where x0j is the midpoint of the j th segment and Axd is the width of each segment.
In addition to the above expressions, by virtue of steady flow, we require

(56)

(53)-(56) constitute the system of equations that needs to be solved to determine the
unknowns, qt(tD) and pwD- The principal advantage of this scheme is that the system
can be solved for any time t, and such solutions are independent of the solutions for
previous times.
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VI. Infinite-conductivity fracture

The development in V permits us to outline the algorithm to compute pressure
distributions for an infinite—conductivity fracture. The ideas given here were first used
by Muskat [B]to study steady-flow problems. Consider (52),

* J-1

We may now use (54) to replace the integral in (562). For an infinite-conductivity
wellbore, we require that

Pd (xDj) = Pd(xDJ+1,j =1,...n = L (57

With the additional constraint given in (56), we may solve the resulting system of
equations to obtain the flux distribution and the wellbore pressure-response. We defer
further discussion of this matter until Chapter IV.

3.2. Pressure distribution in cylindrical porous media

We consider two examples for illustrative purposes: a vertically—fractured well in a
closed, circular cylinder, and a horizontal, line source in a composite region.

I. A vertically—-fractured well

We assume that the porous medium is isotropic and the boundaries at z —0, z = 2C
and r = re are impermeable. We consider a vertically—fractured well of height h = YW
and length 2Lf. The center of the fracture is at (0, O, ze/ 2) and the fracture tips extend
from (Lf,a + T) to (Lf,a). The flux distribution is assumed to be uniform.

The fundamental solution for this system is given in 2.3(10). If we use 2.3(10) in
3(1) for 7 and integrate with respect to z' from zw—hf2 to zw+ hf2 we obtain the
pressure distribution owing to a vertical, line—source well located at the point (r”™,#")
(see also Carslaw and Jaeger [9)

Here, RD = rD + r'p —2ror'D cos(0 —0'), and

j Fk(tD,r'D) for rD < rD

FK= WFke'D.rD) forrD > rD " (2)
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where

Flda, b) = Tk (ay/u) Kk {by/wWI'k (reDy/u) - Ik (by/u)K'k (reDy/u) 3
I'k (reDy/u)

The second equality in (1) follows from the addition theorem for KOMuRd ) given in
2.3(5).

To obtain the pressure distribution caused by a vertical fracture extending between
the points (Lf,a + 1) and (L/,ce), We integrate (1) with respect to r' as follows:

:€° £D ) /foD
A~p= k{6 —a —7) 1 Fkdr'D + cos fd0 —a Fkdr'D
2irkzef)S gl i Jo Jo
+ QO § LD
aph cos k fIO —a —QJN cos k7L /f Fkdr'D.
TkzeDS k=—oc £/ z Jo
4)
Here, . —Lf/t. In terms of normalized pressure, (4) becomes (with t —Lf)
Va\llele} ’Z‘ ’Z‘ /*1
Pd = - "2 cosk(o-a- cosk” Fkdr'D, (5)
k=—0c0 0
where
forru> 1
. FkdrD — (6)
fo /G° FKPD,rD)drD + /% Fki{rD,rD)drD for rD < 1
(5) can also be written as follows:
+ oo
PD=PDi- - E cosk (e—a -0 cos
k=—c0 ?)
f'h(r,” dr,

Ik (reDW/u) JO

Here, pDi is the normalized pressure for a vertically—fractured well in a slab reservoir
(see §3.1 D) and is given by

PDi ~ 25 ' %K° yfiyfe +r% - 2rDrD cos(0 - a)

+ KO  uvrD+ rD ~ 2rDr'D cos(9 - Ol | dr'D 8)
" 4o #]

= — [cosk(0 —a —7) + cosk(9 —a)] / FikdrL
23 K= oo Jo
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where /0 FxkdrD is given by

Jo I¥ (¢rDV™) dr'DK k (rDy/u) for rD > 1
fo° h 'DWuw dr'DKk(rDy/u) + Ik(rDy/u) J* I<k('Dy/u) d’'D for rD < 1.

II. A horizontal, line source in a composite region

From the fundamental solution given in 2.3(34) and 2.3(35), the pressure distribu-
tion caused by a horizontal, line-source well of length Lh extending between the points
(Lh/2,a + 7r,zw) and (I/*/2,a, zw) and with its center at r = 0 and z = zw, is given
by (assuming uniform flux)

pa{ D& aph= %YYWJJ' GO =a +TrD=

9
+ G (o' —a, r'p —"y/ki/kri® dg,
and
;div‘vﬁtd > aD)W; —rD ‘@;kz,—Wf H(e,=a+1i'SD = ty/kl/krl")
aos 1 Jo (10)
+H (0 =ayD=ty/h/K?) dt,
where
+ 00 0o -foo
G= y Sko+2 cosmr——cosmv—— 5%n, (11)
k= —o0 n= } ZeD zeD k= —o0
and
+o00 Zwlj -|—oo
cosnt— cosn7r—2 (12)
k= n=1 ZeD ZeD f=—c0

In (11) and (12), Sn and are defined by 2.3(36) and 2.3(37), respectively.
3.3. Pressure distribution in rectangular parallelepipeds

The ideas developed in §3.1 can be readily extended to porous media bounded in the x

and y directions. To demonstrate the procedure we now consider example applications.

For simplicity, we assume that the flux distribution is uniform. Also, here, h = V%W
I. All sides of the porous solid are impermeable

The fundamental solution for this system is given in 2.4(13). We consider two
examples.

A. A vertical fracture of length 2Lf with its center at (xw,yw,ze/2).

Let h be the height of the fracture. The solution to this problem is obtained by
substituting in 3(1) the expression for 7 given by 2.4(13), and integrating the right—
hand side of 3(1) with respect to z' over the interval zw—h/2 to zw+ h/2, and with
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respect to xf over the interval xw—Lf to xw+ Lf. The expression for the pressure
distribution is
q/dhLf chsJu(yeD - |yD1D + chy/u{yeD - yD2)

Ap =
kiXeQZeDS y/u shy/u yeD

ppexe’s Lo e LU oo Y cos kn X
rLf g K b

|2 12 2
C“a/m+ k—(ZVeD - by + ChJ{J + 1—pr—(J/eD - Je2)

O

If we choose the characteristic length £ to be Lf and assume k = kx = ky = kz, then,
using the definition of pD given by 3.1(4) (with g = 2hqLf)1we can write (1) as

chy/u(yeD - Wypi¥) + chy/u(ytD - yD2)
Pd (xd ,Vd ) =

XeDS y[ushyfuyeD
2Xe0 1 . 1 X WD
H==="> —snifckr——= coskit === COS KT—
T k=1 k XeD XeD XeD ()
chyju + VeD - Wdi DD+ chyju + K {y eD ~ Vp i)

N7+ “shyJu + " VeD

B. A line source of length Lh parallel to the plane z = O with its center
at GewiUwiZuy),

This solution is obtained by substituting in 3(1) the expression for 7 in 2.4(13) and
integrating the right—hand side of 3(1) with respect to x' from xw—Lh/2 to xw+ Lh/2.
Assuming the porous medium to be an isotropic system and using £ = Lh/2, the
normalized pressure is given by

Pp(xP,VP,Zp) = Pfp(xP,VP) + Fi(xd,Vd ,zd), (3)
where pD is defined by 3.1(4) (with g = gLh), PfD the fracture solution given by the
right—hand side of (2), and r 1 is defined by

— 2t "
= -——— Y COST7TZD COS M7TZw £)
XeD$ |

chyju + n2n2LP(yeD - WpW) + chy/u + n2n2LD(yep - yp2)
y/u + n2n2LD shy/u + n2w2LDyep
A 00 Xp (4)

1—4 Y COSNirzo COS nirzwoi p L,—sm kir— cos knwp COS K7T-——
< -

n=1l k=1 XeP xeP XeD

chy/u + + n2ir2l.Y) (yeD - Wp )+ ch™Ju + + n2n2L"(yeD - yD2)

y/u + + n2F2L PshyJu + + n2ir2l.DyeD
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In (4), zd and Ljj are defined, respectively, by
zD = z/zt (5)

and

Ld = Tre (6)

II. One boundary is at a constant (initial) pressure

We consider an inclined well in an isotropic reservoir and assume that the constant—
pressure boundary is at = xep. The well length is assumed to be hf and let
hfjj = hf/i. The center of the well is at (xw,yw,zw) and it is inclined at an angle ip
to the vertical;, see §3.1 IV. Following the ideas in §2.4 II, the pressure distribution is
given by

~  rHefD/2 +2°  +oo  +00 _
E (—D(S1,L1 + $2,11 + Si,21

"JD/* k=-—o0o0om=—o0o0n=— (7)

+ $221 + Si, 1,2+ S2,1,2+ Si,22 + S2,2,2)"5

where

exP —y/uy/(xDi ~ 2kxeo)2+ (VDj ~ 2myci)2 + [zd£- 2nzeo)?2
S = ———- ~ . e LS e , (8)
y/(xDi - 2kxeo)2+ (yDj ~ 2myeD)2+ (zot - 2nzeD)2

X £)i X€ - 1) xvyi9 )
VDj = VD + (=1)JVwD (10)
7Dl ~ 7D + (“1YzwD, (1D

for zj,t —1or 2. xwp and zwd are given, respectively, by

xwd = xwo + £sin” (12)

and
ZwD = zwD + £cos ip. (13)

In passing, we should note that if we replace « wa by xwe and zwg by zwq + £, then we
will obtain the pressure distribution owing to a vertical well of length hf. The converse
1s also true; that is, to obtain the pressure distribution for an inclined well, we can
write the pressure distribution for a vertical well of length hf and then replace x wq
and »wa by xwjj and .wa , respectively.
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Thus, as in §2.4 1I, the expression for the pressure distribution is given by

27r f+hfD/2 ( )7'I‘Xn ( )71‘x n
Pd (xd ,Vd ,zd) - ———7——— . 5>(2*-1)—- —cos@c-1)=-"
XeD DS -hjD/2 2 XeD 2 XeD
chyju + ~ ~ ~ “{yeD - WW) + ch™Ju + - “r- —(yeD - VD2)
i i 2A—1)272 L/ W (2k-1) 27rs
+ * VO o+ 4 iED
. 0 7D zwD
~r 2 } COStitt —— COSNt———
n ZeQ ZeD
chlJu + + B -(yeD - \yDI\) + chJu + + A(AeD - J/D2)

(14)

[II. Two boundaries are at a constant (initial) pressure

We consider a vertical well of length h with its center at (xw, yw, ze/2) in an isotropic
reservoir and assume that the constant—pressure boundaries are at xq = xep and
yD —VeD Using the appropriate fundamental solution, 2.4(28), in 3(1) and suitably
integrating, we find that the pressure distribution is given by

k=1
N . Va N (15)
sh™/u+ ~ ~~- (y eb = li/DI) + sh™ju + —4xV ™ (VeD - VD2)
Wu+ ~ ~ “rchWlu+ 2&r~ "y *D
In terms of the normalized variables, (15) becomes
Po(xD,yD) = E cos(2fc- 1)"— cos@fc-1)"""
sh™/u+ — (y*D - Ij/Dil) + shyju + - yD2)  *16%
'JeD

IV. Four boundaries of the porous medium are at a constant (initial) pressure

We will assume that the boundaries zq = O and zd —zeo are impermeable and all
other boundaries are at a constant pressure. The fundamental solution for this system
is given in 2.4(42). We assume that fluid is produced via a vertical fracture of length
2Lf and height h in a reservoir that is isotropic.

51



This solution can be obtained as in I. Integrating 3(1) with respect to z' from
zw—h/2 to zw+ h/2 after substituting the expression for 7 given in 2.4(42)yields
(_ 00 XD
Ap=7/q1fT Sin7 — silh kw-——-

KXeDS fei XeD teD
17)
chyju + "r“(yeD ~ WdW) - chyju + “r*{yeD ~ Vdt)
Ju+h”shsJu+ "xyeD
Further integration of (17) with respect to x from xw—Lf to xw+ Lf yields
Ap=2tiatl o Lo g XD
ks | 'k XeD
k=1
7 %wh .1 1 Ch§u + "fyeD - WDW - chyju + Ajyéj(yeD - VD2)
SNk ——=SINKT——————=———————~ = - = = == = = .
XeD XeD yju+ 2%°-shyJli+ “VeD
(18)
In terms of pD, we have
2 °°, XwDX. 7 I
Pd (xd ,Vd) smkn — sin for Sin £7T-
(19

chyju + t"iyeD - WdiD - chyju+ " (yeD - £02)
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[V. Computational
Considerations

The title of this chapter is somewhat of a misnomer. The content is intended to aid
those who wish to develop efficient algorithms to compute pressure distributions in
porous media. Brute—force application of the solutions given in Chapter III is compu-
tationally inefficient, and in some cases can be counterproductive. Thus, the aim here
1S to permit reconsideration of the solutions and recast them into forms that should aid
computations. More importantly, we provide insight into the structure of the solutions.
For example, we show that the solutions for pressure distributions in a parallelepiped
contain the solutions for the corresponding system in a porous medium that is infinite
in areal extent.

In deriving the small-5 and large-6 approximations, we will, for convenience, use
the following approximations for u

u(s *>OO) = suj (1)

and
u(s =0) = s, (2)

respectively. Here, a; is a constant. The rationale for the limiting forms of u will become
evident when we consider flow in naturally—fractured porous media (see Chapter V).

4.1. The Integral 7 /"A'o - a)2+ Va da

We first consider the large-5 (t —0) and the small-5 (t —>oc) approximations of this
integral. Subsequently, we consider evaluation of the integral for yjj = O. Finally, we
consider the general case. Let 1 denote the integral.

[. The large-s approximation

Using the integral representation of Kq(z) given by

1

K0(z) = exp -f s WiZez2) > 0], (1)

and the result

(x—a)2u Ab-X)y/i _ (4 - X)y/U
d

fexp ! 2y/1 2 . @

Wwe may write
|- Jf tp(=E)exp orf (P7x0)¥/u (a —xdW/w ®

2s 15 4 | 2" 2v” v/£u
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To obtain the large-5 approximation, we replace u by suj, Where a is a constant, and

thus .
.(b-xD)y/suj ol (a—xP)W/su W

3—»00 2

where .
{2 fora< xj) < b

1 forxd =aorxd =b (5)

We can thus write 0 forxd <aorxd >h

3 (6)
. P {~ IV~

ov/i U‘St exP {~Wyd )

Application of the Inversion Theorem for the Laplace transformation yields

wd
1=0 (-$J72) ~| M “fc D

The early—time approximation for flow in homogeneous porous media is obtained by
setting w—1.

II. The small-s approximation

We assume that u = s. For small values of its argument, K™ {ay/z) can be written
as
KO(ay/z) = —In (elay/z/2) + 0(z In Wiz), (8)

where 7 is Euler’s constant (0.5772...).
Substituting the right-hand side of (8) for K§(aWlz) in the integrand of I and
evaluating the integral yields

I = +In4-27 + 24~ ;a(xD,VD,a,b), (9)
where

(xD,yD,a,b) = le {xD-bIn[xD-bf +yP]- (xD-aln [&D - a2+ yPl}

VD xD - aW (xD -b
- arctan ——— —arctan
2 vp J W VD
(10)
Application of the Inversion Theorem for the Laplace transformation yields
b—a
+ 2a{xD,yD,a,b). (11)
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III. The case yo = 0O

This case is of great importance for it can be used to obtain pressure responses for
a number of systems of interest to us. Consider

(VD 0)= - f KO WuJ&D - a)2 da. (12)
s Ja 1

The Bessel function Ko(z) is real and positive when z > O. If xjj > b, orif xd < a, we
can write, respectively,

1 I rVuxD-a) ryuse>—b
wp 0)=-——= / [<0(a)da - 1 K0(a)da (13a)
\Jo Jo
and
_ 1 I rWub=D) Ay/ula—xD)
I(yD=0)=—=W KXa)da - / KO(a)da . (13b)
SVU Wo Jo

If a < xd < 6, then we first write

I[(ud = O)= j |Y Ko y/uy/(xo ~a)2 da + J KO y/uy/(a - xD)2 ,

(14)
and, using (13a) and (13b), we have
_ 1 pVLIRD=0) Ayiub—XD)
KVD=0) = —p / KO(a)da + / K0(a)da (15)
Syu [/o Jo

The following power-series expansion for f* Ko(£)d£ given by Abramowitz and
Stegun [1] can be used to compute the right—hand sides of (13) and (15):

ax o0 (x/2)u
/ IKo{DdE, = - (in| + 7) ,
FMKM%+D

~0
(x/2)% o 0¥k ko

T X2 0am20ok + Ty2 A (kMR(2k + 1) 2-nn

(16)

where 7 is Euler’sconstant (7 = 0.5772...). As x —00, however, the following relation
is known: b
if Ko®dg = a7

For x > 20, the right-hand side of (16) approaches #/2 for all practical purposes.
Polynomial approximations to compute the integral in (16) are available in Luke [2]
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Another alternative is to use the recurrence relation for the integrals of Bessel
functions given in Abramowitz and Stegun [3],

£ Zo()dt = xZo(x) + v [-Lo(x)Z1(x) + L1(x)Z0(x)}, (18)

where Lo(™) and Li(x) are Struve functions, and
7Zv(x) = Alu(x) + BeivxKvixW v = 0,1. (19

In (19), A and B are constants. Using (18) for the integral in (16), the following
expression is obtained (see also Kuchuk [4] and Gradshteyn and Ryzhik [5], 6.561-4):

r KO@®)df = xKo(-x) + IX [A'oWMx) + 7il(a-)lo@)]. (20)
Jo ~

In this context, we should note that the integral f* Ko(£)d£ can be written by using
(17) as follows:
/ "a= (21)
(0]

where 0
/ KO((,)d£. (22)

By using the integral representation for Kv(z) given by

Ku(z) *J/ cosh(™f) exp(—=z cosh™c?™; |argz|< @3)
(6]
we can also write X0 p0o
hix) =/ dz exp (—Jcoshz)

__ exp(—=xcosh®) d(
_]i coshf '

In passing, we note that the application of the Inversion Theorem for the Laplace
transformation to (12), assuming u = s, yields

. b- xD .a—-xD
I(xD,yD =0) = (irtD)1 erl ——F — eri
zahd (25)
(I--XD) [ b-xD)21 + €~ XD)Ei (a-xD)2
2 4to 2 4to

Here, —Ei(—=) is the exponential integral, J"°exp(—£)"/&/£s (25) was first given by
Gringarten, Ramey, and Raghavan b]for a —1 and b —+1.
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IV. The general case

Here, we present alternate expressions for the integral I. Let us first write J in a
form similar to that given in (13) and (15). If xjj > 6, then

—1:7Ar[1VAixD-a) H/ ----------------- \ vu(xb-b) / +\ .

(26)
li xd < a, then
l_ﬁZE; ( b~xD) Aé(/\]W/\\)A /y/u(a—xm P \
27)
and, if a < xa < 6, we obtain
1 rVu(xD-a) [ s \ fVu(b-xD) A \
J Koyy €2+ uybj d( +J Koyy £2+ uvbj dZ
(28)

It is possible to express the integrals in (26)-(28) in alternate forms. For example,
using (see Stakgold [7])

1 [+2%° iateXP(-"V/IT 72)
Jr. (WCFT@)=1¢ ° (29)

we may write

H" ..e xpt (E+ 2 1dtd(

=] /+“J~ "L dt_1 /+* e.expt-xv"TF), (30)
2 J-cv 1+ 12 27_M 1+ t2

= | exP(-lal) - J A0(V(2+a2
where we have used (29) to write
iT jr. (v "n?2)«=- ig° (3D
We can also use the integral representation of A'0(") given in (1) to obtain
[ ft(v ~ 3d<x=f 1T ep(”-g) erf (32)
or we can use (see Abramowitz and Stegun B)

K0(az) = ( dWa> 0 largz] < (33)
Jo Vt2+ z1 I
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to write

+ Wx2fa2-ft2

dt.
Wa2 + t2 84)

It does not appear possible to write (32) or (34) in simpler forms in terms of tabulated
or known functions. The Inversion Integral for (32), however, has been available for
quite some time; see Uraiet, Raghavan, and Thomas [9]. In passing, we note from (30)
that

/-00 / x

] KO/ 2+ a2 de = |exp(-lal), (35)

which is a result given in Gradshteyn and Ryzhik [10], 6.596-3.

It is also useful to express the integral I in polar coordinates. Let the polar coordi-
nates of the points (xo “Vd ) and xX'D,y'D) be given by (r£>,0) and (r",#'), respectively.
Consider

bcos 9’

UV (xD - XD)2+ (va - xDtan 0D2 (36)

cos 9’

Note that 1(6' = 0) = 1. We may also write the integral I in polar coordinates as
follows: Let O < 6r< tt/2. If 0< a < b, then

| 1 rD+ rD“ ~Dr'Dcos(9 - O) drD. (37
a
If a < b< 0, then
rWi
/ Ko fuWrD+rg - 2rDrDcos(9 - 0 - &) dr'D. (38)
VO

If a < 0< b then

I \/lr kK, ulJ(xD-xD)2+ (yD-xDtan9)2 dxp

A Jacos9'

I'bcos 9' (39)
+ I Ko xd ~xXD)2+ (yD - xXDtan9)2 dxn
and using (37) and (38), we obtain
Ko 'uW/rD +rg - 2rDrDcos(6 —9 —n) dr'n
(40)

+3j KO WuWiD + rig - 2rpr'Dcos(9 - 9) dr'D W
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Integrals appearing in the right-hand sides of (37), (38), and (40) are of the form
h - ]Er uWrb + rD~ 2ror'Dcos(a - @ drD; 0< c<d 4D
c

Using the addition theorem for Bessel functions given in 2.3(5), we may write

- +0° fO
I = "2 B¥k(a—@ I FkdrD, 42)
k=-o00

where J~ Fkdr'D is given by

" h DWW d'DKk(rDy/u); rD > d
< hi{rDW/u) fc IKk ('Dy/w) &'DWrD <c¢
,r Ik ('Dy/w) d'DKk DWW + Ik DWW f*D Kk {rDy/uw) d’'DWe < rD < d.

Integrals in (42) can be evaluated numerically. For JQIv{x)dx, the following infinite—
series representation is given in Gradshteyn and Ryzhik [11], 6.511-11:

M 0o
/ Iv(x)dx = 2Y"(-Dn/{+ont+i(a@); Ke v > -1. (43)
Jo n=o

A representation of JQK u(x)dx in terms of Lommel functions is given in Luke [12]

4.2. The Series oS miz COSMNIV exp (- Wu+ n2n2/z2D + a2yD) ;yD > 0

yiju-f712712/ z1D + a2

Here, we first consider a formulation for this series when u is large. We then examine
the series when u is small.
Let u denote the Laplace transform variable with respect to r, then

E ‘exp Wut a2yD =£{F}, 34)

u+ ~ +a2 -eD
where C denotes the Laplace transform operator and F is given by

i n27r2

exp (—azr) cosnirx exp (— ~*—r
7T exp IW 4r e oD (2)
Using Poisson’s summation formula given by
+ 00
(£—2n6)21 n272
Yi exp 4r I+ 2E«P - 7 o8 n - 3)
n= —oo u n=1
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the right-hand side of (2) can be written as

zeD expgf—azr?vl;oc (x —2n)2z8D + yj)1 exp (“1?7) exP (La2r)
— > e
27TT X

*D 4r 2sfTir @)

The Laplace transform of (4) is

exp (-Vu + a2 yD)
£{F} = ~ E Ko WA(T~ 2n)2zeD+ vb'/u + a2

9 - 2Wu + a2 (5)

Substituting the right—hand side of (5) for £{F } in (1), we obtain the following relation:

COS UTTX

_ ‘exp —aut—5—4 a2vd
Fvmiu + «jL-+ a eD
eD
+@
Z(:TD E Ko Wix~2n)22 + yDWu + (6)

exp (—V'u 4«2 yo)
2Wu 4 a2

Using the relation given by (6), we finally obtain

COS n 7IZ COS riTTZ
£ " " exp (~enyD)

n=1

+ 0C

ZeD

on vi{z-zw- 2n)220D + yDy/u + a 7

exp (-V« + a2 yp)

+Ao vilz + zw- 2n)2z8D + yRDy/u + »
2y/u 4-a2

Here, en = yju 4 < a2. As already noted, (7) is useful if u is large.
One other option, which may be rather convenient from a practical viewpoint, is to
note the result given in Gradshteyn and Ryzhik [13], 1.448-2,

E coskx  / ! 1
- eXD(_f',F_ _rn -
- 2 exp(—y) cos x + exp(—2y)

Thus, we may write

ac

@
COS riTTZ _ A i-enyD - D/zeD
E_ HITZ L (—enyD) = cos g SPiTeny ) exp (-mryD/zeD)

nnlzeD

(9

2k 1- 2exp(-nyp/zep)cosTrz + exp(-2nyp/zep)’
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This formula is useful when (z + a2) << n2n2/zD.

4.3. The Series £~ , "V’ + + QM) #0 >0

Using ideas similar to those used in §4.2, for large values of u we obtain

sinnirz sinnnzw / 1 n o
R — e){p IU |_ _2___ A a Vd
»=i jv» + o]+ «2 ZeD
ZeD (1)
o Y (Ko Wiz - zw~ 2nf z8D { yDWu + a2

A'O W(Z+ ZW- 2nf 224 + y'pVu + a2

If (ud2) nv 2a 2, then the formula in 4.2(9) should be useful.

1.4. ThY Series ~ "B 0%%%%%%@&29&

exp Wyju+ (2n - D2k2/(422d)+a2yD | ,4 » o

By arguments similar to those in §4.2, we can show that

cos(2n fl)fx @n—D2t 2
P 7=5 (_n—szm T exP u+ 5— ha yD
n=1VM —~ (1)
+ 00 Y
ZZD » (DnKO y(x- 2m2zD + JDa/m+ a2

Using (1), we obtain the following formula for large

cos(2n —1)?” cos(@n fl)fz ? ' (2n —1)22
27 = (= Moy | =P T
n=1 A\VA + i + >>!
7eD + o0
- orT E (-Dn170 WEz—2zw—2n)2D + yPDy/u + a2 ()

+ A0 Wi+ zw~ 2n)2z2D + yPVu+ a2

To obtain a formula that is useful when (u + a2) « (2n —1)2%2/(2zeD)2>we note
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that (see Gradshteyn and Ryzhik [14]; 1.448-4)

32k —1)
k=1 (2k - 1)

1

(3)
1+ 2exp(-y)cosir + exp(-2y)

0

i7" 1-2exp(—y)cosj + exp(—=2y)' Vg °' ° < x g 2%’

and thus obtain

A cos(en —1)f 2 .
> exp(—e2n-iyD)

€0]
=fcoskn-1)".-(e,pCt" - "1/DI - 4)
2 \ b «2n-1 (2n _1)tt/(2Zeo) J
~zeD. 1+ Zexp[-7ryD/(2zeD)] cos Wz + exp (-nyD/zeo)
2

l-2exp[-7ryD/(22eD)]cosf? + exp(-7ryD/zeDY

where e2n-1 = Wu+ (2n - 1)2%2/(422d) + a2

4.5. The series 1

cosnnzo cos nirzWD

fa Ko Vu+n2RLD "/{xD-a)2+ yP

We denote the sum by F and consider expressions of F for a number of circumstances.
I. Integral representation

Consider first the series cosk7r<KO(# + a2r)

. If we use the relation (see
Gradshteyn and Ryzhik [15], 3.961-2),

Ko (VETab V= [ cosax®EL W19 vt k> 01 > 02 > 0 (1F
"Jo Vr2+ x2

then we can write

oo

«00 > 00
o + a2r” coskirx = j j=====

exp C—ky/r2+ £2° cosknxd”. (2)

Because (see Gradshteyn and Ryzhik [16], 1.461-2)

0°

1+2V e#coskx = ————-—- ;o t>o0,

; (3)
k=] cht - cosx w
and (see Gradshteyn and Ryzhik [17], 3.754-2)
r°°® _ cos
/ E——~<K=K0@f3); a>0, TeO>0 @Y)
Jo y/pl+£2
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we obtain

¥ z&% EV/I;:iaQr‘)I cosknx = 2 f°°_cosee _ shy/r2r g2 df - —1AO(OX).
k=1 % y zJo vr 1s chvr 1s cos

5
Using (5), we obtain the following integral representation for F:

cos y/w/'3 sh (nLoy/rl, + P2}
--m i ch (nLoy/rj) +/72) —cos”o - zwD)
(6)
sh
+ d/3—2Kq (y/uro) /da,
ch ("nLDy/rj) + /72) —CQOSH{zD) +"u,d)]
where

=(xD-af +yD. )

II. Computational formulation
Along the lines discussed in §4.1, we recast F into one of the following forms ap-
propriate for computations:

1 00
1 ~ COS TI7TZD COS TITTZw D
F(xd >b)= NSY

en(xD-a) R \ rtn(xD-b) Y (8 )
Ko (ye2+elvlj di -] KO + elvlj
ez ey
— 11 ° tittz mrzw
F(xxD<a=~>> ,\SD—S———E—CQE————D
A
rtn(b-xD) | mm———————— W fCn(a-xD) ©)
Igy (W2 + eWa ) dS
Fa < xd < b —1y Costittzd cosmrzwd
el (10)
ftn(xD-a) A e \ fen(b-xD) R \
J Ko (y£2+ elylj dg + jf Ko +elylj di
where
en = yju + n2irdlLD. an

Although it appears innocuous, the series appearing in the right—-hand side of (10)
converges slowly. To overcome this difficulty, using 4.1(35), we can write (10) as follows:

- 1 COS TI7IZD COS TITTZWD
Fla<xD<b=F1- —¥A
An=l

(12)

f  KO(Jt2+eWo) d&+ i KO(] t2+ 42/d) dt
J<,(f-a) \Y% / Jen(b—xd) '
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where

— T cosnnzo cos mtzwD
{ -+ FE exp(-e, | yD). (13)

The computation of the series appearing in the right-hand side of (12) does not pose
difficulties. The series, F1i, given in (13), however, must be recast into forms which are
appropriate for computations for small and large values of 5.

A. Computation of Fi for large s.

If we use 4.2(7), Fi can be written as follows:

2 H Y] (Ao W{zd W.owa *ZH)Z/LH 4= yD\MU

bas (14)
~exp( —suWpW

+Aq Wizd - ZD~2nf /LD +yDWu | - DZSA/U

The series in the right—hand side of (14) converges rapidly for large values of 6.

B. Computation of FW for small s.

Noting the relation given in 4.2(9), we write W as follows:

A

F_i —— >, cosnirzd cosmrzwd exp(-e,[i/DI) exp(-mrLDWDOW
s

el nnLo
+ : In

41.qs 1 - 2exp(—KLjWyd Weos tt(zd + zwD) + exp(-27rLDWD W
1

M1 - Qexp(— Tl pWyg Woos T(zd - zwD) + exp(-27r£D WD) *

(15)

+1

The series given in (15) converges rapidly for small values of 5.

III. The large-s approximation

Replacing u by us where w is a constant, and using the expressions in 4.1(1), 4.1(2),
and 4.1(4), we can approximate F as s o by the following expression:

F=- 9 E COS M7TZjj COS T7TZwD
n=1
(16)
/DOO g) (@s + n2TPLD) yP d(
exp exp
Jo 4£ y/(us + n2TPLD) £’
where
2 fora<=xd <b
1 forxd =aorxd =b 17

0 lorxd <aorxd >h
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Evaluating the integral in the right-hand side of (16), we obtain

w3 "  cosnirzD cos mrzwD

Fe A o = el -V ' 18
F= 502 s nndig” P (-Vws+nV 1 Waw (18)

(This same result is obtained if we evaluate (8)—€10) as 6 —> 0o and note the relation
given by 4.1(35).) If we now use the relation given in 4.2(7), we can recast (18) into
the following form:

F _4I/D5 iAo yj(zD+ zwd —n) / -+ yD Wos
(19)
7r/3exp(="wsWyD W

+ -T*D - ¢ +
Agq yf{ZD-T"D - 2n)2/ Vpy/tos 42y
If s is large enough, the leading term of the series in (19) is

KO Wizd - /L2 + yDWics

and, thus, we have

0 _ 7r/jiexp(-yc37]yp D
b= SAn y >D-zUv [+ yBWis 4s3/2v/'w

4Lo (20)

The Inversion Theorem for the Laplace transformation, then, yields

p-- 0 g (zp ~zwp)2/  +ip

SLd 4<d /' w (21)

-ntD exp Wd W
V (_ 4 W = ) -1 1901" * 2y/t~oju

IV. The small-s approximation

We set u —0 and write (8), (9), and (12), respectively, as follows:

cosmtzq cosn7rzwD

n

n—i

nrL)) (x&=a)
o (W2 + n2ir2L Dy Wd( (22)

nnLi) (xd —b)
KO(yf(2+ n2tr2LDyD)
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W

1 cosn'Kzq cosn7rzwh)
tthas _,
u'7ld (b_Xl’l)
(23)
pnnLD(a-xD) | e \
-J KOyyt2+ n22LDyDPJ d(
and
1 D
Fa < s> < 9=F, - — g cosmrzbcosmrzed
n=1
[/ - KOfy~ 2+ n2n2LPDyD) d& 24)
[JtittLd (G —=) W /
+ [°° Ko (y/t2+nW lyjj)
JmrLz)(b—XD) W J
In (24), F xis given by
pi= 0 ﬁ‘z’;o_s_nlr_z_D_(':_s_gﬁz\yo exp (—n7rLDWD W, (25)
LqS 1117:1/ n
If we use 4.2(9), then FW can be written as follows:
1
Fi= In
4Lps 1-2exp(-iLDWDWcose (za + zwD) + exp (-2nLD WD W 26)

+
In 1- 2exp (-itLDWDWcosk (zd — zwD) + exp (~2irLDWD W

In particular, for yo = O (this case is of considerable interest for computational pur-
poses for it enables us to compute pressure responses which can be measured in prac-
tice), we have

FW(vd = 0) = - 2L1 I 4sin® (2D + 2u,D)smAz€> - zwD) @7
pPS

It is possible to derive another small-5 approximation as shown above. Let us
consider the expression

®
E / k*(mtLovd)da cosmrzo-, (28)

n=1
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where rd is given by (7). Using the summation formula given in Gradshteyn and
Ryzhik [18], 8.526-1,

£>-,(xx) MWt =2 (7_|Tns ) +1 { it

00

29
+ B Wixl+ CmtT—&02 2mir @9

m=1
o 1 1

e ) ;x> 0,£real,
e 1 +(Cmr+")2 2

where 7 is Euler’s constant (7 = 0.5772...), we may formally integrate (28) to obtain

b f. L
s=""2 IYVZ— a(xD,yD,a,b) + SL(xD1,xD2,zD), (30)

where

oz af= gy 90 S e+ b+
n xdi + WAL +yRP+ 2m + zD)2/L2 (b - a)L
' 1%:1 xd2+ xP2+ #0+ (2m+ zd)2/Af) 2m BV
o0 n D1 + WD i+ yb + (2rn-ZD)2/L 2 (b-a)LL

+£ 2m
2 + W + 9D+ ("m ~

d —d for x/) > 6 (32)
—xd for xd < cl,
xd —b forxd > b (33)

a—xd forxd < a,

and
v(xD,yD,a,b) j(z€> - bln [(xD - bf + yb

- (xD-a)ln [xd - a2+ 7d] (34)
—oyD farctan>=-—2- arctan————_13 }
For xd > & we can now write
F(xd > b =i Gg

[cosn7r(zD + £wd) + cosnix{zD ~ zwd W
' (35)

/ KO nnLDy(xD ~a)2+ yD
Ja L
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and, using (30), we obtain

1
F(xd >b) = o (b-a) (In— ---1) - 2cr(xD, yD, a, b)

+ Sl (xd - a,xd -b,ZD + zwd )+ SI (xd - a,XD —b,zD —zwd )

(36)
Similarly, for 15 < a we have
LDe
Fxd <a) , 6—a) 1 2afyDDab)
+ SI(6 - xD,a = xD,zd + zwda)+ S™b - xD,a - xD,zD ~ zwa )
37

li a < xd <b, then we first write

oo

_ 1
F(a < xD<b=—" [cosnv(zD + zwD) + cosnt(zD - zwD)]
n=l

f 0 nnLDyJ(xD - a)2+ yP da + Ko mrLolJia - xd)2+ yp da

xD L
(38)
and using (36) and (37), we obtain
F(a < xq < b = (b-a)[ In -1 2<r{xD,yD,a,b)
+ S1 (xd ~ 40, zD + zwD) + Si(xD - a,e, zD - zwD) (39)

+ SL(b - id,@, zD + zwD) + SL(b - xD,0,zD - zwD) -

4.6. Flow in a domain bounded by two parallel planes that are impermeable.
Some applications

Here, we consider a few examples that illustrate the utility of the approximations
discussed in the previous sections. We consider flow in an isotropic reservoir (k = kx =
ky ~ kz) and assume that the boundaries z —0 and 2 = 2e are impermeable.

[. A horizontal well, uniform—flux wellbore

The center of the well is located at (0, O, zw) and the flux distribution is assumed
to be uniform. Let t = Lh/2, where Lh is the length of the well.
As discussed in §3.1, the pressure distribution is given by

r+i

Pd "D-a)2+yD da

(1)
COS niTZo COS n TTZwD J KO Wju+ n2n2LP"(xD - a)2+ yP da.
n=1
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In (1), zd and Ld are defined, respectively, by
D 2)

and

I _
La 3)

Should we now wish to determine the response along the well (Wd WK 172/d —O0
and zd —zwd + rwo : where rwo = rw/h and rwis the radius of the well), then using
4.1(15), we rewrite (1) as follows:

1
Ri(kd k 1,24 = 0,24 = D D) 25U
PSW/ (1= xa) 1+id) 4)
W+ +F(xd,zd,zwo,1_d),
0]

where

£ cosnnzD cos nir
yju + n272LD

yfu-tr\2n2L2d(1-x d ) I'y/u+ n2+2Ld (I+ xD)
Ko (0d(+ J[' K0OdC
0]

F(xD,ZD,ZwD,Ld)

Methods to compute the integrals as well as the sum in the above expressions wgr%
discussed in previous sections. Solutions for W&v> 1 and yD © 0 can be obtained in
a similar fashion along the lines suggested in §4.1.

II. A vertically—fractured well, uniform—flux solution

We assume a uniform—fiux wellbore and consider the center of the well to be at the
(0,0, ze/2). Let 2Lf be the length of the fracture, h be its height and let £= 1Lj. As
discussed in §3.1, the pressure distribution is given by

I‘H(Xd,‘a) xD - a)2+ yP da. (8)

The pressure distribution along the fracture plane oW < 1,yD —0) s (see #-1 I1I)

y/u{1~XD) fVu(W + XD)

IH(\id\g 1,yo = 0) = 25;/11 L A'o(O# + J{) KO )

It should be noted that the Inversion Integral of (6) has been available for quite some
time. Methods to compute the integrals in (6) and (7) were discussed earlier. (7) may
also be used to obtain the wellbore response at wells produced via infinite—conductivity
or finite-conductivity fractures.
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III. Infinite-conductivity wellbores

We have already discussed a scheme to compute pressure responses at infinite—
conductivity wellbores in §3.1 VI. Here, we consider additional schemes to compute
infinite—conductivity responses. For vertically—fractured wells, Gringarten, Ramey, and
Raghavan [19] showed that infinite-conductivity responses could be computed by as-
suming that xjj = 0.732 in (7). (A similar scheme was suggested by Muskat [2] for
steady-state flow.) Because infinite—conductivity and uniform-flux responses are iden-
tical at early times, they suggested that this value of xd could be used for all values of
time. A refined estimate of xjj has been recently developed by Kuchuk [21]. He rec-
ommends xd = 0.74009714. With regard to horizontal wells, one would expect to use
an identical value of Some, however, have suggested that xq would be a function
of Lp.

Another technique to approximate infinite—conductivity wellbores is to assume that
an integrated average of the uniform—flux solution will yield a good approximation of
the infinite—conductivity idealization (Hantush [22], Streltsova—Adams [23], Kuchuk,
Goode, Wilkinson, and Thambynayagam [24].) Wilkinson and Hammond [25] have
placed this method on a firm footing. We briefly examine this option.

The infinite—conductivity response corresponding to (7) is

1
Pa = 2J[ Pd (xd ,Vda = 0, s)dxD
(8)

1- wi22y/w)
2Sy/u

where

00

/ )

Similarly, the infinite—conductivity response corresponding to (1) is

cosuttzq COSmrzwD 1-TWi2 y/u + n2irZLD (10)

Pd n27PLE y/u + n27BLD

n=1

These results have been derived independently by Chen [6].

IV. An inclined well, the small-s approximation

Again, we assume a uniform—flux wellbore inclined at an angle 6 to the vertical.
Let hip = hf/£, where hf is the length of the well and t is the reference length. The
pressure distribution in this case is given by (see §3.1 IV)

A =
P™ oidkzens {2

(ii)

9D D
COS 1 7T---=COS 777T-----
ZeD Zef)
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where
rD = ixD ~ {xwD + asin/9)]2+ (yD - ywD)2 (12)

and
zwD = ZwD + @COS6. (13)

Replacing Kq(z) by —In(e72:/2) in (11), the small-5 approximation of (11) becomes

afi
2irkz(
(14)
A O([ L/T?D cos T2y cos 22 da,
T1=1 WzeD ZeD ZeD
where
zpj = zp + (=ly + 1(zwD + acos0); j = lor 2 (15)
We thus have
. hn R
e“rDy/u eWu
-In 2 .da = -hfD (In ~
f 2
(16)
2 hfD . hiD . ©
+ DyD -—~=
sm 0 VaD,yD, 5 sinfl, 5 sino
where
xd —xd Xy'D, a7
Vi =Vd ~ VwD, (18)
and ct(xd >Vd ,a, b) is given in 4.5(34).
Consider
7h 88 / \
S [ g oD ) COs titt da. (19

—
/ L WeD zeD
If > 6sin0, then

o PaD—asin 0 oy [/ (i " _zDj + (~1)J€ cotan O
S WD O Grr =15 RETE SR

bsine

Similarly, if x# < asinO, then

1 fhsmO=xd oo R LU W zDj+ (=iy+1( cotan O
vi> TCosnw—1— = YIZ comtn dt,. (2D

S = Gin0JasmS—XD n=i  ¥geD W/ F ZeD

In (20) and (21)
zpj = zp + (=1y + 1(zusp + ?D cotan 8). (22)
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Using the summation formula given in 4.5(29) and evaluating the integrals, we obtain
the following expression for 5:

S = 5 (W dreo ~ ) T (xd,Vd ,asin#, bsin#) 9

+ Sh{k,XDW,XD2"Dj)*
In (23), Si(k,xDi,xDz2,zD]) is given by

n

SL(k,XD1,XD2,ZDj) ,
2 ViAx Q2 + 2BxQ2 C + VAXo:2 4

@ / y/ASPOJ +2Dxpi + E + VAxdi 4
mE::I g WiAxh + 2Dxo 24-E 4 WAXIR + ;[;{ 211261 ?N (4
® /' yIAPm + 2Fxqi + G hy/Axpi &5 4, w
+ £(_1>¥. y/AsxD2 + 2FxD2 + G + y/AxIR 4 \Z 2mzeDJ
where '
SR S @)
. . asines X[j>bsm8 26)
.bsmO —xu', ?£><asin#,
_ f?D bsin x0 > bsin8
P2 [asm8 —0W XD<asmO, @0
A —1/ sin2 (28)
B = (—1)J+i'+12€, cotan §, (29)
C=yD+zlv (30
D = (- DJ+i+1 (2mzeo + ZDj) cotan (3D
E = W+ 2mzeo + 2/})) > (32)
F = (—1)HA(2mzed —=4dj ) cotan 0, (33
and
G —vyb + (2mzeD - ?D>)2 (34)

If we now use (16) and (24) in (14), we can write the small-s approximation of (11)
as follows:

W (. = 1
Ap N i
PR ohkzets Mo seow TS0 (85)
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where St is given by

= $L "1, xD H—~~ sin#, xD - ~~sin0,zD + zwD + xD cotan Oj (36)

+S1 (l,xp + ~~"sin9,xd — “ -sin0,zp —zwp —xp cotan ,

St (xd < ~~2~ sin0

h h ¥
= S1 (2 c sin0 - Xd,——; gn0- xo0,zp + zwp + xo cotan 0) 37
]
+ Si 72, sin0 —XQ,— " sin0 —xjj, zjj —zwq —xD cotan 0] ,
and
St {—— sin6 < xd ¥ BIR gin9

—S1 11,xd + — sin#,0,zd + zwd + xp cotan O

+ S1 (1,xd H— sin0,0, zd —zwd —id cotan #) (38)

/_ hfD ~ \
+ S| \{1\%2 —— sin# - xd,0,zd + ZwD + xd cotan 6/)

+ SL 12, 5 sin# - xD,0,zD - zwD - xD cotan O(/\) .
v

4.7. A note on the ratios ch(y/ua)/sh(y/uf3) and sh(y/ua)/sh(y/u/3) for large s

The expressions for the pressure distributions in a parallelepiped contain ratios of hy-
perbolic functions. Although we would rarely use these solutions to compute pressure
distributions if we expect the boundaries to be infinite in extent in the x and y direc-
tions, the information given here is presented mainly for completeness and continuity.
We assume u —1lus and consider solutions as s — oo. Consider first the term

chyfu [yeD = (yp + ywp)] + chy/u(yeD - WD - ywpW)
2y/u shy/u yep
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Now
f chy/ulyep - (yo + ywDW+ chy/u(yeo ~ Wa ~ Uwdw) }

2y/ushy/uyeD

e ~y/uWyD —ywD W |_ e~y/ul(yD+ ywD)

= AW1 290 (1 —e 2vD) (1)

jhe-\/u(2yeD-\yD-VwD ) | e~\/u[2yeD~{vd +Vwd)}

If we assume that
lim exp (-2W/u?%€) ~ 0, (2)

then (1) can be written as
lim fchy/u [yep - (yp + Vwd)} +ch.W/ulyeD - WD - ywDW1
s—ooW 2y/ushy/uyeD j

- 1p-V"ISD-"DI1 [ p-W/IGD+»«0) (3)
2s/u 1 +

-j-e~\/"(2SeB-\va ~VwDIl) | e~Vu[2yeD-(yD + VwD)] |

Similarly, assuming that the condition given by (2) holds, we can write

ij f chy/ulyep - (yD + ywD)] = chy/u(yeD - WD - ywDWI1

570 | 2y/ush/uyep J
- ~ /c—Vu\yD—y wD | C—y/u(yD+yWD) (4)
2 y/u I

_"e-Vu(2yeD-\yD-ywD)\) _ e~y/u[2yeD~{yD+wa)]j

and
lim ’ sh™ “VeD ~ "VD + VwD" + sh'/u(yeD - VD - VwdW)
8= 2y/ushy/uyeD
—_JL_ | e-WAl/2>-ywDI1 ] e-y/ulyD+ ywD) B)
2y/u 1

_ e~ WuyeD-WyD-ywDW_ e-y/u[2yeD-{yD+ywD)} | "

If we also assume that the following conditions hold

exp [ - M ud + VwD)] ~ O, (6)
exP {~W/u(2yeo — wva — J/uwd])} ~ O, (7)
exp {-W/u [2yeD ~ (yo + 2u~d)]} ~ 0O, ®

and let HF denote the ratios of the hyperbolic functions on the left-hand sides of (3),
(4), and (5), we can write

i =" ~ - . 9
Sllxgo{HF} %y/[ejxp (~y/uWyD - ywDW 9

76



(9) can be used to replace the ratios of the hyperbolic functions in the solutions given in
§3.3 when 5is large. For example, consider the solution in 3.3(2) (a vertically-fractured
well in a reservoir wherein all boundaries are impermeable)

chWlu(yeD - lyD - ywDD + chy/ulyeD - (yD + ywD)W
Pd (xd ,Vda ) =

XeDS y/u shy/uyeD
2XeD 1 . 1
H-—-=- e > -Sin K7T--—-- cos kr *VPcos Frr il
Vs k=1 k x'eb xeD xeD (10)

~ + N V[d

Using (9), and substituting sco for u, we may write (10) as

m {—= P D) = |A = exP (-WisuWVD ~ Vu a W

}¥2erf 1. 5 1

XWD XD
———=> —sinkn—  +COS rCTT----- cos ferras-
T K= '1 k xeD (11)
: (( // ok lyD Dl
exp ( -"/su; + 22— -y
ke oY
2 Njsuj -f- e

If we let suj denote the Laplace transform variable with respect to £ and C denote the
Laplace transform operator, then, inverting the Laplace transformation of the right—
hand side of (11) with respect to sco, we may write

(VD ~ VwDf
exp
4£

2xed 1<

X 1 i D j XD
1+ E SmKTT—— €08 K>~ cos krr--o- (12)

s —1 XeD xeD x eD

k27 2e

exXp
LeD

As £ —0, the terms within the square brackets in (12) yield /3xeu/4: (see Gringarten
and Ramey [27]), where

2 for Wyj —xwow < 1,
=41 for &>~ =1 (13)
O for lxd —xwd W 1_

Therefore, (12) may be written as

(yp - ywp)2 (14)
4£ ) |
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Taking the Laplace transformation of the function inside the curly braces on the right—
hand side of (14) with respect to £ we obtain the following expression:

lim pD = Bxp {(-WfsuWyp - Vwd WH (15)
4sy/SLO

Thus, the short-time approximation of the vertically—fractured-well solution is

r
2

PD = W exp (16)

Not unexpectedly, the right-hand side of (16) is one-half the short-time approximation
given by 4.1(7),

4,8. Flow in cylindrical porous media. Some Applications

Here, we address issues regarding the computation of pressure responses in cylindrical
porous media. We consider the pressure distribution solution, given in 3.2(7), for a
vertically—fractured well located centrally in a cylindrical reservoir with all boundaries
impermeable. If we write

1 e (y/ureDj B (y/ureo j

(—D" I'n(VureD) Io(VureD)' O
and note that; see Watson [2§]
+00
10 « wia ) =~ (—Dn7nf7 y/xDIn(rs;; W/w cosn(to— 6f), (2)
then we can write 3.2(7) as
1 KW(repy/w f1 . _
Pp = PPi + 9 1i [reDy/u) jo Io V“USI”D+ D %DIJDCOS(O— 8)
3
+1lo WuWir'b+ ro _ 2rDr'Dcos(6 - a - tt) “dr'D.
Because (see §4.1 IV)
J*F_PS B '*
Z (CW/uRdJ d( = ] | z y/Uyfteh + r'p ~ 2rDr'D cos(0 - O)
J
4
WfuJrD + rg — 2rDr'D cos(0 —O - +tv) drp,
[ ]
where
RP = (xp -xwp - 02+ {yp - VwP - (tan a)2, (5)
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we have

(6)

Although (1) is not a valid assumption by itself, (3) is a very good approximation
of 3.2(7), particularly if reQ is large. Similarly, if we were to compute the pressure
responses at the center of the fracture (ro —0), then 3.2(7) simplifies to

(7)

4.9. Flow in rectangular parallelepipeds. Some applications

We pick up on the results given in §3.3. Our main objective is to recast the solutions
given there so as to render them suitable for computations.
I. Vertical fracture, all boundaries sealed

We begin with the pressure distribution given by

T chy/ulyeD —= D - ywp®W) + chy/ulyeD - (yD + ywp)]

Pd(xd ,Vd) = XeDS y/u shyfuytD

(D

chyju + ~*=(yep - lyp — ywo W+ ch™Ju + "T"[yep - (yp + Vwd)}

The origin of the coordinate system for (1) is chosen to be the bottom, left-hand
corner of the parallelepiped. The center of the fracture in the x —y plane is given by
xwd and ywo , and the lengths of the sides of the rectangular drainage region are xe&
and yeD- ch(x) and sh(x) denote the hyperbolic cosine and hyperbolic sine functions,
respectively.

A. The small-5 formulation.

Because the computation of the hyperbolic terms in (1) may pose difficulties for
small values of 5 (large times), we write

chyfa (yeD - vp)
= {exp (- v/ayo) + exp [~W/a(2yeD -yo)]}
shWlaycr>

00 (2)
m=1
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If (2) is used to compute the ratios of hyperbolic functions, then the pressure distribu-
tion can be computed by (1) for times tAD > 10“2, where tAD is the normalized time
based on the drainage area and is given by

tAD —to/Ao- 3

Here, Ajj = A/i2 = xeye/LP This procedure also takes into account the possibility
that y/ayeo may be small.
B. The large-5 formulation.

For large values of 5 (small times), we rewrite (1) in the following form:

Pd ~ Pdi + PDbi (4)

where pDi is the solution given by 4.6(6) for a vertically—fractured well in a slab reser-
voir, and pDh represents the contribution of the boundaries in the x and y directions.
The expression for pob is obtained as follows.

Let 6+ = y/u + k2ir2/x8D, yDW= WD - ywD]|, and yD2 = yo + VwDEUsing (2), we
recast (1) in the following form:

Pd —Pdi +PDbi + Pd&2> (5)
where
o »D -€kVDI
Pdi cos kw X2 —cos I7E exp(~€kVDD (6)
foml xeD %eD XeD kek
_ T
PDbi = {;EQWL_{IEXP(NVUYDZ) + exp [-s/u(2yeD - VD2 W
+ exp (-WfuyDi) + exp [-s/u(2yeD - VD)W } (7)
1+ 7 exp(-2m"yeD)
m=1
and
e 2 W smfc7r1—tJ(Tcos kn—XSZD cos kn .
PDb; - kek

exp (-ekyD2) + exp [~ek(2yeD - yD2)]

(8)

+ exp [er (2yeD ~yDDW | + X] exp (~2m€kyeD)
m=1

+ exp(-ekyDi) ©~ exp (-2mckyeD)
m=1
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We note that pDI given by (6) can be written as

xwD+[ cos kftZ-udL cos

Pai exp(-ekyDidx'wD. (9
xeDs Jx,,n-1

If we use the results in §4.2, we can write (9) in the following "form:

r+i (
Pai =27 ] E j V(x°® ~XwD ~" xeD - a)2+ (yo ~ Vwd)2>A

kEfoc W

+ Ko 'Wl{xd + xwd —2kxeo - a)2+ (yo - ywo)2Vu da (10)
ft exp (—WiuwWyp — ywD|)
XeDSs/u
Note that (10) can be written as

Pdi —Pdi +Pd63i (11)

where pD ¢ is the vertical-fracture solution of a reservoir that is infinite in areal extent
and is given by

PDi—ZSJ WD xwD ~ (VD VwD) vG da, (12)

and pDb3 is given by

r+i
Pob3z = ] KO [W/(d + xwD - a)2+ (yo - Vwd)2y/u da
+ ~ J | Ao Wi{xd —Xwd —2kxeo —a)2+ (vd - Vwd)2Whu
+ KO WwW/(xda + xwD - 2kxtD — a)2+ (vd ~ !/»d)2V«] (13)

+ Ao Wl(xq —xwd + 2kxeo —a)2+ (yo —Vwd)2V uj

+ Ao W/(xd + XwD + 2kxeo —a)2+ (yo —Vwd)2W/Aj | da

Trexp(-y/uWyD - ywDW

XeDSy/u

Therefore, the pressure distribution resulting from production via a vertically—fractured
well in a reservoir that is a closed parallelepiped is given by

Pd ~ PDi + Pd6> 14)
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where pDi is given by (12) and pDb is given by

PDb —PDbl + PDb2 + PDb3’ (")

In (15), pDhl,pDb2, and pDb3 are given, respectively, by (7), (8), and (13).

The integrals appearing in (12) and (13) can be computed along the lines suggested
in §4.1. For example, for Wq —xwoWw < 1, and yD = ywo (along the fracture plane),
(13) can be written as

1 f /e/wxO+xu>+1) [W/u(xd + xwd —1)
pdu = 7TT"™"W ”.,,(‘1,/.; -/
ry/u(2kxeD—D +ZwD +1) ry/u{2kseD ~9D+XwD ~1)
J/ Ko(t)dt- /
k=1 JO Jo
Pryut2kxeD+ XD — XWD+ 1) E/ulBkszD + XD ~%wb ~ 1)
+ / KO(OdZ- K 0(Z)dt
Jo Jo (16)
py/u(2kxeD —XD—XWD~1-1) />y/u(2kxeD = XD —XwD —)
+ Ko{t)dt- Ko(Od£
Jo Jo
ry/u“kXeD+ XD+ XwD+ 1) f y/u(2kxeD+ &>+ %wD —1)
+ - #*<>(0#
A o
T
XeDSy/u

It is interesting that we have been able to “extract” the solution for the infinite
domain from (1); see (12). The development given here is useful, from a computational
viewpoint, for large values of 5.

C. Large— and small-5 approximations.

We have already presented a large-5 approximation in 4.7(16). The same approxi-
mation can be obtained from (14) by noting that as 5 —o0, the leading term of (14)
is pDi and then using the result given in 4.1(7).

A small-5 approximation is derived as follows. The pressure distribution is

pD =H H- sinfc7r-——cos k n D
" k=1 ~eD xeD

17)
. xD chek(yeD ~Vd i)+ chek(yeD ~ VD2)
cos kir=————=="—=—— -——— ——— o ——— == ,
XeD k€k sh €kyeD
where
tji_ = ] chy/ulyeD-yDi) + chy/u(yeD-yD2) W
XeDS | s/u shy/uyeD Je

From Gradshteyn and Rhyzhik [2] (see 1.445-2) we have



and therefore we may write

1 ch”(yeD~yD)1 2 ~ cosrrnr” i

y/u shy/u yeD yeD AE e 250+ 1\’/]’37§D” (20)

where em = y/u + to27%2/y2D. Using (20), we can recast (18) in the following form:

2r 2tr ~ cosmTrA—; costott”
+

H
xeDyeDsu xeDyeDs

For small 5, replacing u by s and 5+ a by a, and noting the relation given in Gradshteyn
and Ryzhik [30] (see 1.443-3),

cosix = 7rx af .7 ~n
— =-6--Y+T; [»S*S2,1, (22)
k=1

we can approximate H, given by (21), as

lim g7l = ——2n_ _ 27D >T —11 505'1071“ ————— Fcos mir D2
«=>01 J xeDyeDsl nxeDs m2 yeD ye
(23)
_ 2x 2fryveD /1 _ ypi + yp2 ypi + yp2
XeDVeDS2 XeDS W3 2j/eP 49/2D

The long-time approximation of the second term in (17) is obtained by assuming
u « k2%2/x2d . Thus, application of the Inversion Theorem for the Laplace transfor-

mation to (17) yields

pD = 2irtAD + 2n+2% (}YVI;%———V;D—IL—YP—Q— g v -5}}')2

X eD 2yeD 4ylp
JeceD vlsﬁsﬁmm— COS Hom——
Vg }E:}f 2 xeD xeD
Xn chkniyeD'» DI) + chk7r(y'D'" D2)
cosibr” - ===~ R
aeD shkKsp

II. Horizontal well, all boundaries impermeable

As shown in §3.3, the dimensionless pressure for a horizontal well in an isotropic
reservoir (k = kx = ky = kz) with all boundaries impermeable is given by

Pd -~ PfD . (25)
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where pjD is the vertical-fracture solution given by (1) and Fi is given by

- 2tt A )
Fi=—= > cosnixzq COS MXZWjj
xeDs
n=1
chen(yeD - yD1) + chen (yeD - yp2)
e,sheni/eD ("ocn
4 © 11 1 7 X 7 %D (26)
H— vy costittzo cosri7rzwD > —srr’l/j?lr———cos S0 cos/Crr—==
b3 K Xe> Xeo Xe>

chek,n(yeP ~ VDI) + chek”njl/eD ~ VDI)
€k,nShtk,nyeD

Here, en = Vit + n2ir2L D, ekH = y/u + k2ir2/x8D + n2ir2lL D, = |yD -
yD2 = ~f and zd and L# are defined by 4.6(2) and 4.6(3), respectively. In
(25), the bottom, left-hand corner of the reservoir is assumed to be the origin. The
location of the center of the well is ( xw&, ywp ,zwq ). The sides of the rectangular region
are xeo and yeo. ch(x) and sh(x) denote the hyperbolic cosine and the hyperbolic
sine functions, respectively.

Points pertinent to the computation of the fracture solution, Pfjj, were discussed
above. Computational issues pertinent to the computation of FW are given below.

A. The small-5 formulation for Fi.

Using the procedure for the computation of the fracture solution, Pfp, for tAD >
10-2, Fi can be computed from (26) without difficulty provided that the relation given
in (2) is used to compute the ratio ch(y/ua)/sh(y/u/3).

B. The large-5 formulation for Fi.

Using the relation given by (2), we have

— g;T D cos M cos 771Zwn

Fi = exp (—enyoi) + F2+ Fbl+ F g, (27)
xeDS _ |

where

=5 _ "k sin kir——cos K™~ cos kir"~"~
F2=- cos UTTZ0 cos TTTAve ~ ———— — e 227 T

An=1 k=1
exp(-efonyDi),

_ Kool " | .
S VEoS niitzal €08 ATVZR §4 ¢, ypp e-€n{2yeD —yD2)

FOl=o— 5, —mmmmmmmo 12
XeDs I%: 1
-tni*yeD-yDI)
Te ey 1+ eXP (_ > me"/«D) (29)
m=1
+e_e"ycl exP(-2me,yeD) i ,

m=1
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and

1 sin KIir—— cos ~ cos &7r;.§ﬂj2—
XeD Xep Xep

COShttzqg COSn7rzwo

£ . . h ~
n—1i ]%:l k:n
~ %6_ €k'nyD2 -j- g~ efen (22/eD ~VD2) _j_ Clc,ni”VeD ~yD 1)

1+ L exp (~2meknyeD) * € fknVDi exp(-2me€kt,yeD) >.
771=1 m=l

Let us now consider F 2 given by (28). We may write

~

. 4\ T rXwp-M " cosknYADBcos kTIf)](Ug—
F2=- / cosTTIDBNTIZNO —— e
5 ., 2xeD

exp (—&k,nyDW) dxl p.

L sy tk.n

Using the relation given in §4.2, we can put F 2 in the following form:

0o
F2 LJ ABnTTZj cos mrzwo
n=1
r+l +°°
Y' |Ao w/xa - 2kxeD - a)2+ (yD - ywD)2en
-1 t=-o00
+ A" + xwD - 2kxeD —a)2 -f(yo —ywD)2gn |*da

ar @ cos ATTZp QB8 TITTAD

¢ exp(-e,|lyD — ywDW
XeDS n=1

We can then write

2~ cosuttzjj cosnrrzwD .
F2=F+F®@—— 72_"——- exp (—enli/p —VwdD W
n=1
where
_ 1
F =- 7 , COS UTTZd COS TITTZw d
=1
[t r

J Ao v (fd - XWD—a)2+ (D - 2wd)277 da,

(30)

(31

(32)

(33)

(34)
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and

_ 1
Fts = -w cos U'TZ cos U'TZwo

S n—1
r+
I I> XD + XWD — a)2+ (yD - VwD)2 da
Vo N B9 r
+ xwD = 2kxeD — a)2+ (yo ~ VwD)2fn (35)

+ Kq W/(D + xwD - 2kxeD — a)2+ (yD = ywD)2™n

+ Ko y/(xo ~ xwD + 2kxeD - a)2+ (yD - VwoY"n

+/v0 y/(xD + XWD + 2kxtD - a)2+ (yD - ywD)2en WdaW .

From (27) and (33), we obtain

FW=F + Ft,1 + Fb2+ ~63- (36)

Therefore, the horizontal well solution, pD, given by (25) can be written as

Pd = PID + F + F b, 37

where

Fb= Fbl + Fb2+ F b3 (38)

The integrals in (34) and (35) may be computed by the relations given in §4.1. For
example, for Wxo —xwDI< 1land yo = vwD?(34) and (35) can be written, respectively,

00

— 1 COSuttzo COSNIXZWO
F{Xo ,XwD, ZD, ZWD ,Lo ) =~ >
n=1
/e, [I-(@D-x"d)] Fen[HGD-a:WD)]
/ KO({dt + A'o(£R
Jo Jo

(39)
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and

— 1 v=" cosut tzd cos n7TZwo

F“=3E
n=1
[ren(zz)+ 1, D+]) [ -1)
- Ko(Od{
Jo
@ I' r’nCkxeD—ip +Xud+1) ICn(2kxeD —XD + X WD —1)
+£ / KoitW - Ko(t)dt
k=i1Jo Jo (40)
[, (Ckxed>+ xd — +1) Pen (2K x eD-W-XD - X w D - 1)
+ / KotfW - Ko{t)dt
Jo Jo
ren(2kxeD—9% —9sD+ 1) f
+ * £K -
1o o(EK =g
Pen(@XD--XDraWD+1) freiexeD+ "D+ "u;D-1)
¥ 0 m

" o fo

In light of the remarks in §4.5 II, we finally obtain the following alternate forms for
the functions F and F&S3 for large values of 5 when W& —xwq WK 1 and yp = ywo-

1 [ ww —wD — 2nWy/u ( Woo + zwq ~ 2nWy/uW
Pt - x Li ) +A°] Lo
1 .
g COS titt zd cos mrzwD (41)
2sJu  $ov, n
AW A{"n (I D "wZ)l} HAzj [l F(x9 /?
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and
1 00 o5 TITIZD cos FRTAd
7

n#* = -
n=l

j/iii [tn(xD + xwD + D] - IWii {fen(xD + xwD - D]

®
+ {K1l [en{2kxeD - XD + XwD + D]

k=1

KIW [fn(2hxeD Xd ‘hxwd DI (42)
+ Ki¥ [en(2kxeD + xd ~ xwd + D]
KIW [tfii"kxeD “h Xd Xwd D
Kiw¥ [en(2kxeD - xD - xwD + 1)
- KiW [en(2kxeD - xd = xwd - 1

+ Kiw [en(2kxeD + xd + xwd + 1
—KiW [en(2kxeD + xD + xwD - 1)]}].

In (41) and (42), Kiw(x) is defined in 4.1(22).

C. The large- and small-5 approximations.

To obtain a large-,s approximation, let « = ujs and note that in (37) as s
oo, F » Fb. Then, substituting the large-5 approximations for pjD given in 4.7(15)
and for F given in 4.5(20), we obtain the following large-5 approximation for pD:

P
- Ko y(zD- .wvaj2/L2 +(yo - ywprzv » (43)
Pd= yrag° ’ !

where
2 for |xd ~ xwd |< 1,

=11 for WD ~ xwd W 1, (44)
0 for kd —xwd ¥ L

Application of the Inversion Theorem for the Laplace transformation to (43) yields

g. Wa - #wad)2/fp-tyyD - ywDj

PD=gre L 4D /u J

To obtain a small-5 approximation we first consider F W A small-5 approximation
for Fi can be obtained simply by setting u to 0. Let en and 6kn be the values of en
and 6jrespectively, when u = 0. Thus, FW is given by

1 chen(yeD ~ypi) + chen(yeD ~ VD2
F 1 - £ .OS l'lltZD COSmrzwD (y yp (y )
xcd Lds O™ she,yeD
71=1
sin krr—_ cos k n ™ 1I-cos KIT
+5| E COS TITTZ4 COS TTTZva T XeD re? Xep (46)
n=1 k=1

chkk,n(yeD  ypi) + chekn{VtD - VD2)
sheh,nyep



and by the application of the Inversion Theorem for the Laplace transformation we
obtain
PD = PfD + *Fjj 47

where pfp is given in (24) and Fi is given by

ﬁ 1 chen(yeD - yD1) + chen(yeD - yD2)
. COSTInrzo cos mrzwD
x6dLd o H sh™nyeD
SZy sinkir-"—cosk n cos kn JID-
+ 42 " cosnTvzjj cosmrzwD 2 ~ ———— — ——————— —————~ (48)
n=1 fc=1
c/zefcn(?/eD —"D1) + ch€k,n(yeD ~ VD2)
“h€kynVeD
For computational purposes it is better to replace the right-hand side of (48) by
W=TF + F&i + F~ + Fis. (49)
Expressions for F, F&"F”, and F& are given, respectively, by
00
F = COS T17TZ1 COS n7TZwo
n=1 (50)
. +
KO ¥WnnLDyf(xD - -a)2 Y(vd - Vwd)2 da,
Fb, = —cosnTz” cosmrzwD < 0 nirk®yD2
XeoLo n
e“ mrLD(2yeD -yzu) e-nnLD("yeD-yD2)
(51)
1+ £  exp(-2rrm7rLD2e£)
m=1
- 00 .
~ e-nnLDyDl ©  exp(-2mnirLDyeD)
m=1
A E 4 1 sin fcrr—@ cos klr—ﬁe% coskn *e%%
62 = 4 COS TTTZD COS niVZwD A .
_ _ I ~k.n
n=1 A=l
e—knVD2 j e-Ckn(2yeD ~2/DD)
(52)

Y
o den@e>-2D2) . 6XP (~2m”,nDeD)
m=1

+

e~eknVDl ©  exp(-2mkk,nyeD) f,
m=1
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and

Fb3 :E COS nirzp cos mtzwp

n=1
r+ i
KO mrLDW/AxD + xwD - a)2+ (yD - ywD)2 da

0 /1

nwLD W/(xD - xwD - 2kxeD - a)2+ (yD - (53)

+ A'O jrnrLpy~zjr) + - 2kxeo ~a)2+ (yo = Vwda)2

+ Ag mtLDWIxD - xwD + 2kxeD - a)2+ (yD - ywo)2

+ Ko mrLoy/ixD + xwD + 2kxeo - a)2+ (Vd ~ Vwd)2 jdaj.

The computation of the functions given above is straightforward. To compute the
functions F and F” given by (50) and (53), respectively, the relations given in §4.1 are
useful.

III. Inclined well, one boundary at the initial pressure

As noted in §3.3 II, the solution for the pressure distribution is given by

T }‘thWZ w {
~ L cos{2k-
Pd ephfp$ j/—h_]D/Z £y AB2fe_1)9 ¢ p 2 XeD

che2k-i(yeD ~ VDI) + cheZk-i(yeP - VDI)
e2k-Wsh (e2fc_iyep)

. 9 7D zwp che2k_i™n(yep — ypW) —f che2k™i"n(yep — yp2)
“f 2 > cosn7r=— cosmr da.

21o1 ZeP ZeP £2k-1,7isheZk —ijny eP

(54)
Here,

Ck1 = WU+ (2k - 1) 2T/ (4x2D),

t2k-1

WU+ (2k - 1) 272/ (4aieD) + n2+ 21 zIDi

xwp = xwD + a simp, zwD = zwD + acos”, ym = lyD - ywD |, and yD2 = yD +
We now note a few computational issues.

A. A small-s formulation.

For small 5 tAP > 10-2, where tAP is given in (3)), the pressure distribution can
be computed from (54) by using (2).
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B. A large-5 formulation.

For large 5, noting the relation in (2), we may write (54) as

Pd —Pdi + Pds + Pd&i + PDb2e (55)

The various expressions for the right—hand side of (55) are given below:

r+h,D/2 oo
Pai — cos(2kfl)2 ;
ZeD"/DS ~ it/D/x k=1 XIp 56)
exp(-e2k-iyDi) da.
e2k-1
A7r /~+fc/D/2"
PD3 ¥'} cos@A; — I~ cos(9& — 1) —XwD
XeD™ DS 2 XeD 2 XeD
(57)
E coS nTF—D cos n7r—l—lp exp (/ﬁch—imyhbi jvVI
_ zeD ZeD ! C2fc-1,n
gr TrhID/2 ™ XD 0 D d
PDé1 / £ cos@e—D 1L cosr—1) P Heate-it-T2 (58)
eD™DS j-hfD/2 fe=1 2 XeD 2 XeD "2k —
47T r+ hjo/2 rr n
PDb2 ~ j "cos(2fc —1)——-=-cos(Zk —1)— u
eDhfDS thfu/z (o1 2 XeD
(59)
7D 74wd w da
| i COS U7T— COS 727T---—- / (e2fc-1nj
— ~eD ZeD ~2k—1 ,n
In (58) and (59), /(?) is given by
/(e) = {exp [-e(2yeD - VDi)] + exp (-e yD2)
+ expl-e(@yeD - yo2)] 1+ y% xp(-2leyep) 60)

+

exp (—eyDi) £ exp (—2feyeD) »
*=1

Using the result in §4.4, we can write

Pai _ 1w xwD  2hxef£)) ‘F(yD ytvDV) W/
“ T hpsi-npiz ifru O IRk

+ Ac x/(ap + !,,,8) - 2kxeD)2+ (yD - ywD)2Wu >da.

(61)

91



(61) may be rewritten as

Pd W~ Pdn + PDb3i

where
t+hfD /2 _
T—== K0 "D - Xwd)2+ {vd - Vwd)2Vu da,
Pan 758 - nmye <O ¢ wd)
and . .
i_  ,tWD/2j
N y/(xD + xwD)2+ (yp - VwdY Vu
PD y vp
> hips J D)2 {
00
+ "Yi-rffk [KO(xd,Vd,6Vu)] Wda,
k=1
where

fk [Ko(xD,yD,e)¥ = "o >/(®D - XWD - 2kxeo)2+ (yD

- Vwd)2®
+ KO y/(xD + xwd —2kxeD)2+ (yo —Vwd)2£
+ KO y/(xo —9%wD + 2kxe0)2+ (yo ~ Vwd)2£

+ KO y(xD + xwo + 2kxeo)2+ (vd —Vwd)2z

Similarly, we can write (57) as

PD3 — PDi2 + PDb"

where
2 If+rhfio/£ 0 p
PDiZZlh—f—D—S J/ hiD/2 E A0 LV (X ~ XwD)2+ (yo - VwD)2tn
7D zw D j
cos UrT=2 cos 7 d a
~eD ~eD
and
r+hlD/2 °o
PDb4 — cosnir — cos n7r——
hfos j-hjp/2 n=1 2eD ~eD

| a0 [W/(&xD + Xwd)2+ (yD - VwD)2"
f00) J

fk [A'o(xD,yD,tn)W Wda.

In (67) and (68) /#[I<0(xD,VD,f)} is given by (65) and e,

(62)

(63)

(64)

(65)

(67)

(68)

= y/u + n272/z2D. Thus, in
essence, we can write (54) as

Pd = Pd;+ Pd®&
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where

PDi —PDil + PDi2 (70)

and

PDb — PDbl + PDb2 + PDb3 + PDbi- (7D

The solution for a vertical well as well as that for a horizontal well in a reservoir that
is infinite in areal extent are contained in the above solution.

IV. Vertical well, two boundaries at the initial pressure

Let the constant pressure boundaries be at xo = xep and yo = VeDe The pressure
distribution is given by (see §3.3 III)

(72)
still2k-1(yeD - VDI) + she2k-\(yeD - yp 2)
eZk-ich(e2k-1yeD

where e2k-W= yju + (2k - 1) 2%42/(4x2D).

A. The small-5 formulation.

Similar to the solutions discussed in I, computation of the hyperbolic terms in (72)
may pose difficulties. If we use the relation

shy/a(yeD - yD)

{exp (-W/ayp) - exp [~y/a(2yeD - yD W}
chy/ayeD

00 (73)

1+ £ (-1)™ exp(—2my/ayeD) ,
m=1

then pD can be computed from (72) for small values of 5 (tAP > 10 2, where t"D is
given in (3)).

B. The large-5 formulation.

For large values of 5, using (73), we may write

Pp ~ Ppl+ Pp2 (74)

where
exp (—e2fc-i"Di) (75)
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and
2t “cos(2fc-Df"cos(2fc-D"

pd 2~ RELE 1<2=A1 e2k-1

exp (—e2fc-1J/D2) —exp [—edt—1(2yeD ~ Vd i)]

(76)
- exp e2¢_i (2yeD - Vd 9] 1+ TX-1)mexp(-2me2k-iyep)
m—W
+ exp(-e2fc_iyDi) £ (-Draexp(-2raet_iyeD) >
m=1
Using the result in §4.4, pD1 can be written as
Pdi =Pd i+ Pd3 77
“here
Pa, = ;Ko EVV(Xd - xwd)2+ (yD - VwdY"u (78)
and
PD3 = ~|"° V(XD + Xwd)2+ (VD - ywo)2Wu
00 (79)
+ £(-1)"/n [AoXD,VD,W/u)l
n=1
where
fn[KO(xD,yD,e)] = Ko y/(xD - xwD - 2nxeD)2+ (yD - ywD)2
W/(aD + xwD - 2nxeD)2 + (yD - ywo)2t
(80)
+ #0 y/(xD - XwD + 2nxeD)2 + (yD - ywD)2(
+ Ko W/(xD + xwD + 2nxeD)2+ (yD - yWD)2(
Thus, again, we have
Pa =PDi+ PDb’ (81
where pDb = pm + pD3.
V. Vertically-fractured well, four boundaries at the initial pressure
Let the boundaries xq = 0, xo = Va — O and yo = yeD be at ¢ constant
pressure. The pressure distribution can be written as (see §3.3 1V)
2 [e]e]
pD= - | —sin kn& sin IgirXWB sin kn
SZ_, k xeD xeD xeD (82)
chek(yeD - yDW - chek(yeD = ym )

tkshekyeD
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where ek = y/u + k2w2/x8D, ym = WD - ywDWand yD2 = yD + VwDE

A. The small-.s formulation.

For small 5, we follow the ideas noted in .

B. The large-5 formulation.
Using (2), we write

Pd —Pdi + Pd2>

where
271, xD . xwD . 1 exp(-ekyD1)
pDl = - 2" smkw-—--sinkir— smkn—— -—————— -
XeD Xel Xelj €k
5 k=1
o ¥B ¢ T knKID_dx'  exp(-ekypi)
>snt/tTr { sint WD
SXeD |, _; XeD J xwD-i XeD Ck
and
2 2 sinkn -ar sinkn sin kir —
D2 - 2 ~ XeD XeD XeD
p _ .
k=1 kei

jexp [ejtyeD - yD1)} — exp (-ekyD?2)

expW-ek (2yeD - VDZ)W} 1+ E exp(-2mekyeD)

m=1

m=1

If we use the result given in §4.3, then

W koo f r

Pdi = * E / j K° V(XD - XwD - 2kxeD - a)2+ (yD - ywo)2Vu

Ko v/(xo + xwD - 2kxeD - a)2+ (yo = Vivad)2' >da

(86) may be split into the two terms

Nl r

= "y Ko W/(xd — xwD - a)2+ (yD - Vwa)2Vu da,

(83)

(84)

(85)

(87)
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and

I<0 k/(x£) + xwD - a)2+ (yD - ywD)2y/u da

N0 e
(t=1J~X
(88)
+ A'0 W/{xa - XWD + 2kxeD — a)2+ (yo - ywD)2Vu
Thus, we may write the pressure distribution in the form
Pd =PDi+ PDb> (89)

where pDb = pD2 + pD3.

10.
11.
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V. Flow in Fissured and
[Layered Porous Media

Here, our objective is to extend the solutions discussed in Chapters III and IV to
a wide class of problems. First, we begin with a discussion of variable-rate solutions
using Duhamel’s [1] integral formula. Second, we discuss production of fluids via a
wellbore at a constant rate at the surface as opposed to a constant rate at depth. This
problem is known as the “wellbore—storage problem” and was first discussed by van
Everdingen and Hurst [2]. We also briefly explore the influence of a region of altered
permeability around the wellbore that results from the drilling of the well. Third, we
consider extending the applicability of our solutions to naturally—fractured or fissured
porous media. Specifically, we examine the model considered by Barenblatt, Zheltov,
and Kochina [3]. We then extend these results to more complicated visualizations of
fissured porous media. Fourth, we consider flow in layered porous media wherein there
is communication between the strata only via the wellbore (commingled production).
Fifth, we examine methods to couple wellbore hydraulics (pipe flow) with flow in the
porous medium, permitting us to explore the interaction between the porous medium
and the wellbore through which the subterranean fluid must first flow to be produced
at the surface.

5.1. Duhamel’s [1] formula

Let pou represent the normalized response of a system that is produced at a constant
rate. If this system is produced at a variable rate, then the well-known theorem of
Duhamel provides the following expression for the pressure distribution:

a d [D
p(MD;tD) =Pi - 2nkhdt™J q(tr> ~ t )pdu(Md 5t )Xt ,
rtD @)
= pi- tD~T)p'Du(MD -, Ddr.
Pi- gnih J{@ a( )p'Du( )
Here, pd ,,(Md ;<d ) = dpDu(MD-tD)/dtD-

I. Production at a constant pressure

If we now assume that the wellbore pressure, pw/, is a constant, and if qo given by

"rtri = 2akhGki'- pwill <>

is the normalized rate for the constant—terminal-pressure case, then we obtain the
important result (see van Everdingen and Hurst [2])

PwDuQD = (3)
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where the bars denote the Laplace transformation, and pwDu is the wellbore response
for the constant—terminal-rate case. This result will serve us in good stead when we con—
sider layered geologic media. (3) is also important in that it permits us to simply write
down the expressions for the production rate for the constant—terminal-pressure case
from the constant—terminal-rate case. If the well is produced at a constant—terminal-
pressure, the pressure distribution in the porous reservoir is given by

Pd (Mo ) —sqd Pdu(Md ) 4)

where po = [pi —p(Mo] to)}/(Pi ~Pwf), and gD is given by (3). (4), of course, can be
used for the general case when both the wellbore pressure and the production rate are
functions of time and in this case Pd”~d'~d) would have to be redefined.

II. The wellbore-storage and skin effects

Suppose Vw represents the volume of the wellbore, ¢ is the compressibility of the
fluid, p is the density of the fluid, and C represents the ability of the wellbore to store
or unload fluid per unit change in pressure, that is C = Vwc. If we consider the wellbore
to be the control volume, and if Apw is the change in pressure in the wellbore over a
time St, then from a mass balance, we have

Here, the subscripts s and w denote the surface and wellbore, respectively. The first
term in (5) represents the influx from the porous medium to the wellbore, the second
term reflects the ability of the wellbore to store fluids, and the third term reflects
the production at the surface. Assuming density differences can be ignored, if qsf
represents influx into the wellbore, and q = gs, then

(6)

In terms of normalized pressure and normalized time, we have

)

where

D Z7T(Dhe2 (8)

If times are large enough, we would not expect (5) to hold, and qsf #q. In passing, we
should note that the condition given in (7) is akin to the situation wherein we consider
conduction of heat in a solid with its surface in contact with a well-stirred fluid (or
a perfect conductor) so that the fluid temperature may be assumed to be constant
throughout; see Carslaw and Jaeger [4].
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Because of the manner in which wellbores are drilled, one has to contend, in practice,
with the region of reduced permeability around the wellbore (skin effect). This region
is treated in a manner similar to that of a poor conductor such as scale, grease or oxide
that might exist on the surface of a conducting material in heat-conduction problems
(see Carslaw and Jaeger [5]). Because of its size, one normally ignores the details of
the properties of this region, and its effect is modelled via a normalized pressure, 5. If
this region is to be included, then the mathematical model satisfies the condition

PwD"d)=Pd("d+ ;1d)+ 9

Here, Pd (M wd +]to) represents the wellbore pressure responses derived in Chapters III
and IV. If times are long enough, then gsf/q = 1. Note that the pressure distribution
in the reservoir is unaffected by the skin region.

Solutions for the well response, subject to the wellbore-storage boundary condition,
can be obtained by Duhamel’s formula. Combining (4), (7), and (9) after applying the
Laplace transformation (assuming, of course, that (4) applies to the general case), we
have the following result for the wellbore response:

PwD = TT & Bop iy (10)

Here, pwiDu is the constant-terminal-rate solution and may include the existence of
the skin effect. The important point here is that (10) applies to all the porous—-media
visualizations and wellbore conditions discussed in these notes (including those yet to
be discussed).

5.2. Flow in naturally—fractured or fissured porous media

The classical treatment of flow in such a medium is given by Barenblatt, Zheltov,
and Kochina [3]. In this scheme, the porous medium consists of a system of fissures and
a system of porous, permeable blocks. The porous blocks are separated by the system
of fissures, and the distribution of the fissures is such that direct diffusion between
adjacent blocks is not possible. The fissures are assumed to have a negligible volume,
and thus the blocks provide for the storage of mass. The flow capabilities of the fissures
provide the flow path for diffusion to take place. Thus, in this scheme, at each point two
fluid pressures exist—the pressure in the fissures, p/, and the pressure in the blocks,
pm, and each pressure is an average over a neighborhood that contains a substantial
number of blocks.

A slightly different scheme has been proposed by Kazemi [6] and further improved
by de Swaan [7]. In this scheme (see Fig. 5.1), the fissure system and the matrix
system consist of alternate layers of porous media with the storage capacity of the
“fissure layers” being negligibly small when compared with the storage capacity of the
“matrix layers”. The key ingredient of this model is that horizontal flow in the fissure
system produces a vertical gradient in the matrix system which in turns feeds the
fissure system. Like the scheme proposed by Barenblatt et al [3], the matrix blocks
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do not directly communicate with the wellbore. We shall now discuss the features of
these models and demonstrate methods to incorporate them in the scheme we outlined
in Chapters II and III.

FISSURE

MATRIX

REPETITIVE
ELEMENT

solddbidate  # erlerpnny T el
WV.V.V.V.VXV.WWIV.V.VV.V.V.WV.V.W

Figure 5.1. Fissured-Media Schematic of Kazemi (© courtesy SPE, from Ref. 8).

[. The Barenblatt model

The volume rate of the exchange of fluid between the blocks and fissures per unit
volume of the porous medium is given by km(pm - pf)/((ie), where 1/e is the charac-
teristic of the medium that reflects the degree of Assuring or the surface area available
for flow between the blocks and the fissures. For an isotropic system, the conservation
of mass principle yields

V «(kfVADI) = + (V</>c)m”  Apn | (1)
dt r,mr a

Here, Apj = Pi —Pj (G = f, m), and Vj is the ratio of the volume of System j to the
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total volume. Also,

"(Apm - Apf)= —{V@c)m"™ " ~ . (2)

If we now define normalized time by

fD = jt, 3
where

——————— o

and the characteristic constants of the fissured porous medium A and lo are given,
respectively, by

A=" 12 (5)
and

(yxc)f + (vtc),’

then we can write (1) and (2) as

V72 A DADpf ~ DApm ~

v°Ap>=“-m""+<l-u)-mr (7)
and

A(APm - Apf) = =(1 - w) dQP (®)
respectively.

Applying the Laplace transformation to (7) and (8), we may write

vdaP/ - sf{s)Apf = 0, €))

where

= <10 >

(9) is known as the fissured—-medium equation.

If we replace u by sf(s) in the kernals of the appropriate expressions, then we note
that all the solutions that we have derived for the homogeneous reservoir case can be
used to write expressions for the pressure distribution in the fissures of the system.
Furthermore, from (10) we note that

f(s +0+) =1, an

and
f(s -> +00) = w. (12)

103



A third approximation may also be used when A << (1 —w)s and uj << A/[1 —u)s].
Under such circumstances we have (see Streltsova-Adams [9])

= (T"j7- (,3)

When (12) applies, support from the matrix system is negligible and the reservoir
behaves as if it were a homogeneous system with a porosity—compressibility product
equal to (V(f)c)f. At late times, when f(s —0+) = 1, the system behaves as if it were a
reservoir with an effective porosity—-compressibility product equal to (V €0f + {V(G>c)m.
(13) applies at intermediate times and the wellbore pressure during this time period is
approximately constant.

Based on this development, it is clear that by a simple change in the nomenclature,
it 1s possible to derive a solution for the pressure distribution in the fissure system of
a naturally—fractured reservoir by using the solutions that apply to the homogeneous
reservoir. The pressure distribution in the matrix system can also be readily obtained.

II. The Kazemi-de Swaan model

Although first introduced by Kazemi [6], the impetus for much of the analytical
development of this model is a result of de Swaan’s [7] work. As noted earlier, in
this scheme horizontal flow in the fissure system causes vertical flow in the matrix
blocks. We consider one of the symmetrical elements in Figure 5.1. Application of the
conservation of mass principle to a control volume in the fracture system yields

<H)

Here, gm is a source term that accounts for fluid influx from the blocks. The pressure
distribution in a matrix block is given by

& Apm _ (V()c)mfl C?2Apm
dz2 “ K, dT' 1 j

If we now scale z with respect to hm/2, then (15) in terms of (3) may be written as

d2Apm kfh” 9Apm
_94_ -(1_")4Cp " ' (16)

The variable A for this model is given by

19k 2
A= w (i7)

and the variable uj is identical to that given in (6). Thus, (16) may be written as

d2Apm _ 3(1 - u) dApm
dzp ~ A dth ' { *}
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If we let za = O be the top of the repetitive element in Fig. 5.1 and zq = 1 be the
interface of the matrix block and the fissure, then using the no-flow boundary condition
at zd = 0 and the requirement that pressure be continuous at Z&2 = 1, we obtain

- ch(y~NszD) __
Apm= .-W W /AP/, (19)
chiyrijs)

where rj = 3(1 —cj)/A and ch(x) is the hyperbolic cosine of x. We can now show that

2°)

Here, the symbol th(x) represents the hyperbolic tangent of x. Using (20), we may
write
vdaP/ - sf(s)Apf = O, 21

where

fis)=U}+]j K ~ . thy A A A j, (22)

Again, this development emphasizes the fact that by a simple change in nomenclature
the solutions for a homogeneous reservoir can be used for a fissured reservoir.
It is possible to obtain four approximations for f(s). As x — 0+ ,th(x) « x, and
thus
f(s >0+) =1 (23)

Also, as x —>+cx3, thix) « 1, and thus

u. (24)

f(s = +00)

If we assume that uj « 1 and that th(x) « 1, we have (Bourdet and Gringarten [10],
Dontsov and Boyrchuk [11], Streltsova [12], Serra, Reynolds, and Raghavan [13])

m %

We may also use the approximation th(x) w x —x3/3 in which case we have (Ozkan,
Ohaeri, and Raghavan [8]),

[« =1- (26)

5.3. Layered porous media

Here, we examine flow in a medium that may be considered to consist of distinct
layers or strata that are separated by impervious layers. Communication between the
layers is possible only because of the existence of wellbores. The properties of each
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of these layers are assumed to be distinct. Such a system is often referred to as a
commingled or no-crossflow system. Our intent here is to obtain pressure distributions
when the entire system is produced at a constant rate for combinations of wellbore
configurations and outer—boundary conditions that may vary from layer to layer.

The algorithm to attain this objective, outlined by Spath, Ozkan, and Raghavan
[14] is a rather simple one if we make note of the result obtained by van Everdingen
and Hurst [2]; see 5.1(3). If we consider the constant-terminal-pressure case, then we
note the simple fact that the layers are decoupled. Each layer produces fluid at a rate
(against the common pressure) that is independent of the production rate of the other
layers. Thus, if we let qj represent the fluid withdrawal rate from Layer j, q be the
total withdrawal rate, and n be the total number of layers, we have

n

4=Y qi- W
i=1

If we now normalize the production rate q in terms of kh where kh = ]CJ=i kjhj an<®
the production rate from Layer j by kjhj, then (1) may be written as

N

= ()
j=1

where aj = kjhj/(kh) and the qo”s are normalized according to 5.1(2). Obtaining
the wellbore response when the layered system produces at a constant—terminal-rate
becomes a simple matter if we use 5.1(3). Thus, if pwQ is the Laplace transformation
of the wellbore pressure, pwD> then we have

&)

Pwb 5062 GiaDj
We may again use the relation given in 5.1(3) at the local level (at the level of the
layers) and write

qDj = (4)

and thus,

PwD * )

1®j/PwDuj

(5) is a rather convenient result in that all the solutions we have derived thus far
(including those for fissured or naturally-fractured porous media) can be used to obtain
the wellbore response of a layered porous medium! Interestingly, no restrictions are
placed on the wellbore or outer—boundary conditions of a given layer. For example, in
a two-layer system we may assume that one layer is produced by an inclined well and
the other layer by a horizontal well. Such schemes are not unusual. Wellbore-storage
effects can be incorporated by considering 5.1(10). The skin effect in each layer should
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be incorporated in the pwDuj term. The only ramification we need to address is that
we must express all solutions in terms of the same time scale which is a rather simple
matter.

The expression for the production rate of each layer can also be obtained by
Duhamel’s [1] formula. Let the production rate of Layer j expressed as a fraction
of the total production rate be gpjl] that is, ?Dj — I¥ Thus, from Duhamel’s
formula we may write

3 y  PwD /r|
Q®J= 3lpwduj
where pwjj is given in (5). Again, it is interesting that the layer rates can be obtained
only by using wellbore information. Using (6), the pressure distribution in any layer
may be computed by Duhamel’s formula.

In some cases, because of conditions that have taken place over geologic time, it is
possible for the initial pressures in the layers to be such that hydrostatic equilibrium
does not exist. That is, for all practical purposes the initial pressures in the various
layers are unequal at t = 0. The wellbore pressure in this case is given by

- S"=1 PjPoDj 1 m
PwD E"=i P sZUft'

where
Pj = (8)

and _
271vh , . /- v
PODj = of (Pr-Pji)- (©)
Here, pr is a reference pressure and pji is the initial pressure in Layer j. The sandface
rate in Layerj is given by
~ al(PwD ~PODj) ,im

ab, = sPwDuj (10)

5.4. Wellbore hydraulics

Often it is advisable to couple flow in the wellbore with flow in the reservoir because
fluids have to be produced at the surface. For illustrative purposes, we consider flow
in a horizontal well of length, Lh- Because the volume of the wellbore is small, we
consider steady flow within the wellbore. At the producing end (x = 0) the producing
rate, q, is assumed to be a constant and the other end (x —Lh) is sealed. Fluid enters
the wellbore at an unspecified rate along its length. Thus, if ghc(x) is the flow rate in
the wellbore at any point X, and qu is the flux, then

rLh
qhe(x,)= / gh(x',t)dx". (1)

Jx
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Some insight into the variables that affect the performance of the system can be
ascertained if we examine flow under steady conditions. If we consider steady flow of
a Newtonian fluid in a pipe, we have

7f21”5dph
BT O N >

Here, p is the density of the fluid, / is the Fanning friction factor, rwis the pipe radius
and dph/dx is the pressure gradient. In terms of the Reynolds Number, iie, based on
the pipe diameter, (2) may be written as

= dph , .
~ fiRef dx

If we assume that the porous medium is isotropic, then we have

(4)
dr /

rw,x:£>|<
where r2 = x2+ z2. From (3) and (4), we have

@p/dr)r w t X r#&

dph/dx kLhRt f 5
Similarly, if we consider regions far from the horizontal well, we will find that

(dp/dv)Xy—¥D _

(dph/dr)rV&t - h” 1]

where h is the thickness of the porous medium. Thus, we expect a group of the
form r~/(khLh) to influence the pressure drop in the wellbore. Therefore, for conve-
nience we will define dimensionless conductivity (that is akin to dimensionless fracture-
conductivity) by the expression; see Ozkan, Sarica, Haciismoglu, and Raghavan [15]:

where, in all of the following, Lh/2 is taken as the reference length. The mathemati-
cal development given below also confirms the arguments developed here on physical
grounds. It is also clear that for laminar flow, ChD will play an important role because
the product Re f = constant.

From (1), we may write

d2Ph _ p ( 2d__ W
dx2 H2r* V hedx  2fghcqgh) W W
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Integrating (8) twice, we have
Ph(x;t) - pwi(t) = dxndxf 9)

Here, ft is the friction factor based on the total production rate q, and pwf(t) is the
pressure at x =0.

If we now use the definitions of normalized pressure, pp, normalized time, tp, and
normalized distance, xp, we may write (9) as

PwD"D) ~ Piid ( d'Ad)fRetft T oy
w 11 X y 16 Cud

(10)
r IJD 1 ( % 2qhD ) dxjjdx'p .

1o+ Jot Retft | fRetdxb

Here, the subscript t is used to denote conditions at xp =0, and ghD = QhLh/q-
Because

d 1
daxi 2dR ‘RetghD M)
and if we let
D = Re2-9% 4 2Re f (12)
then
Rttft kxd
PwD”"D) ~ PhD(xD;"d ) = * f DqhDdx'Ddx'D. (13)

8 ChD 16ChD Jéw  Fom
If flow is laminar everywhere, then Re f = 16; that is, D = 16, and (13) becomes

fxD rxD

PwD(@D) - PaD(xD;"d) = 75— (2xa - 1 I ghDdx'DdxD J . (14)
ChD W kor Jor /

The numerical procedure to be followed when using (13) or (14) is similar to the
one discussed in §3.1 V. We will now consider two cases to demonstrate the coupling
of the wellbore and the porous medium. Let the horizontal well be parallel to the
boundaries and located at an elevation, zw. We consider flow in a slab reservoir with
both boundaries impermeable.

I. The long-time solution

The long-time pressure-response for this system is given by

pD(0 <xD < 2,rwD+;#£>) = —In
! el

(15)

+ / qhD&'D)[v(xD,x'D) + F(xD,xD,zwD,r wD+ ,LD)WdxD,
Jo
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where
a(xD,xD) = ~-WnWxD - xDW (16)

and

F(xD,x'D,zWD,rwD,LD) = E cosri7r(zwD + rwp) cos mrzw&IWon7rLpWxp ~ xp W
n=1

a7
In writing (15), we have made use of the fact that

/ "hp(xp)dx'D ~ 2 (18)
Jo

For long enough times, rigorous calculations suggest that ghp(xD ]tp) is independent
of time. Thus, the right-hand side of (15) without the time-dependent term may be
used for Php(xpltp) in (13) or in (14), and the resulting expression solved for qup-
(The time-dependent terms cancel because the left-hand sides of (13) and (14) involve
differences in pressures.)

II. The large-s (short-time) approximation; laminar flow

Let us now consider laminar flow in the wellbore and examine responses for times
that are small enough. In this case ghp is independent of xp and is given by

«d=-21Id (24 (19)

where rjj = yP + (zo —zwq)2/LP. Thus, the counterpart of (14) is given by

d2PhD  2-irIDrwhy/s Ki(y/srwD)_

dxl ChD KO("IrwD)PhD ~ {ZV)
Using the conditions
dPhD _ o, (21)
dxo .
XD=2
and
dPhD 21t (22)

dXp  p-g+ ChDs’

the pressure distribution in the wellbore is

where
2 _ L prwpWis I"WWsrw (oa W

Chd [<o("rwD)
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At the producing end (xq —0)

- - 20
PwD ~ ChDsa th(2a)'

Approximate forms for pwp can now be derived if 5 is assumed to be large enough. If

th(2a) I52a, then
PwD 2ip

and
=__Lg&,(_11).

Here, —E i(—%) is the exponential integral.
If a is such that th(2a) & 2a —(2a)3/3, then

PwD 2LdsK?” + 3ChDs

and

(26)

27)
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Appendix—Fundamental
Solution for Slab Reservoirs

Consider an infinite reservoir and let 0 (xwd , VwDi zwd) denote the origin of a spher-
ical coordinate system. If P'(p'D,O', <®) is the location of the source, P (pd ?0, is any
point in the reservoir, and ip is the angle PO P' where

cosip = cos 0cos O + sin0sin O cos(0 —0"), (1)
then the fundamental solution is given by

7 = T- & ~"2/~—~r F V " d) Pm(cos y>). (2)

mO VWD
In (2), Pm(a;) represents the Legendre polynomial and we define

Hao={pdrtfe>a G

Fm(a,i) =~ m+i(a)/m+i(6). 4

Let us now consider the image system shown in Fig. A-l.

where

Figure A-1. Schematic of Image System
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If we consider, temporarily, a new reference frame centered at Ou(xwd ?VwD, %wD +
nzef)), then the point P is defined by P(pDm $n, > the nth image of the source is
located at P " pdi and Vn is the angle P"OnP where

cos (pn = cos On cos 9n + sin On sin 9h cos@ — @OD. (5)

Therefore, the solution corresponding to the nth image of the source is given by

=T~& ~"==F(y/up'D,y/upDn)P m (cOS>n). (6)
4K m~O VPDnP'o

We may now relate pDmOm and On to pD,®, and 6'. Consider, for example, the image
corresponding to n = —1 (see Fig. A-2).

Figure A-2. Image for n = —1

We may write
PDn = (ZD - ZwD + 2zwDf + pP sin28

(7
= (pDcos0 + 2zwD)2 >pD sin20,

a zd zwd 2zwd pd cosO T+ 2zwd g
cosSvVn = ————————————— = ———————————— ( 5(
PDn PDn
or
PD cos 6 + 2zwD
(in = arccos————o——- 222 (9)
PDn
and

(io)
By similar arguments, we may write

f [pdeos 6+ 2zwD - (n + DzelD2+ /H»dsin20; n = 1, £3, £5,...

- . |
Fbn KVF (pocos(j’fnzeojo+/9ﬁ,sin26; n = D

|
o
H-
o
H
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pDcos6 + 2zwD-(n + 1)zeD

arccos——————————————————————— yn = =*1,£3, £5,..
PDn
(12)
Pd 6 —nzeD
cos nz n= 0 42, 44,
PDn
7T-0"; n = %1, £3, £5,.
61 (13)

05 n=0 %2, +£4,...

Using (6), (11), (12), and (13), the fundamental solution for a slab reservoir with
impermeable boundaries at z = 0 and z = ze may be written as

+00 (o]

47472 :E E(Z‘HI—D Fmnl f*m/(C()S(pnljv+ Fmﬂ?ﬁm(CCE(fnZ)w (14)

D n=—o0 m=0 -yJPDn Dti2
where we have defined

W" P'd) 4>+§ {VupDk) PDk < Pd
Fmk = (15)
A'm+i (y/upDk) W ~pd) ! PDic > Pd,

for k = nl or n2, and

PDni = (/?2Dcos O+ 20u,p — 2nzeD)2+ "~ sin2 (16)
PDn2 = (pd cosO - 2nzeDf + Pp sin26, a7
cos € = cos %k cos 0" + sin6ksin 0" cos(0 —¢»w k = nl or n2, (18)
Onl = arccosid cos 9+ 2zwd ~ 2nzeo (19)

PDnl

—2nzeD

Ono = arccos pb COS 9 nze (20)

PDn2
(21)
On2 = «'e (22)

Similarly, if the boundaries at z = 0 and z —ze are at a constant pressure equal to
the initial pressure, then we have

= E

Vru n=—oom=

00 00

( 2 D Fmn2 :pm(cosAHZBVV———P’?;an:i I]_’mé:c'os(Anig (23)
0

.y/PDn2 yJpDnl

If the boundary at o = 0 is impervious and the boundary at 2 = ze is at a constant
pressure equal to the initial pressure, then we obtain

+o00 00 .
: *\? Fmnl [ / W. Fmn2 . .
47K}" E 1A"1 -Pm (COS C*nD "* . ~ -Pm(cOSC n2)
3

V Pd n=—o00 m=0 .y/PDnl y/PDn2
(24)
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