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Preface

At the end of the last century, Stephen Hawking mentioned
that ‘the next century will be the century of complexity’.
Indeed, many contemporary problems faced by Earth
sciences and society are complex (e.g. climate change, dis-
aster risk, energy and water security, and preservation of
oceans). Studies of these challenges require an interdisci-
plinary approach and common knowledge. Ability to utilise
data within and across geophysical disciplines remains lim-
ited as the knowledge of the methodologies for data analyses
and data assimilation developed in one discipline is limited,
if not unknown, within the scienti � c communities of other
geoscience disciplines.

For years, conferences and symposia of the International
Union of Geodesy and Geophysics (IUGG), organised by
the Union Commission on Mathematical Geophysics, fea-
tured data assimilation and inverse problems related to
a speci� c geophysical� eld or to an interdisciplinary � eld.
The idea of a book on data assimilation and inversions in
Earth sciences maturated during a series of scienti� c meet-
ings since the 2015 IUGG General Assembly in Prague. The
meetings brought together prominent experts in different
� elds of geoscience to address recent developments, chal-
lenges, and perspectives in data assimilation and geophysi-
cal inversions.

The book Applications of Data Assimilation and Inverse
Problems in the Earth Sciencescontributes to closing the gap
between Earth science disciplines and assists in utilisation of
the growing amount of data from observations and experi-
ments using modern techniques on data assimilation and
inversions developed within the same/another discipline or
across the disciplines. This book sets out basic principles of
inverse problems and data assimilation and presents appli-
cations of data assimilation and inverse problems in many
geoscience disciplines. The book’s goal is to highlight the
importance of research in data assimilation and geophysical
inversions for predictability and for understanding dynamic
processes of the Earth and its space environment. The book
summarises new advances in the� eld of data assimilation
and inverse problems related to different geoscience� elds.
Data assimilation and geophysical inversions assist in

scienti� c understanding and forecasting natural hazard
events, such as atmospheric pollution,� oods, earthquakes,
and volcanoes. This interdisciplinary book provides gui-
dance on future research directions to experts, early career
scientists, and graduate students.

This book covers a range of important research issues,
consists of twenty-two peer-reviewed chapters, and is orga-
nised into the following parts: basic knowledge about
inverse problems and data assimilation (Part I); and appli-
cations of the techniques of data assimilation and geophy-
sical inversions to problems related to cryosphere,
hydrology, atmospheric chemistry, volcanic cloud propaga-
tion, and near-Earth electron radiation (Part II); and to
problems related to geochronology, lava dynamics, ground
shaking due to earthquakes, seismic tomography, gravity
and geodetic inversions, geodynamics, geomagnetism, and
joint geophysical inversions (Part III). We hope that this
book will inspire more researchers to focus on data assim-
ilation and inverse problems in Earth sciences and provide
a useful theoretical reference and practical applications of
data assimilation and inverse problems.

The book is intended for academic researchers and
graduate students from a broad spectrum of Earth and
environmental science disciplines interested in data
assimilation and inverse problems. We believe that this
book will complement other publications on the topic in
terms of the coverage of geoscience topics, and hope that
the book will form an important reference for research-
ers dealing with data assimilation and geophysical
inversions.

We apologise that the book does not contain all methods
for data assimilation and inversions, but only those fre-
quently used in the geosciences. However, we believe that
the methods and the applications described here will be
helpful for understanding how Earth observations and
data can be utilised to quantitatively resolve some problems
in dynamics of the Earth and its space environment. We
hope that readers will enjoy reading this book to learn more
about inverse problems and assimilation of data in
geosciences.
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‘Fluid’ Earth Applications:
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Data Assimilation in the
Near-Earth Electron Radiation
Environment
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Artem Smirnov, and Dedong Wang

Abstract: Energetic charged particles trapped by the
Earth’s magnetic � eld present a signi� cant hazard for
Earth-orbiting satellites and humans in space. Application
of the data assimilation tools allows us to reconstruct the
global state of the radiation particle environment from
sparse single-point observations. The measurements from
different satellites with different observational errors can
be blended in an optimal way with physics-based models.
The mathematical formulation on the diffusion and diffu-
sion-advection equations for the Earth’s Van Allen radi-
ation belts and ring current is described. We further
describe several recent studies that successfully applied
the data assimilation tools to the near-Earth space radi-
ation environment. The applications to the reanalysis of
the radiation belts and ring current, real-time predictions,
and analysis of the missing physical processes are described
and motivation for these studies is provided. We further
discuss various assimilation techniques and potential topics
for future research.

10.1 Introduction: Societal Impact of Space Weather
and Current State of Understanding
of the Physical Processes

Energetic particles in the Van Allen radiation belts, com-
monly referred to as trapped radiation, pose a signi� cant
risk to Earth-orbiting satellites and humans in space.
During solar storms, the radiation in the near-Earth space
can signi� cantly increase. During disturbed geomagnetic
conditions numerous anomalies have been reported by sat-
ellite operators (Robinson Jr, 1989; Baker, 2000). Currently,
there are over 4000 satellites orbiting the Earth (UCS, 2021).
There are a number of communication satellites that assist
in navigation, weather predictions, telecommunications,
and national defence.

The near-Earth space environment is a central focus
of many ongoing international missions, including the
ESA Cluster mission (Escoubet et al., 1997), NASA ’s

Time History of Events and Macroscale Interactions
during Substorms (THEMIS) mission (Sibeck and
Angelopoulos, 2008), NOAA ’s Polar Orbiting
Environmental Satellites (POES), and the Japanese
Exploration of energization and Radiation in Geospace
‘ARASE ’ (ERG) project (Miyoshi et al., 2018) (Fig. 10.1).
Engineering analysis of anomalies in space and determin-
ation of the cause of anomalies require accurate know-
ledge of � uencies (� ux of particles integrated over
a period of time) along the satellite orbit. The under-
standing of satellite observations from different space-
craft is complicated by the fact that measurements are
given at various locations in space, have different instru-
mental errors, and often vary by orders of magnitude.
Fluencies can only be obtained either when particle
detectors are installed on a spacecraft or when the global
reconstruction of the � uxes is available at all times, radial
distances, and geomagneticlatitudes and longitudes.
Models and observations can be combined by means of
data assimilation tools to reconstruct the global evolution
of the radiation environment which allows us to calculate
� uencies for any given satellite orbit.

The Van Allen radiation belts are two donut-shaped
regions of the near-Earth space, where the magnetic� eld
of the Earth traps high energy particles. The highly ener-
getic particles in the Van Allen belts can produce deep
dielectric charging in satellites and damage satellite elec-
tronics (Rosen, 1976; Baker et al., 1987). Another popula-
tion of particles in the near-Earth space which is
hazardous for satellites is usually referred to as‘ring cur-
rent’. The name originates from the current that is gener-
ated by these particles and the magnetic� eld that is
produced by this current. The hazardous effects of the
ring current include degradation of satellite solar panels,
charging of satellite surfaces that can damage them, and
induction of currents in power grids that can damage
transformers or can cause voltage instabilities
(Lanzerotti, 2001; Baker, 2002, 2005).
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10.2 Modelling the Near-Earth Radiation
Environment

10.2.1 Earth’s Van Allen Radiation Belts
Electrons in the radiation belts (kinetic energy above
several hundred keV) exhibit a two-zone structure. The
inner electron belt is typically located between 1.2 and 2.0
Earth radii ( RE), while the outer zone extends from 4 to 8
RE . Relativistic electrons in the Earth’s radiation belts
can penetrate through satellite protective shielding, get
deposited in dielectric materials, and produce discharges
that can damage miniature electronics (Rosen, 1976;
Baker et al., 1987).

The dynamics of energetic particles are still poorly
quanti� ed. Reeves et al. (2003)found that geomagnetic
storms can increase, signi� cantly decrease, or not substan-
tially change the � uxes of relativistic electrons during
storms. The variability in the responses of the radiation
belts to geomagnetic disturbances has been attributed to
the complex competing nature of acceleration and loss (see
review by Friedel et al. (2002); Shprits et al. (2008a);
Shprits et al. (2008b)). As radiation belt electrons undergo
azimuthal drift in the Earth ’s magnetosphere, they
encounter several distinct classes of plasma waves that
can exchange energy with them, produce acceleration or
deceleration, and scatter electrons into the atmosphere
where they will be lost from the system. Electrons can
also be lost to the interplanetary medium when they hit
the boundary of the magnetosphere (magnetopause)
(Shprits et al., 2006; Turner et al., 2012).

The motion of relativistic electrons in the Earth’s radi-
ation belts can be simpli� ed and described in terms of the
three basic periodic motions: gyro-motion around the� eld
line, the bounce motion in the Earth’s magnetic mirror � eld
along the � eld line, and the azimuthal drift around the
Earth due to magnetic gradients and curvature (Fig. 10.2).

Charged particles in the magnetosphere undergo
three types of periodic motion: (1) gyration about
a geomagnetic � eld line, (2) bounce motion along the
� eld line between mirror points, and (3) drift around the
Earth. Each type of periodic motion is associated with
an adiabatic invariant, which stays approximately con-
stant under slow variations of parameters of the system,
compared to the period of the corresponding motion. In
order to simplify the six-dimensional description of par-
ticles in space, one can consider the description of the
phase space density in terms of adiabatic invariants and
ignore the variations in phases of invariants. The calcu-
lation of invariants is a challenging task as invariants
depend on the time-varying three-dimensional dynamic
changes of the magnetic� eld.

The � rst adiabatic invariant µ, which corresponds to
the cyclotron motion of a particle, can be expressed as
follows:

� ¼
p2

?

2m0B
; wherep? ¼ p sin� ; ð10:1Þ

p? is the component of the particle momentum that is
perpendicular to the magnetic� eld line, m0 is the rest mass

Figure 10.1 Radiation belts and orbits of satellites including Van Allen Probes (formerly named Radiation Belt Storm Probes (RBSP
A and RBSP B)), THEMIS, NSF-supported Lomonosov mission (launched on April 28, 2016), and multiple new CubeSat missions on
Low-Earth Orbit (LEO). Modi � ed � gure; original from NASA ’s Goddard Space Flight Center.
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of the particle, andB is the magnitude of the magnetic� eld
at the location of the particle. It is convenient to considerp?

as a function of pitch angle� (the angle between magnetic
� eld and the total momentum of the particlep, when the
particle passes the equator). If there is no electric� eld
parallel to the magnetic� eld line at which the particle res-
ides,p is conserved, andB ¼ Bm is also conserved, as follows
from the conservation ofµ.

The second adiabatic invariantJ is associated with the
particle’s bounce motion between the mirror points. It can
be written as:

J ¼ 2
p
�������
Bm

p
ðs00

s0

���������������������
Bm � BðsÞ

p
ds; ð10:2Þ

where p is the momentum of the particle, and the integral
is taken along the magnetic � eld line between mirror
points s� and s��. In practice, it is convenient to use the
modi� ed second adiabatic invariantK instead ofJ:

K ¼
ðs00

s0

���������������������
Bm � BðsÞ

p
ds: ð10:3Þ

Unlike the adiabatic invariant J, K does not depend on
particle energy and can be considered as a purely� eld-
geometric quantity. Note that calculation of K requires
knowledge of the magnetic� eld which is changing with
solar activity and can be compressed, twisted, and stretched.
Subbotin and Shprits (2012)suggested a new adiabatic
invariant V = µ(K + 0.5)2 that is convenient for radiation
belt modelling. The factor 0.5 has been chosen empirically in
order to simplify the interpolation, but a different value
could also be used. A grid inV and K coordinates facilitates

implementation of numerical schemes and improves accur-
acy, stability, and performance of radiation belt codes.

The third adiabatic invariant � is the magnetic � ux
enclosed by the drift path (within surfaceS) of a charged
particle. This invariant is de� ned only for particles on
closed drift orbits and is important for the most energetic
part of the particle population. A more intuitive form of
the third adiabatic invariant is the L � parameter (Roederer,
2012):

L � ¼
2� BER2

E

�
; where� ¼

ð

S
B � dS; ð10:4Þ

which is the radial distance from the centre of the Earth to
the � eld line in the equatorial plane, if the � eld changes
slowly to dipolar (note that L � is by de� nition unitless); RE

is the Earth’s radius, andBE is the magnetic� eld magnitude
at the Earth’s surface at the geomagnetic equator in a dipole
� eld approximation. The calculation of invariantsK and L �

(Eqs. (10.3) and (10.4)) is particularly computationally
expensive and requires tracing particles in realistic empirical
magnetic� eld models.

By ignoring diffusion in terms of the phases of adiabatic
invariants, the Fokker–Planck equation for diffusive evolu-
tion of the phase-averaged six-dimensional PSD of the rela-
tivistic electrons may be simpli� ed by specifying the phase
averaged PSD in terms of only three adiabatic invariants
and written as follows:

� f
� t

¼
X

i; j¼1;2;3

�
� Ji

Dij
� f
� Jj

; ð10:5Þ

whereDij are diffusion coef� cients, and Ji are adiabatic
invariants. Note that the modi� ed Fokker–Planck equa-
tion (Eq. (10.5)) does not contain advective terms as, in

FLUX TUBE

TRAJECTORY OF
TRAPPED PARTICLE

MIRROR POINT

DRIFT OF
PROTONS

MAGNETIC FIELD LINE

DRIFT OF
ELECTRONS

MAGNETIC CONJUGATE POINT

NORTH

Figure 10.2 The trajectory of trapped particles (electrons and ions) experiencing gyro-motion, magnetic mirroring between the mirror
points, and gradient and curvature drifts in the geomagnetic� eld. Each periodic motion can be associated with an adiabatic invariant.
Modi � ed � gure; original from Cohen et al. (2005).
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collisionless plasmas, second-order coef� cients can be
related to the � rst-order coef� cients. Although some
diffusive processes may violate all three adiabatic invari-
ants, it is customary and convenient to separately con-
sider radial diffusion, which violates the third adiabatic
invariant, pitch angle and energy diffusion, which violate
the � rst and second invariants (Schulz and Lanzerotti,
1974). This separation of processes allows us to rewrite
the 3-D time-dependent Fokker–Planck equation for
PSD evolution as a superposition of radial diffusion
and local processes in terms ofL � , the pitch angle � ,
and relativistic momentum p (Shprits et al., 2008b;
Subbotin et al., 2011):

� f
� t

¼ L � 2 �
� L �









� ; J

DL� L � L � � 2 � f
� L �









� ; J

 !

þ
1
p2

�
� p









� ; L

p2�Dppð� ; pÞ�
� f
� p









� ; L

þ �Dp� ð� ; pÞ�
� f
� �









p; L

 !

ð10:6Þ

þ
1

T ð� Þsinð2� Þ
�
� �









p; L

T ð� Þsinð2� Þ �D�� ð� ; pÞ�
� f
� �









p; L

 

þ �D� pð� ; pÞ�
� f
� p









� ; L

�

�
f
�

þ S;

where�Dpp� ; �Dp� � ¼ � D� p� , and �D�� � are bounce and drift
averaged scattering rates (or momentum, mixed, and pitch-
angle diffusion coef� cients) due to resonant wave-particle
interactions with ULF and VLF electromagnetic waves

inside the magnetosphere. InEq. (10.6), � is assumed to be
the equatorial pitch angle, which is generally denoted with
the subscript ‘eq’ as in the following equations; T ð� Þ is
a function related to the pitch-angle dependence of the
bounce frequency;S represents the convective source of
particles; and � is a characteristic lifetime parameter
accounting for the loss to the atmosphere which is assumed
to be in� nite outside the loss cone (cone of pitch angles at
which particles’ mirror points lie below the top of iono-
sphere). The estimation of the averages over the bounce
orbit ( Eqs. (10.17)to (10.19)) is discussed in the following
paragraphs.

The three-dimensional Versatile Radiation Belt code
(VERB-3D code) (Shprits et al., 2009) models the violation
of adiabatic invariants by solving the modi� ed 3-D Fokker–
Planck diffusion equation (Eq. (10.6)) that incorporates
energy diffusion, pitch-angle scattering, mixed diffusion,
and radial diffusion into the drift and bounce-averaged
particle PSD.

The VERB-3D code has been validated against 100 days
of phase space density reanalysis and 100 days of� ux data
(Subbotin et al., 2011), a year (Drozdov et al., 2015; Wang
and Shprits, 2019), individual storms (NSF Geospace
Environmental Modeling (GEM) workshop events; Kim
et al., 2012; Wang et al., 2020), and super storms (Shprits
et al., 2011). Results from the GEM challenge have been
made publicly available (Kim et al., 2012; see example in
Fig. 10.3). The VERB-3D can resolve small pitch angles
near the edge of the loss cone, can model� uxes at LEO
(e.g. Shprits et al., 2011), and thus can be used to link
equatorial (such as THEMIS, Van Allen Probes) and low
latitude, non-equatorial, particle measurements (e.g. POES,
SAMPEX, Lomonosov). The VERB-3D code uses a non-
uniform pitch-angle grid, which also allows for accurate

(a) Dst and Kp

(b) CRRES MEA observations, E = 1 MeV, � 0 ~ 90°

(c) VERB simulation, E = 1 MeV, � 0 ~ 90°
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Figure 10.3 The VERB-3D model is able to repro-
duce key features of Combined Release and
Radiation Effects Satellite (CRRES) radiation belt
observations during storms. Modi� ed � gure, from
Kim et al. (2012).

160 Shprits, Castillo, Aseev et al.

�K�W�W�S�V�������G�R�L���R�U�J�������������������������������������������������������3�X�E�O�L�V�K�H�G���R�Q�O�L�Q�H���E�\���&�D�P�E�U�L�G�J�H���8�Q�L�Y�H�U�V�L�W�\���3�U�H�V�V



calculation of precipitating � uxes. The code has also been
recently used to model 87 years of electron dynamics (Saikin
et al., 2021). Simulations with the VERB code require cal-
culation of the diffusion coef� cients. Radial diffusion is
usually parameterised as a function of the geomagnetic
index Kp and local diffusion coef� cients need to be calcu-
lated from wave models by means of quasilinear diffusion
equations.

According to quasilinear theory (e.g. Kennel and
Engelmann, 1966; Lyons et al., 1972; Albert, 2005; Glauert
and Horne, 2005) the diffusion coef� cients can be given by:

D�� ¼
Xnh

n¼nl

ðXmax

Xmin

XdXDnX
�� ð10:7Þ

D� p ¼ Dp� ¼
Xnh

n¼nl

ðXmax

Xmin

XdXDnX
� p ð10:8Þ

Dpp ¼
Xnh

n¼nl

ðXmax

Xmin

XdXDnX
pp ; ð10:9Þ

where the summation is over harmonics (n) of the cyclotron
frequency,X ¼ tanð� Þ, where� is the wave normal angle,�
is the local pitch angle, and

DnX
�� ¼

X

i

q2
� 	 2

i

4� ð1 þ X 2ÞNð	 iÞ
n� � =ð�	 Þ � sin2�

cos�

� � 2

� B2ð	 iÞgðX Þ
j� n;kj2







v
 �

� 	
� k



















k
 i

; ð10:10Þ

DnX
� p ¼ DnX

��
sin� cos�

n� � =ð�	 Þ � sin2�

� �

k
 i

; ð10:11Þ

DnX
pp ¼ DnX

��
sin� cos�

n� � =ð�	 Þ � sin2�

� � 2

k
 i

; ð10:12Þ

where q� is the charge of the particle species� , � � is the
particle gyrofrequency including the sign of its charge, and�
is the relativistic correction factor. B(	 ) is the intensity of
the magnetic� eld squared per unit frequency andN(	 ) is
a normalisation factor ensuring that the wave energy
per unit frequency is given byB2(	 ). The dependence of
wave magnetic � eld energy with wave normal angle is
given byg(X):

gðX Þ ¼ exp �
X � Xm

Xw

� � 2
 !

Xmin � X � Xmax;

0 otherwise;

8
><

>:

ð10:13Þ

whereXw is the angular width andXm is the peak. The term
j� nkj

2 depends on the wave refractive index� ¼ cjkj=	 for
the particular wave mode:

j� nkj
2 ¼

� 2 � L
� 2 � S

Jnþ 1 þ
� 2 � R
� 2 � S

Jn� 1

� ��

�
� 2 sin2� � P

2� 2 þ cot� sin� cos� Jn

� �� 2

�
R � L

2ð� 2 � SÞ

� � 2 P � � 2 sin2�
� 2

� � 2

þ
P cos�

� 2

� � 2
" # � 1

;

ð10:14Þ

whereJn is the n-th order Bessel function of� rst kind with
argumentk? p? =ðm� � � Þ

It should be noted that D�� and Dpp are always positive,
while D� p can become negative. The integrands inEqs.
(10.7)–(10.9) are evaluated at the resonant parallel wave
number k
 ;i and the resonant frequency	 i , which satis� es
the resonance condition, given by:

	 � k
 v
 ¼ n� � =� ; ð10:15Þ

and the dispersion relationDðk; 	 ; X Þ ¼0, which for a cold
magnetised plasma is given by

Dð	 ; k; X Þ ¼ ðSX2 þ PÞ� 4 � ð RLX 2 þ PSð2 þ X 2ÞÞ� 2

þ PRLð1 þ X 2Þ ¼0; ð10:16Þ

where R, L, S, and P are the usual Stix parameters (Stix,
1962). For a given wave of normal angle, cyclotron reson-
ancen, and energy, there may be several resonant frequen-
cies for a particular wave mode.

As a particle moves along the� eld line between the mirror
points, it will experience different magnetic� eld intensities,
plasma density, and ion composition, and it will change its
pitch angle. Since, the local diffusion coef� cients will be
changing along the bounce orbit, the local diffusion coef� -
cients should be bounce-averaged. The bounce-averaged
diffusion coef� cients, � D� eq� eq� , �D� eqp� , and �Dpp� are given
by

�D� eq� eq� ¼
1
� B

ð� B

0
D��

� � eq

� �

� � 2

dt; ð10:17Þ

�D� eqp� ¼
1
� B

ð� B

0
D� p

� � eq

� �

� �
dt; ð10:18Þ

�Dpp� ¼
1
� B

ð� B

0
Dppdt; ð10:19Þ

where �B is the period of bouncing between the mirror
points. Changing the integration from time to magnetic
latitude and assuming a dipole magnetic� eld gives
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�D� eq� eq� ¼
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0
D��

cos�
cos2 � eq

cos7 	 d	 ; ð10:20Þ

�D� eqp� ¼
1
T
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0
D� p

ð1 þ 3 sin	 Þ1=4

cos�
cos4 	 d	 ; ð10:21Þ

�Dpp� ¼
1
T

ð	 m

0
Dpp

ð1 þ 3 sin	 Þ1=2

cos�
cos	 d	 ; ð10:22Þ

where � m is the latitude at which the particle mirrors and
T (� eq) is a function related to the variation of �B with � eq. In
a dipole magnetic� eld, T (� eq) can be approximated follow-
ing Hamlin et al. (1961)by

T ð� eqÞ ¼1:30� 0:56 sin� eq: ð10:23Þ

The mirror latitude is found by solving the polynomial

C6
l þ 3Cl sin4 � eq � 4 sin4 � eq ¼ 0 ð10:24Þ

for Cl ¼ cos2 	 m. In practice, one assumes distributions of
waves BðKp; X ; MLT ; L; 	 Þ where MLT is the magnetic
local time, X ð	 ; MLT Þ, and distributions in frequency of
chorus and hiss plasma waves that are inferred from the
statistics of satellite measurements. Those distributions are
statistically derived from wave observations.

10.2.2 Electron Ring Current
Lower energy electrons (kinetic energy < 100 keV), often
referred to as the magnetospheric ring current, are capable
of producing surface charging and can cause satellite anom-
alies. The ring current, unlike radiation belts, is asymmetric
around the Earth and closes in the ionosphere through so-
called region 1 and region 2. The dynamics of the ring
current electron population are modelled using the modi� ed
Fokker–Planck equation with additional advective terms,
that are often referred to as‘convective’ terms (Shprits et al.,
2015):

� f
� t

¼ � v�
� f
� �

� vR0

� f
� R0

þ
1

GðV ;K ;L � Þ

�
� L � GðV ;K ;L � ÞDL� L �

� f
� L �

þ
1

GðV ;K ;L � Þ

�
� V

GðV ;K ;L � Þ DVV
� f
� V

þ DVK
� f
� K

� �

þ
1

GðV ;K ;L � Þ

�
� K

GðV ;K ;L � Þ DKV
� f
� V

þ DKK
� f
� K

� �
�

f
�

;

ð10:25Þ

whereL � , K , and V are adiabatic invariants,f ð� ; R0; V ; KÞ
is the phase space density,t represents time,� is MLT, R0 is
the radial distance from the centre of the Earth at the
geomagnetic equator,� is the electron lifetime related to
scattering into the loss cone and magnetopause shadowing,
v� and vR0 are bounce-averaged drift velocities, andDL� L � ,
DVV DVK , DKV and DKK are bounce-averaged diffusion

coef� cients. HereGðV ; K ; L � Þis the Jacobian of the coordinate
transformation from ð� ; J; � Þ to ðV ; K ; L � Þ coordinates
de� ned as:

GðV ; K ; L � Þ ¼ � 2� BER2
E

������������
8m0V

p
=ðK þ 0:5Þ3=L � 2 ð10:26Þ

The � rst and second terms on the right-hand side ofEq.
(10.25)describe advection dynamics, driven by theE × B,
gradient, and curvature drifts; the third term describes
radial diffusion; terms 4 and 5 represent local diffusion;
and sources and losses are estimated by the sixth term.

Bounce-average drift velocities (Eq. (10.27)) (Volland,
1973; Maynard and Chen, 1975; Stern, 1975).

� v0� ¼
E0 � BE

B2
E

þ
1

q�B2
E

r J � BE ð10:27Þ

whereE0 and BE are the electric and magnetic� elds at the
equator, respectively, and are generally calculated using an
empirical magnetic � eld model (e.g. T89 (Tsyganenko,
1989)) and the Volland–Stern Kp-dependent empirical elec-
tric � eld model. In order to prepare measurements for the
ring current simulations, invariantsL � , K , and V have to be
estimated along the satellite orbit for each measurement.

10.3 Data Assimilation

10.3.1 Kalman Filter (KF)
The Kalman � lter (KF) is a celebrated data assimilation
method that allows for optimal combination of model
results and sparse data from various sources contaminated
by noise (Kalman, 1960). Using a physics-based model and
available satellite observations, we can estimate the optimal
state of the electron PSD in the radiation belts (i.e.f at time
k, denoted in Eqs. (10.28)to (10.30)as za

k) and the uncer-
tainty of the state estimate (described by the error covariance
matrix Pa

k) associated with errors in the model and the data.
The Kalman � lter allows us to determine estimates of the
state and covariance analytically by de� ning an initial state
vector za

0 (estimated as the steady state solution of the radial
diffusion equation) and initial covariance Pa

0. Iteration over
two elementary steps is then performed:

(1) Theforecast step: the time evolution of the state vector
z is assumed to be governed by the numerically discret-
ised linear partial differential operator Mk (Eq. 10.6):

zf
k ¼ Mkza

k� 1; ð10:28Þ

where zf
k is the PSD state vector in the 3-D phase space

volume advanced by the modelMk in time, and superscripts
‘ f ’ indicate forecasted state. Deviations of the forecast state
estimate from the true state of the system are de� ned by the
forecast error covariance matrixPf

k which can be calculated
from a previous analysis step as
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Pf
k ¼ MkPa

k� 1MT
k þ Qk: ð10:29Þ

The model errors are commonly assumed to be
a sequence of uncorrelated white noise with zero mean.
In our � eld of application, the corresponding model
error covariance Qk is usually a diagonal matrix de� ned
as a fraction of the squared forecast state,Qk ¼ � ðzf

kÞ2,
and is therefore time dependent. The factor� modulates
the statistical impact of the model on the estimated ana-
lysis state. In radiation belt studies, the value of� ranges
between 0.2 and 0.7 (Naehr and Toffoletto, 2005;
Kondrashov et al., 2007, 2011; Shprits et al., 2007; Daae
et al., 2011; Schiller et al., 2012; Shprits et al., 2012)
depending on the focus of the study and on the particular
parameters of the model (e.g. diffusion coef� cients,
boundary and initial conditions). Such a scaling of
model errors is important as the state can change very
fast by up to several orders of magnitude and errors need
to be adjusted accordingly.

(2) Theanalysis step or update step: the observations of the
systemyobs

k are assumed to have uncertainties described
by uncorrelated white noise with zero mean and obser-
vation error covariance Rk. This error covariance is
chosen to be a diagonal matrix and errors are propor-
tional to the state. If at time stepk, a new data point is
available, the covariance is de� ned asRk ¼ � ðyobs

k Þ2. In
this case, the coef� cient � controls the statistical in� u-
ence of the observation on the estimated analysis state.
The value of � commonly ranges between 0.3 and 0.5.
Combining the forecast error covariance matrixPf

k
with the uncertainty of the data Rk, the KF � nds opti-
mal weights (de� ned in the Kalman gainKk) that min-
imise the error covariancePa

k of the optimal state
estimateza

k at time k,

K k ¼ Pf
kHT

k ðRk þ HkPf
kHT

k Þ� 1;
za

k ¼ zf
k þ K kðyobs

k � Hkzf
kÞ;

Pa
k ¼ ðI � KkHkÞPf

k;

ð10:30Þ

Where the observation operatorHk maps the model space
onto the observation space at times when new observations
become available, and accounts for differences in dimen-
sionality between data and model, due to the sparsity of the
observations.

10.3.2 Ensemble Kalman Filter (EnKF)
The ensemble Kalman� lter (EnKF) ( Evensen, 2003) can
be seen as a Monte Carlo approximation of the KF. In
this case, the optimal state of the systemza

k at time k is
approximated by the meanZ

a
k of an ensemble of samples

f za
i;kg, where i ¼ 1; ::;Nens and Nens ¼ number of ensem-

ble members:

za
k � za

k ¼
1

Nens

XNens

i¼1

za
i;k ð10:31Þ

The ensemble error covariance (Pe) gives the spread of the
ensemble distribution and can be linked to the error covari-
ance matrices (Pf

k and Pa
k) of the optimal state estimate by

the following empirical approximations:

Pf
k � Pf

e ¼
1

Nens� 1

XNens

i¼1

zf
i; k � zf

k

� �
zf

i; k � zf
k

� � T

Pa
k � Pa

e ¼
1

Nens� 1

XNens

i¼1

za
i; k � za

k

� �
za

i; k � za
k

� � T
ð10:32Þ

Perturbationsð
 i; kÞare drawn from a Gaussian distribution
with mean equal to the observed value and covarianceRk

are used to generate an ensemble of observations, when
a new measurementyobs

k is available:

yobs
i; k ¼ yobs

k þ 
 i; k ð10:33Þ

where i ¼ 1; ƒ ;Nens. Every state in the ensemble is propa-
gated in the update step, as follows:

za
i; k ¼ zf

i; k þ Kk yobs
i; k � Hkzf

i; k

� �
ð10:34Þ

where the Kalman gain (K k) with the optimal weighting
factors is calculated as inEq. (10.30). A number of studies
have used this approach (e.g. Koller et al., 2005; Bourdarie
and Maget, 2012; Castillo et al., 2021)

10.4 What Can Be Done with Data Assimilation
in the Van Allen Radiation Belts?

10.4.1 Global Analysis of the State of the Radiation Belts
Using Data Assimilation

In the past, most of the radiation belt and ring current research
concentrated on the analysis of data from individual space-
craft. Such an analysis does not allow us to infer the global
evolution of the radiation environment. While measurements
in space are sparse, satellite data of pitch-angle distributions,
energy distribution, and� uxes at different energies can add up
to terabytes. In situ satellite observations are often restricted to
a limited range of radial distances and energies, and also have
different observational errors. Additionally, observations at
different radial distances are taken at different times. These
unavoidable data acquisition limitations complicate the ana-
lysis of the radial pro� les of the PSD, which is essential for
understanding the relative contribution of the local acceler-
ation and radial transport on the evolution of the radiation
belt electrons. Data assimilation allows us to� ll in the tem-
poral and spatial gaps left by sparse in situ measurements and
combine measurements and the model according to the under-
lying error structure of different observations and the model.
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Equation (10.6)can be abstracted to:

� f
� t

¼ MðDÞf ; ð10:35Þ

whereM represents the Fokker–Planck evolution operator
(linearised Eq. (10.6)) for the PSD f , and D represents
various model parameters (e.g. diffusion coef� cients). This
equation requires knowledge of the initial condition off and
boundary conditions to make predictions into the future.
Data assimilation methods use partial observations off
within a time period (observation period) to estimate the
initial condition using an inverse problem. Then the recon-
structed initial condition is used to issue predictions for PSD
beyond the observation period. This process can be repeated
in a sequential manner in time.

A variety of initial studies using simple one-dimensional
radial models show the ef� ciency of Kalman � ltering applied
to the � eld of radiation belts. Friedel et al. (2003)performed
direct insertion of geosynchronous and GPS data into the
Salammbô code (Beutier and Boscher, 1995).Naehr and
Toffoletto (2005) used a log-transform of the PSD and an
extended Kalman� lter (EKF) for a performance study using
synthetic data.Shprits et al. (2007)used a KF with a simple
one-dimensional radial diffusion model to reconstruct radi-
ation belt PSD for a period of 50 days.Figure 10.4shows the
sparse Combined Release and Radiation Effects Satellite
(CRRES) spacecraft data (top), and the result of the reanalysis
with a one-dimensional radial diffusion model (bottom). Using
an EnKF, Koller et al. (2007) analysed a storm in 2002 and
showed that data assimilation can be used not only to recon-
struct the state of the system, but also to infer missing physical
processes.Kondrashov et al. (2007)and Schiller et al. (2012)
augmented the KF to perform parameter estimation studies.

Additionally, Ni et al. (2009b)tested four different empirical
external magnetic � eld models and found that combined

reanalyses have rather negligible response to the choice of mag-
netic � eld model. The authors also showed that the errors of
PSD obtained by assimilating multi-satellite measurements at
different locations can be reduced in comparison with the errors
of individual satellite assimilation. The sensitivity of the reanaly-
sis of electron radiation belt PSD to various outer boundary
conditions and loss models was studied byDaae et al. (2011),
who showed that the KF has a remarkable performance when
enough satellite data is available at all considered locations.Ni
et al. (2009a)assimilated Akebono electron� ux measurements
into the VERB-3D code and validated their results against
CRRES data. Using the same methodology,Shprits et al.
(2012) and Ni et al. (2013) performed a long-term multi-
spacecraft reanalysis and analysed the location of the peak of
the PSD, � nding good correlation with the plasmapause loca-
tion. The authors were also able to� nd a link between PSD
dropouts and solar wind dynamic pressure increases.

Two methods have been recently tested for speci� c events
to assimilate data in 3-D. First,Bourdarie and Maget (2012)
applied EnKF (Evensen, 2003) to the Salammbô code to
reconstruct the 3-D state of the radiation environment.
While EnKF may be convenient in its implementation, as
it uses the physics-based codes as a black box, it may present
a signi� cant computational challenge when the number of
ensemble members is high. Another known complication
associated with the EnKF is that underestimation of the
forecast covariance can result in a‘� lter divergence’. The
divergence is a state of the� lter in which observations
cannot in� uence the solution. Another approach was imple-
mented byShprits et al. (2013)who applied 3-D data assimi-
lation using CRRES data and the VERB-3D model using
a suboptimal operator-splitting method. They applied the
standard formulation of a Kalman � lter, but only for the
1-D diffusion operators in radial distance, energy, and pitch
angle sequentially. For each of the 1-D diffusion operators,
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Figure 10.4 Example of assimilation of sparse satellite
data with a simple 1-D radial diffusion model and
Kalman Filter. (Top) Hourly averaged PSD inferred
from CRRES MEA observations for K ¼ 0:11G0:5RE
and � ¼ 700MeV/G for a 50-day period starting on
18 August 1990. (Bottom) Results of the data
assimilation with a radial diffusion model. Modi � ed
� gure, from Shprits et al. (2007).
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they used only data points that lie along the direction of the
one-dimensional diffusion.

10.4.2 Real-Time Predictions
Data assimilation allows us to blend data from very
different sources with state-of-the-art models to glo-
bally reconstruct the evolution of energetic and relativ-
istic electrons in the near-Earth environment.
Sequential Kalman � ltering has been recently imple-
mented for real-time data assimilation and data assimi-
lative predictions. This stable framework assimilates
data from different sources and provides real-time
data assimilative nowcast and predictions. The data
assimilative predictions using the split-operator KF

(Shprits et al., 2013) are now broadcasted (Fig. 10.5)
at the website of the German Research Center for
Geosciences (GFZ-RB-forecast, 2021) and have been
made available for satellite operators. Further, the
resulting reanalysis, models, and data assimilation
framework is made available to the community through
the GFZ website (GFZ-data, 2021).

We are currently using a very stable version of the
VERB-3D code that does not include mixed terms. That
signi� cantly simpli� es the operations of the code and
speeds up the code execution. Neglect of the mixed terms
also allows us to use a relatively coarse grid of 25 × 25 ×
25 in pitch angle, energy, andL � . Numerical experiments
presented bySubbotin and Shprits (2009), and Aseev et al.
(2016) showed that errors associated with such a grid

Figure 10.5 Real-time display shown at GFZ-Potsdam. Two-day radiation belt forecast of 1MeV electrons using the data-assimilative
VERB code, real-time ARASE, ACE, POES and GOES data. (Top left) Real-time satellite trajectories and geometry of the magnetic� eld
lines used for calculation of the transformation into the coordinate system of adiabatic invariants. (Bottom left) 3-D visualisation of the
radiation belts. (Right panels) Top panel depicts real-time� ux measurements. Second panel shows the slice in energy and equatorial pitch
angles interpolated at 1 MeV kinetic energy and 50° equatorial pitch angle. Third panel shows the resulting reanalysis of the radiation belts
and a prediction with a horizon of two days. The dashed red line demarcates the historical reanalysis from the forecast for 2 days ahead of
real-time. The bottom panels show propagated solar wind parameters and the geomagnetic index Kp index of geomagnetic activity,
respectively. Source:GFZ-RB-forecast (2021).
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