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Preface

Topological crystallography, which was pioneered byMotoko Kotani and Toshikazu
Sunada in 2000, describes crystal structures using graph theory and variational prin-
ciples. One of the conventional tools describing crystal structures is space groups,
which denote the symmetry of placements of atoms. But space groups do not consider
the atomic bonds of crystals. Since crystal structure includes placements of atoms
and chemical bonds between atoms, graph theory is a natural tool to describe them.
On the other hand, one of the important notions to describe physical phenomena
is the principle of least action, which corresponds to the variational principle in
mathematics.

Although the description of crystal structures using space groups is not directly
related to the least action principle, topological crystallography provides a rela-
tionship between the symmetry of crystal structures and the variational principle.
Precisely, for a given graph structure which describes a crystal, we define the energy
of realizations of the graph, i.e., placements of vertices of the graph in a Euclidean
space of suitable dimension, and obtain a nice structure as a minimizer of the energy.
Moreover, such structures give us the most symmetric among all placements of the
graph, which is proved by using the random walk theory on graphs.

On the other hand, we can regard some molecular structures, for example,
fullerenes and carbon nanotubes, as surfaces, especially as discrete surfaces.
Recently, sp2-carbon structures (including fullerenes and nanotubes) have received
much attention in science and technology, since they have richπ-electrons and hence
rich physical properties. From a mathematical viewpoint, sp2-carbon structures can
be regarded as trivalent graphs in R

3, and hence trivalent discrete surfaces. There
are many discrete surface theories in mathematics. For example, the theory of trian-
gular surfaces is useful for computer graphics. But this is based on discretizations or
discrete analogues of continuous or smooth objects. In the case of the theory of trian-
gular surfaces, it is a discretization of smooth real objects. In other words, conven-
tional discrete surface theories are "from continuous to discrete". In contrast, discrete
surfaces, which describe crystal/molecular structures, are essentially discrete. Even
in the case of trivalent discrete surfaces, it is not easy to define the curvatures of them.
In this monograph, we also discuss a theory of trivalent discrete surfaces modeled on

vii



viii Preface

crystal/molecule structures in R
3, and subdivisions/convergence of them. The aim

of subdivision and convergence theory is to find an underlying continuous object
in crystals/molecules. It is difficult to calculate the physical properties of a crystal
structure with a huge number of atoms using current computer resources; however,
it is possible to treat such systems by calculating underlying continuous objects. By
considering the above, our discrete surface theory is “from discrete to continuous”.

I would like to thank Prof. Motoko Kotani for encouraging me to write this
monograph, and Prof. Toshikazu Sunada for leading me to the study of discrete
geometric analysis. I would also like to thank Profs. Tatsuya Tate, Makoto Tagami,
Yoshiyuki Kawazoe, andHiroyuki Isobe, Dr. Toshiaki Omori, Dr. Shintaro Akamine,
and members of the research project “Discrete Geometric Analysis for Material
Design” for helpful discussions and comments on my research. I am grateful to Dr.
Tomoya Naito for his valuable comments and suggestions. Lastly, I would like to
thank the members of the Japanese girls group “Nogizaka46” for encouraging my
research.

Enjoy a discrete world!

Nagoya, Japan
May 2021

Hisashi Naito
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Chapter 1
Overview of This Monograph

Let us start with a question here. Which figure in Fig. 1.1 is the most symmetric?
Obviously, figure (c) in Fig. 1.1 has less symmetry than (a) and (b); however, it

is difficult to compare symmetries of (a) and (b).
One of the basic tools for describing symmetries of crystal structures is space

groups, which describe symmetry of atoms (vertices/points) in a crystal structure.
For example, the symmetry of a regular hexagonal tiling of R2 is described by the
group P6m, and the space groupof the symmetry of a regular three-coloredhexagonal
tiling (see Fig. 1.2b) is P3m1. Similarly, the group P6m describes the symmetry of
a regular hexagonal lattice. The groups describing the symmetry of (a) and (b) of
Fig. 1.1 are P4mm and P6m, respectively, and one is never included in the other.

Topological crystallography, which was pionnered by Kotani and Sunada [28–30,
54], describes symmetries of both of vertices and of edges (atomic bonds of crystal
structure). Why does nature select (b) among (a)–(c) in Fig. 1.3? Note that these
lattices are created by the same graph. Topological crystallography answers this
question. In mathematics, a structure consisting of vertices and edges (connectivity
of vertices) is called a graph, and graph theory is one of the basic tools of topo-
logical crystallography (Chap. 2). However, graphs describe only vertices and their
connectivities, as in Fig. 2.2; placements of vertices and edges in Rn are not defined
in the notion of graphs. Therefore, we should define placements of a given graph
structure, which describes crystal structure, and should consider how to define nice
placement of the graph. By defining the energy of placements of a graph, we may
find a nice placement, which is called a standard realization, by using variational
principles. A standard realization gives us one of the most symmetric objects among
all placements of the graph (Chap. 3). In the first few sections, we discuss topological
crystallography including graph theory and geometry. The most important reference
of this part is Sunada’s lecture note [53]. The author discusses an introduction to
topological crystallography along with it.
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2 1 Overview of This Monograph

Fig. 1.1 Which figure is the
most symmetric?

(a) (b) (c)

Fig. 1.2 Space groups of a
and b are P6m and P3m1.
Since P3m1 is a subgroup of
P6m, we can say that figure
a has higher symmetry than
figure b

(a) (b)

Fig. 1.3 Different
realizations of the hexagonal
lattice

(a) (b) (c)

In the remaining chapters, we consider trivalent discrete surfaces which are math-
ematical models of types of molecule/crystal structures such as graphenes, carbon
nanotubes, and fullerenes (Chap. 4). We define the Gauss curvature and the mean
curvature for trivalent discrete surfaces, and we also construct negatively-curved
fullerenes by using standard realizations (Chap. 5). Moreover, we discuss subdi-
visions of trivalent discrete surfaces, which are not only of mathematical interest
(Chap. 6). Numerical methods in physics are difficult to apply to a huge number of
systems. Subdivision of structure may give us a good approximation of a contin-
uous model, and such a continuous model may give faster calculation of physical
properties. A spectrum of the Laplacian of graphs is deeply related to the electronic
properties of crystal/molecule structures. We will discuss such properties from a
mathematical viewpoint, and give several examples.

This monograph is based on the lecture note [39], and the main target of this
monograph is students inmathematics; however, the author’s intention is that students
in physics/chemistry can also find it useful.



Chapter 2
Graph Theory

Graph theory is one of themain tools to describe topological crystals. After a standard
definition of graphs, we discuss homology groups and covering spaces of graphs,
which are important notions describing symmetry of topological crystals. We also
discuss the Laplacian and its spectrum. Definitions and notations follow standard
textbooks of graph theory, for example [4, 6] and Sunada’s lecture note [54].

2.1 Graph

Definition 2.1 For finite or countable sets V and E, an ordered pair X = (V,E)

with i : E −→ V × V and ι : E −→ E is called a graph if i and ι satisfy

ι2 = idE, ι(e) �= e, i(ι(e)) = τ(i(e)), for any e ∈ E,

where τ : (u, v) �→ (v, u) for (u, v) ∈ V × V . An element v ∈ V and an element
e ∈ E is called a vertex and a directed edge of X , respectively. The map i is called
the incident map and the map ι is called the inversion map of X .

Usually, a graph X = (V,E) is defined as E ⊂ V × V for an ordered pair (V,E);
however, by this definition, multiple edges cannot be described.

For each edge e ∈ E, we write i(e) = (o(e), t(e)), we call o(e) and t(e) the origin
and the terminus of e, respectively, and we also call o(e) and t(e) ends of e. If a vertex
v ∈ V is an end of e, we say that v is incident with e. Moreover, we call e = ι(e)
the inverse edge of e ∈ E. By identifying e and e, we obtain an undirected edge. An
orientation of an undirected graphX = (V,E) is a subsetEo ⊂ E such that (V,Eo) is
a directed graph with Eo ∪ Eo = E and Eo ∩ Eo = ∅, where Eo = {e ∈ E | e ∈ Eo}.

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2023
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4 2 Graph Theory

In general,we also considerweightsof vertices and/or edges: functionswv : V −→
R>0 and we : E −→ R>0 are called weights of vertices and edges, respectively.

Definition 2.2 A graph X = (V,E) is called finite, if the number of vertices |V | and
the number of edges |E| are finite. For a vertex v ∈ V , writeEv = {e ∈ E | o(e) = v},
which is the set of edges with o(e) = v. The number of edges emanating with v ∈ V
is called the degree deg(v) = |Ev| of v. A graph is called locally finite when deg(v)

is finite for any v ∈ V .

Definition 2.3 If a locally finite graph X satisfies deg(v) = d for all v ∈ V , we call
X a regular graph of degree d . In particular, if X is a regular graph of degree three,
we call it a trivalent graph.

Definition 2.4 For a graph X = (V,E), successive edges

(u1, u2)(u2, u3) · · · (uk−2, uk−1)(uk−1, uk), (ui, uj) ∈ E,

is called a path between u1 and uk , and if u1 = uk , it is called a closed path. If a closed
path passes through a vertex only once, we call it a simple closed path. A graph is
connected, if there exists a path between arbitrary two vertices, and a connected
graph is called a tree, if the graph contains no simple closed path.

Remark 2.1 In this monograph, we assume that graphs are non-weighted (weight
functions are constant), connected, locally finite and undirected unless otherwise
stated; however, which may contain loops and/or multiple edges.

The following are typical finite graphs that appeared in this monograph (see
Fig. 2.1):

1. n-bouquet graph Bn: a graph of n self-loops and one vertex;
2. a cycle graph Cn: a graph of the n-gon;
3. a complete graphKn: a graph of n-vertices inwhich any two vertices are adjacent;
4. a complete bipartite graph Kn,m: a graph of (n + m)-vertices, the set of vertices

V is the disjoint union V1 and V2 (|V1| = n, |V2| = m), and any vertices v1 ∈ V1

and v2 ∈ V2 are adjacent;
5. polyhedral graphs: graphs formed from the vertices and the edges of a convex

polyhedron, for example, tetrahedral, cubic, octahedral, dodecahedral, icosahe-
dral, and truncated icosahedral graphs.

Example 2.1 All the graphs in Fig. 2.2 are the same.

Definition 2.5 Let X = (V,E) be a finite undirected graph. A tree T = (V,ET ) is
called a spanning tree of X , if and only if it satisfies ET ⊂ E (see Fig. 2.3).

Homology groups of graphs are a special version of common homology groups,
since a graph can be considered as a 1-dimensional CW complex. First by choosing
an orientation Eo of an undirected graph X = (V,E), we consider a directed graph



2.1 Graph 5

(a) (b) (c) (d) (e)

Fig. 2.1 a 3-bouquet graph B3, b cycle graph C5, c complete graph K4 (tetrahedral graph),
d complete bipartite graph K3,5, e cubic graph

Fig. 2.2 Different figure of
a K4 graph

Fig. 2.3 Examples of
spanning trees of a K4 graph

X ′ = (V,Eo). Let C0(X ) and C1(X ) be a 0-dimensional and a 1-dimensional chain
group of a (directed) graph X ′ = (V,Eo), namely C0(X ) = {∑x∈V axx | ax ∈ Z}
and C1(X ) = {∑e∈Eo aee | ae ∈ Z}. The boundary operator ∂ : C1(X ) −→ C0(X ) is
defined by

∂(e) = t(e) − o(e),

where o(e) and t(e) are the origin and terminus of the edge e. The homology group
H0(X ,Z) and H1(X ,Z) is defined by

H1(X ,Z) = ker ∂ ⊂ C1(X ), H0(X ,Z) = C0(X )/ image ∂.

In the following, we write [e] ∈ H1(X ,Z) for the equivalence class of e.

Proposition 2.1 (Sunada [54]) For X = (V,E) a locally finite graph, the equiva-
lence class [c] ∈ H1(X ,Z) of any non-trivial closed path c satisfies [c] �= [0]. Con-
versely, for each non-zero element h ∈ H1(X ,Z), there exists a closed path c in X
such that h = [c].
Proof Since c = e1 + · · · + ek ∈ C1(X ,Z) for a path c = e1 · · · ek (ei ∈ E) in X ,
we obtain ∂(c) = t(e1) − o(ek). If e is closed, then t(e1) = e(ek), namely ∂(c) = 0.
Therefore we obtain [c] �= [0] ∈ H1(X ,Z).

Next, for any h ∈ H1(X ,Z) = ker ∂ ⊂ C1(X ,Z), there exists αi ∈ Z and {ei} ⊂
E such that h = α1e1 + · · · + αkek . The equation ∂h = ∑

αi(t(ei) − o(ei)) = 0
implies that h is the sum of closed paths (see [53]). �

Proposition 2.1 implies that an element of H1(X ,Z) corresponds to a closed path
of X . Hence we obtain a method for counting the rank of H1(X ,Z).
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Proposition 2.2 Assume X = (V,E) is a finite graph, then the first homology group
H1(X ,Z) of X satisfies rankH1(X ,Z) = (|E| − |ET |)/2, where T = (V,ET ) is a
spanning tree of X .

Proof By the definition of spanning trees, for each edge e0 = (u, v) ∈ E \ ET , we
find unique path e = e1 · · · ek in T with o(e1) = v, t(ek) = u, satisfying ẽ0 = e0e is
a closed path in X . Hence by Proposition 2.1, we obtain [ẽ0] ∈ H1(X ,Z). For each
ei ∈ E \ ET , there exists [ẽi] ∈ H1(X ,Z) by a similar manner, and {[ẽi]} are linearly
independent.

Example 2.2 The rank of the first homology group of graphs in Fig. 2.6 are (a) 3,
(b) 3, (c) 2, and (d) 4, respectively.

Remark 2.2 An algorithm to find a spanning tree of a finite graph is well-known
as Kruskal’s algorithm. By using the algorithm we find a spanning tree within
O(|E| log |E|) (see Algorithm 7.1).

2.2 Covering Graph

We start with the definition of covering spaces for topological spaces [50], and
covering graphs are also a special case of covering spaces for topological spaces.

Definition 2.6 A topological space X is a covering space of a topological space X0

if there exists a surjective continuous map p : X −→ X0, which is called a covering
map, such that for each x ∈ X0, there exists an open neighbourhoodU of x and open
sets {Vi} ⊂ X satisfying p−1(U ) = �Vi with p|Vi : Vi −→ U homeomorphic.

Theorem 2.1 For any topological spaceX0, there exists the unique simply connected
covering space X̃ , which is called the universal covering of X0.

For a covering map p : X −→ X0, there exists a transformation group T on X such
that for any σ ∈ T , p ◦ σ = p. The group T is called the covering transformation
group. If X̃ is the universal covering space of X0, then the covering transformation
group of p : X̃ −→ X is the fundamental group π1(X ) of X .

X X X0

{e} π1(X) π1(X0)

q

covering

p

covering
p∗

hom.

q∗
hom.

p ◦ q

covering

q∗ ◦ p∗
hom.
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Example 2.3

1. The 1-dimensional Euclidean space (the real line) R is the universal covering
space of S1, since p : R −→ S1, p(x) = x (mod 2π). The covering transforma-
tion group of p is Z, hence π1(S1) ∼= Z.

2. The 2-dimensional Euclidean space R
2 is the universal covering space of

T 2 = R
2/Z2, since p : R2 −→ T 2, p(x, y) = [x (mod 2π), y (mod 2π)]. The

covering transformation group of p is Z2. Hence π1(T 2) ∼= Z
2.

3. Let SO(3) be a special orthogonal group, and I be an icosahedral group which is
a discrete subgroup of SO(3). The quotient space SO(3)/I is called a Poincarè
homology sphere and its universal covering space is S3. The covering trans-
formation group of this covering is Ih, which is called the binary icosahedral
group.

Definition 2.7 (Sunada [54]) A covering p : X −→ X0 with an abelian covering
transformation group is called an abelian covering.

Definition 2.8 (Sunada [54]) Let X = (V,E) and X0 = (V0,E0) be locally finite
graphs. The graph X is a covering graph over X0 if there exists a surjective map
p : X −→ X0, which is called a coveringmap, such that for each x ∈ V , p|Ex : Ex −→
E0,p(x) is bijective.

Definition 2.9 (Sunada [54]) Let X be a covering graph over a locally finite graph
X0 and p : X −→ X0 be the covering map. The covering transformation group G(p)
is a group that consists of all automorphisms σ : X −→ X satisfying p ◦ σ = p. A
covering map p : X −→ X0 is called regular if the actionG(p) on p−1(x) is transitive
for all x ∈ X0 i.e., G(p)x = p−x(x) for all x ∈ X0.

For a regular covering map p : X −→ X0, the graph X0 is isomorphic to the quo-
tient graph X /G(p), which is the orbit space for the G(p)-action. For any topologi-
cal space X0, there exists the Hurewicz isomorphism H1(X0,Z) ∼= π1(X0)/[π1(X0),

π1(X0)], where [G,G] = 〈aba−1b−1 | a, b ∈ G〉 is the commutator subgroup of a
group G. Let X̃0 be the universal covering graph over a locally finite graph X0; a
covering graph X 0 = X̃0/[π1(X0), π1(X0)] over X0 is an abelian one, whose trans-
formation group is H1(X0,Z). For each abelian covering map p : X −→ X0, there
exists a subcoveringmap p1 : X 0 −→ X of p : X 0 −→ X0. Hence, the covering graph
X 0 is called the maximal abelian covering graph of X0 (cf. Sunada [54, Theorem
6.1]).

Coverings in examples 1 and 2 in Example 2.3 are abelian coverings, but 3 is not
abelian since Ih is not abelian. Moreover, Ih has no non-trivial abelian quotients, the
maximal abelian covering of a Poincaré homology sphere is itself.

Example 2.4

1. LetCn = (Vn,En) be a cycle graph with n vertices. If there exists k ∈ N such that
m = kn, then p : Cm −→ Cn, (Vm � xkj �→ xj ∈ Vn) is a covering map, whose
covering transformation group is the abelian group of order k. The universal
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Fig. 2.4 a 2-bouquet graph,
b covering graph of
2-bouquet graph, c square
lattice, which is a maximal
abelian covering graph of a
and b

(a) (b) (c)

Fig. 2.5 a K4 graph,
b cubic graph: double
covering of K4 graph
(a tetrahedron graph)

(a) (b)

A

B

CD
A B

CD

C D

AB

covering graph ofCn is the graphC = (V,E), V = Z,E = {(n, n + 1) | n ∈ Z}.
The covering transformation group is Z, hence C is also a maximal abelian
covering space of Cn.

2. Let X0 be a 2-bouquet graph (Fig. 2.4b). The graphs X1 and X2 (Fig. 2.4c, d)
are covering graphs of X0, whose covering transformation groups are Z and
Z
2, respectively. Since H1(X0,Z) ∼= Z

2, the graph X2, which is called a square
lattice, is a maximal abelian covering. The universal covering graph of X0 is a
regular tree of degree 4. The fundamental group π1(X ) is a free group with 3
elements.

3. The graph shown in Fig. 2.5b is a double covering of the K4 graph.

2.3 Graph Laplacian

In this section, we first recall the assumptions that graphs are undirected and admit
multiple and loop edges.

Definition 2.10 Let X = (V,E) be a finite graph with V = {vi}ni=1. The adjacency
matrix A = AX = [aij] of X is an n×n matrix defined by aij = �[edges (vi, vj)].

Note that the adjacency matrix AX of X is symmetric, since X is undirected.

Remark 2.3 Let A be an adjacency matrix of a graph X ;

1. an (i, j)-element of Ak expresses the number of paths from vi to vj by k-steps;
2. if An−1 (n = |V |) is not block diagonal, then X is connected;
3. ifX is simple and undirected, then (1/6) tr(A3) expresses the number of triangles

contained in X .
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Fig. 2.6 Examples of graphs, their adjacency matrices (the second row), and their Laplacian (the
third row)

Definition 2.11 Let X = (V,E) be a finite graph with V = {vi}ni=1. The Laplacian
	 = 	X of X is an n×n matrix defined by 	X = AX − DiagX , where DiagX =
diag(deg(v1), . . . , deg(vn)) is a diagonal matrix with the i-th diagonal elements
deg(vi).

Since, we assume X is undirected, the Laplacian 	X is symmetric. If X is a regular
graph of degree d , 	X = AX − dIn, where n = |V | and In is the identity matrix of
size n.

Remark 2.4 The Laplacian is also called the Kirchhoff matrix, it is sometimes
defined by DiagX −AX (inverse sign of our definition). The matrix DiagX +AX is
called the signless Laplacian.

Definition 2.12 Let X = (V,E) be a finite directed graph with V = {vi}ni=1 and
E = {eα}mα=1. The gradient matrix DX = [diα] and incidence matrix MX = [miα] of
X are n×m matrices defined by

diα =

⎧
⎪⎨

⎪⎩

1 (o(eα) = vi),

−1 (t(eα) = vi),

0 (otherwise),

and miα =

⎧
⎪⎨

⎪⎩

1 (o(eα) = vi),

1 (t(eα) = vi),

0 (otherwise),

respectively.

Example 2.5 Incidence matrices and gradient matrices of graphs (under a suitable
orientation) in Fig. 2.6 are
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MX =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 1 0 0
1 0 0 0
1 0 0 1
0 1 1 0
0 0 1 1
0 1 0 1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

⎡

⎣
3
3
3

⎤

⎦ ,

⎡

⎣
1 1
1 1
1 1

⎤

⎦ ,

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 1 0
0 1 1
1 0 1
1 1 0
0 1 1
1 0 1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

DX =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 −1 0 0
1 0 0 0
1 0 0 −1
0 1 −1 0
0 0 1 −1
0 −1 0 1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

⎡

⎣
0
0
0

⎤

⎦ ,

⎡

⎣
1 −1
1 −1
1 −1

⎤

⎦ ,

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 −1 0
0 1 −1

−1 0 1
1 −1 0
0 1 −1

−1 0 1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

respectively.

Proposition 2.3 For a finite graph X , the Laplacian 	X satisfies

	X = −DXD
T
X . (2.1)

Proof By using the notation DX = [diα] and 	X = [
ij], we have

−diαdαj =
{
1 iX (eα) = (vi, vj) or (vj, vi),

0 otherwise,

for i �= j, hence we obtain

−
|E|∑

α=1

diαdαj = �[edges between vi and vj] = 
ij, i �= j.

On the other hand,

diαdαi =
{
1 eα is not a loop edge, and o(eα) or t(eα) = vi,

0 otherwise,

since diα = 0 if eα is a loop edge. Hence we obtain

−
|E|∑

α=1

diαdαj = − deg(vi) + �[loop edges with which vi is incident]

= −
ii.

This proves the claim. �
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For a finite graph X = (V,E), the Laplacian 	X is a |V | × |V | matrix, therefore
we may define eigenvalues of 	X usual way.

Theorem 2.2 Eigenvalues {λi}|V |−1
i=0 of −	X of a finite graph X = (V,E) are non-

negative.Moreover, if the graphX is connected, then λ0 = 0 and λ1 > 0 are satisfied,
writing eigenvalues in ascending order λ0 ≤ · · · ≤ λ|V |−1.

Proof By Proposition 2.3, we may write −	X = DT
XDX and

〈−	X v, v〉 = 〈
DXD

T
X v, v

〉 = |DT
X v|2, (2.2)

where v ∈ R
n and 〈•, •〉 is the standard inner product ofRn (n = |V |). Since 	X is a

symmetric matrix and satisfies (2.2), eigenvalues of −	X are real and non-negative.
By the definition of	X = [dij], we have∑n

j=1 dij = 0 for i = 1, . . . , n. Therefore
we obtain

	X x0 = [∑n
j=1 d1j · · · ∑n

j=1 dnj
]T = 0,

where x0 = [
1 · · · 1]T . Hence 0 is an eigenvalues of −	X .

By using the Rayleigh principle, we obtain

λ1 = inf
x∈Rn,|x|=1,x⊥x0

〈−	X x, x〉 = inf
x∈Rn,|x|=1,x⊥x0

|DT
X x|2

= inf
x∈Rn,|x|=1,x⊥x0

∑

(vi,vj)∈E
|xi − xj|2. (2.3)

Here, we assume λ1 = 0, then there exists x = [
xj

]T ⊥ x0 and xi = xj for any
(vi, vj) ∈ E. Here we let xI0 = 1/

√
n, then xi = 1/

√
n for all vi connected to vi0 .

Since we assume X is connected, this argument yields that x = (1/
√
n)x0. This con-

tradicts the assumption x ⊥ x0. Hence we obtain λ1 > 0. �

Remark 2.5 TheLaplacian	M on aRiemannianmanifold is defined as the operator
satisfying 	M = −∇∗∇ by using the covariant differentiation ∇ and its L2-adjoint
∇∗ (compare (2.1)). In addition, assume M is compact, then for u ∈ C∞(M ), the
Laplacian also satisfies −〈	M u, u〉L2(M ) = ‖∇u‖2L2(M )

(compare (2.2)).

In the case that a graph X has special properties, we obtain particular information
on eigenvalues of the Laplacian.

Theorem 2.3 Let X be a d-regular finite graph, then eigenvalues {λk} of −	X

satisfy λk ∈ [0, 2d ].
There are several proofs of Theorem 2.3; here we prove it using the Gershgorin

circle theorem, which is famous in numerical analysis.

Theorem 2.4 (Gershgorin circle theorem) Let A be an n × n complex matrix, and
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Ri =
∑

j �=i

|aij|, i = 1, . . . , n.

Then any eigenvalues λ ∈ C of A are contained in at least one disk BRi (aii) (⊂ C).

Proof Let φ = [
φj

]
be an eigenvector with eigenvalue λ. Selecting k as the index

such that |φj| (j = 1, . . . , n) is a maximum, we have

n∑

j=1

akjφj = λφk , (2.4)

hence we obtain
n∑

j �=k

akjφj = (λ − akk)φk . (2.5)

Since φk �= 0 and |φj/φk | ≤ 1, by (2.5), we obtain

|λ − akk | =
∣
∣
∣
∣
∣
∣

n∑

j �=k

akj
φj

φk

∣
∣
∣
∣
∣
∣
≤

n∑

j �=k

∣
∣akj

∣
∣
∣
∣
∣
∣
φj

φk

∣
∣
∣
∣ ≤

n∑

j �=k

∣
∣akj

∣
∣ = Rk , (2.6)

therefore we obtain the claim. �

Proof (Proof of Theorem 2.3) Since X is d -regular, −	X = [aij] satisfy aii = d ,
aij = 0, or − 1 (i �= j), and

∑
j �=i aij = −d . Therefore by Theorem 2.4, eigenvalues

{λk} of −	X satisfies
|λk − d | ≤

∑

i �=j

|aij| = d ,

namely λk ∈ [0, 2d ]. �

Definition 2.13 A locally finite graph X = (V,E) is called bipartite, if and only
if there exists V1, V2 ⊂ V such that V is the disjoint union of V1 and V2, and each
edge e ∈ E has one end in V1 and the other end in V2. The set (V1, V2) is called a
bipartition of V .

Example 2.6 A graph K3,3 is bipartite (see Fig. 2.7); however, complete graphs
Kn (n ≥ 3) are not bipartite, since there exists a closed path with odd length, in
particular, a close path with length 3. But, a cubic graph (a double covering graph of
K4) is bipartite.

Theorem 2.5 Assume X = (V,E) is a finite bipartite graph. If λ is an eigenvalue
of the adjacency matrix AX of X , then −λ is also an eigenvalue of AX .
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Fig. 2.7 a Cubic graph
(double cover of K4 graph),
b K3,3 graph, c K5 graph.
The cubic graph and K3,3 are
bipartite, but K5 is not
bipartite, since it contains a
closed path with length 3

(a) (b) (c)

Proof Let V = V1 ∪ V2 is a bipartition of V , and let V1 = {v1, v3, . . . , v|V |/2−1},
V2 = {v2, v4, . . . , v|V |/2}.Nowweassumeφ = [

φi
]
is an eigenvectorwith eigenvalue

λ, i.e., AXφ = λφ, and we define φ̃ = [
(−1)iφi

]
. Then the 2i-th elements of AX φ̃

satisfies

[AX φ̃]2i =
n∑

j=1

(−1)ja2i jφj = −
n∑

j=1

a2i jφj = −λφ̃, (2.7)

since adjacencies of v2i ∈ V2 are contained in V1. Similarly, we also obtain

[AX φ̃]2i−1 =
n∑

j=1

(−1)ja2i−1 jφj =
n∑

j=1

a2i−1 jφj = −λφ̃. (2.8)

Therefore by (2.7) and (2.8), we obtain AX φ̃ = −λφ̃. �

By using Theorem 2.5, we easily obtain the following:

Corollary 2.1 Let X be a finite bipartite regular graph, then an eigenvector for
the maximum eigenvalue of the adjacency matrix AX is simple and it is given by
φ = [

(−1)i
]
.

Definition 2.14 The line graph L(X ) of a locally finite graph X = (V,E) is the
graph whose vertices are the undirected edges of X and two undirected edges ei and
ej ∈ E are adjacent in L(X ) if undirected edges ei and ej are adjacent in X . If a graph
X has a loop edge e, we define that e is incident itself.

The following theorem helps us to describe line graphs.

Theorem 2.6 For a finite graph X ,

M T
X MX = AL(X ) + 2I|V (X )| (2.9)

holds, where MX is the incidence matrix of X , AL(X ) is the adjacency matrix of L(X ),
and I|V (X )| is the identity matrix of size |V (X )|. In particular, if X is d-regular, then
L(X ) is (2d − 2)-regular and

M T
X MX = 	L(X ) + 2dI|V (X )|. (2.10)
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Proof Components miα of the incidence matrix MX = [miα] of X expressed that
miα = 1 if a vertex vi ∈ V (X ) is incident with a non-loop edge eα ∈ E(X ), miα = 2
if a vertex vi ∈ V (X ) is incident with a loop edge eα ∈ E(X ). In the case of α �= β,
mαkmkβ = 1 if and only if the vertex vk ∈ V is incident with eα and eβ , and hence
we obtain

|V (X )|∑

k=1

mαkmkβ

= �[edges in L(X ) which uα and uβ ∈ V (L(X )) are incident with].

(2.11)

In the case of α = β, since each column of MX has just two non-zero components
(each edge has two ends), we obtain

|V (X )|∑

k=1

mαkmkα

= 2 + 2�[loop edges in L(X ) which uα ∈ V (L(X )) is incident with].

(2.12)

Therefore by (2.11) and (2.12), we obtain (2.9).
Assume that X is d -regular, and write adjacents of v1 ∈ V (X ) as v2, vx1 , . . . , vxd−1

and adjacents of vx1 as v1, vy2 , . . . vyd−1 , then adjacents of v12 ∈ V (L(X )) are
v1x2 , . . . , v1xd−1 , v2y2 , . . . , v2yd−1 . Hence the line graph L(X ) is (2d − 2)-regular if
X is d -regular, and (2.10) is easily obtained from 	L(X ) = AL(X ) − (2d − 2)I . �

Example 2.7

1. Let X be the graph in Fig. 2.8, upper row of (a). Then the line graph L(X ) of
X is Fig. 2.8, lower row of (a). Incidence matrix and gradient matrix (under a
suitable orientation) of X are

MX =

⎡

⎢
⎢
⎢
⎣

1 1 0 0 0 0 0 1 0
1 0 1 0 0 0 0 0 1
0 1 1 1 0 0 0 0 0
0 0 0 1 1 1 0 0 0
0 0 0 0 1 0 1 1 0
0 0 0 0 0 1 1 0 1

⎤

⎥
⎥
⎥
⎦

, DX =

⎡

⎢
⎢
⎢
⎣

1 1 0 0 0 0 0 1 0
−1 0 1 0 0 0 0 0 1
0 −1 −1 1 0 0 0 0 0
0 0 0 −1 1 1 0 0 0
0 0 0 0 −1 0 1 −1 0
0 0 0 0 0 −1 −1 0 −1

⎤

⎥
⎥
⎥
⎦

,

MT
X MX =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

2 1 1 0 0 0 0 1 1
1 2 1 1 0 0 0 1 0
1 1 2 1 0 0 0 0 1
0 1 1 2 1 1 0 0 0
0 0 0 1 2 1 1 1 0
0 0 0 1 1 2 1 0 1
0 0 0 0 1 1 2 1 1
1 1 0 0 1 0 1 2 0
1 0 1 0 0 1 1 0 2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, DXD
T
X =

⎡

⎢
⎢
⎢
⎢
⎣

3 −1 −1 0 −1 0
−1 3 −1 0 0 −1
−1 −1 3 −1 0 0
0 0 −1 3 −1 −1

−1 0 0 −1 3 −1
0 −1 0 −1 −1 3

⎤

⎥
⎥
⎥
⎥
⎦

,

and they satisfy DXDT
X = −	X , MT

X MX = AL(X ) + 2I8. Moreover, since the
graph X is 3-regular, L(X ) is 4-regular and MX and 	L(X ) satisfy MT

X MX =
	L(X ) + 6I8.

2. Let X be the graph in Fig. 2.8, upper row of (b), which has multiple edges. The
line graph L(X ) of X is Fig. 2.8, lower row of (b). Incidence matrix and gradient
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matrix (under a suitable orientation) of X are

MX =

⎡

⎢
⎢
⎣

1 1 1 0 0
1 1 0 1 0
0 0 1 1 1
0 0 0 0 1

⎤

⎥
⎥
⎦ , DX =

⎡

⎢
⎢
⎣

1 −1 1 0 0
−1 1 0 −1 0
0 0 −1 1 −1
0 0 0 0 1

⎤

⎥
⎥
⎦ ,

MT
X MX =

⎡

⎢
⎢
⎢
⎢
⎣

2 2 1 1 0
2 2 1 1 0
1 1 2 1 1
1 1 1 2 1
0 0 1 1 2

⎤

⎥
⎥
⎥
⎥
⎦

, DXD
T
X =

⎡

⎢
⎢
⎣

3 −2 −1 0
−2 3 −1 0
−1 −1 3 −1
0 0 −1 1

⎤

⎥
⎥
⎦ ,

and they satisfy DXDT
X = −	X , MT

X MX = AL(X ) + 2I6.
3. Let X be the graph in Fig. 2.8, upper row of (c), which has multiple edges and

a loop edge. The line graph L(X ) of X is Fig. 2.8, lower row of (c). Incidence
matrix and gradient matrix (under a suitable orientation) of X are

MX =

⎡

⎢
⎢
⎣

1 1 1 0 0 0
1 1 0 1 0 0
0 0 1 1 1 0
0 0 0 0 1 2

⎤

⎥
⎥
⎦ , DX =

⎡

⎢
⎢
⎣

1 1 1 0 0 0
−1 −1 0 1 0 0
0 0 −1 −1 1 0
0 0 0 0 −1 0

⎤

⎥
⎥
⎦ ,

MT
X MX =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

2 2 1 1 0 0
2 2 1 1 0 0
1 1 2 1 1 0
1 1 1 2 1 0
0 0 1 1 2 2
0 0 0 0 2 4

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

, DXD
T
X =

⎡

⎢
⎢
⎣

3 −2 −1 0
−2 3 −1 0
−1 −1 3 −1
0 0 −1 1

⎤

⎥
⎥
⎦ ,

and they satisfy DXDT
X = −	X , MT

X MX = AL(X ) + 2I6. Moreover, the graph X
is 3-regular and the line graph L(X ) is 4-regular.

4. Let X be the graph in Fig. 2.6c, which has multiple edges. The line graph L(X )

of X is the graph in Fig. 2.6d.
5. For 3-bouquet graphB3, its incidencematrix andgradientmatrix (under a suitable

orientation) are
MX = [

2 2 2
]
, DX = [

0 0 0
]
,

and we obtain

MT
X MX =

⎡

⎣
4 4 4
4 4 4
4 4 4

⎤

⎦ = AL(X ) + 2I3, DXD
T
X = [

0
] = −	X .
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(a) (b) (c) (d)

Fig. 2.8 Each graph in the lower row is the line graph of the upper row



Chapter 3
Topological Crystals

Standard realizations of topological crystals describe the most symmetric crystal
structure among given graph structures, namely including chemical bonds of atoms
in the crystal. In this chapter, we discuss the notion of topological crystals by using
abelian covering graphs, and standard realizations by using variational principles.
We also explicitly calculate examples of standard realizations.

3.1 Topological Crystals and Their Standard Realizations

Definition 3.1 (Sunada [54]) A connected locally finite graph X = (V,E), which
may include self-loops and multiple edges, is called a d -dimensional topological
crystal (or a crystal lattice), if and only if there exists a free abelian group G of the
rank d , which acts freely on X , such that X /G is finite.

For a topological crystal X = (V,E), there exists a finite graph X0 = (V0,E0)

satisfying X /G = X0, where G is an abelian subgroup of H1(X0, Z), and X is a
covering graph ofX0 whose covering transformation group isG. On the contrary, for a
given connected finite graph X0 = (V0,E0) and an abelian subgroupG ⊂ H1(X0, Z),
there exists a topological crystal X with X /G = X0.

Definition 3.2 (Sunada [54]) A topological crystal X is called maximal abelian if
and only if G ∼= H1(X0, Z).

Example 3.1 A square lattice X (Fig. 3.1a) is a topological crystal whose base graph
X0 is the 2-bouquet graph (Fig. 3.3a). Since the covering transformation group G is
G = H1(X0, Z) and rank G = rankH1(X0, Z) = 2, a square lattice is 2-dimensional
and maximal abelian.

Example 3.2 A triangular lattice X (Fig. 3.1b) is a topological crystal whose base
graphX0 is the graph in Fig. 2.6b. Since the covering transformation groupG satisfies
rank G = 2, butH1(X0, Z) = 3, a triangular lattice is 2-dimensional and notmaximal
abelian.

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2023
H. Naito, Trivalent Discrete Surfaces and Carbon Structures,
SpringerBriefs in the Mathematics of Materials 5,
https://doi.org/10.1007/978-981-99-5769-9_3
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(a) (b) (c) (d)

Fig. 3.1 a A square lattice, b a triangular lattice, c a hexagonal lattice, and d a kagome lattice,
which are standard realizations of representative 2-dimensional topological crystals. Blue vectors in
figures are a basis of parallel translations. Thick edges in figures are a fundamental piece of parallel
translations

Example 3.3 A hexagonal lattice X (Fig. 3.1c) is a topological crystal whose base
graph X0 is the graph in Fig. 2.6c. Since the covering transformation group G is G =
H1(X0, Z) and rank G = rankH1(X0, Z) = 2, a hexagonal lattice is 2-dimensional
and maximal abelian.

Example 3.4 A kagome lattice X (Fig. 3.1d) is a topological crystal whose base
graphX0 is the graph in Fig. 2.6d. Since the covering transformation groupG satisfies
rank G = 2 but H1(X0, Z) = 4, a kagome lattice is 2-dimensional and not maximal
abelian.

Example 3.5 A diamond lattice X (Fig. 3.24) is a topological crystal whose base
graph X0 is the 3-bouquet graph (Fig. 2.6b). Since the covering transformation
group G is G = H1(X0, Z) and rank G = rankH1(X0, Z) = 3, a diamond lattice
is 3-dimensional and maximal abelian.

Definition 3.3 (Sunada [54]) A piecewise linear map � : X −→ R
d is called a

realization of d -dimensional topological crystal X = (V,E).

A map � : X −→ R
d is piecewise linear means that first we define � : V −→ R

d

and define �(e) by linear interpolation between �(o(e)) and �(t(e)).

Definition 3.4 (Sunada [54]) A realization � of a d -dimensional topological crys-
tal X is called a periodic realization, if there exists an injective homomorphism
ρ : G −→ R

d satisfying

�(gv) = �(v) + ρ(g), (v ∈ V, g ∈ G).

Example 3.6 Realizations in Fig. 3.2 are different periodic realizations of a hexag-
onal lattice. It is well-known that the realization (b) is the most symmetric among
the three figures in Fig. 3.2. The main problem of this section is to explain the reason
why nature selects (b) by mathematics.
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(a) (b) (c)

Fig. 3.2 Different periodic realizations of the hexagonal lattice

Definition 3.5 (Sunada [54]) Let X be a d -dimensional topological crystal with the
base graph X0 = (V0,E0), G be an abelian group acting on X , and � or (�, ρ) be a
periodic realization ofX , whereρ : G −→ GL(d , R). The energy and the normalized
energy of � are defined by

E(�) =
∑

e∈E0

|�(t(e)) − �(o(e))|2, (3.1)

and
E(�, ρ) = Vol(�)−2/d

∑

e∈E0

|�(t(e)) − �(o(e))|2, (3.2)

respectively, where � = ρ(G) and Vol(�) is the volume of the fundamental domain
of � in R

d .

The energy of � is a discrete analogue of the Dirichlet energy for smooth maps on
a Riemannian manifold.

Definition 3.6 (Sunada [54]) For a topological crystal X with fixed lattice � =
ρ(G), a critical point � of the energy E is called a harmonic realization of X .

In the following, we abbreviate v = �(v) and e = �(e) for v ∈ V and e ∈ E, as
long as there are no misunderstandings.

Proposition 3.1 (Sunada [54]) For a topological crystal X , a realization � is har-
monic if and only if

∑

(u,v)∈(E0)v

(u − v) = 0, for all v ∈ V0, (3.3)

or equivalently
�X0v = 0 for all v ∈ V0. (3.4)

That is to say, the sum of vectors creating edges emanating from each v is zero, in
other words, each vertex of V satisfies the “balancing condition”.
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Proof For a fixing � with Vol(�) = 1, we have E(�) = E(�, ρ). By using the
gradient matrix DX0 of X0 under a suitable orientation, we may write

E(�) = 1

2
|DX0e|2. (3.5)

Let �t : X −→ R
d be a variation of � with �0 = �. Differentiating E(�t) by t and

using the “integration by parts”, we may calculate this as

d

dt
E(�t) = 〈

MX0v,DX0v
′〉 = 〈

DT
X0
DX0v, v

′〉 = −〈
�X0v, v

′〉,

where v(t) = �t(v). Therefore, we obtain

d

dt
E(�t)

∣∣∣∣
t=0

= −〈
�X0v, v

′〉 = −2
∑

v∈V0

∑

u∈Ev

〈v − u, xu〉, xu = �′
t(u)

∣∣
t=0 ,

and get the result. �

Remark 3.1 1. In Definition 3.6, if we do not assume that the lattice � is fixed,
then critical points admit � = 0 and E(�) = 0.

2. For a smooth map u : � −→ R with u|∂� = 0, where � is a domain in R
N ,

the Dirichlet energy E of u is defined by E(u) = 1
2

∫
�

|∇u|2 dV, and its Euler–
Lagrange equation is �u = 0 (the Laplace equation). This is why the critical
points of E for topological crystals are called harmonic.

Example 3.7 Realizations (b) and (c) of Fig. 3.2 are harmonic, since each vertex
v ∈ V0 satisfies the balance condition (3.4), but the realization (a) of Fig. 3.2 is not
harmonic. Hence, the harmonic conditions (3.3) or (3.4) are not sufficient to select
(b) among this three realizations in Fig. 3.2.

Proposition 3.2 (Sunada [54]) Harmonic realizations of X are unique up to affine
transformations.

Proof The Eq. (3.3) is invariant under affine transformations. Let {ei}di=1 be aZ-basis
of the abelian group G, which acts on X . Assume �1(X ) and �2(X ) are harmonic
realizations of X with respect to lattice �1 = ρ1(L) and �2 = ρ2(L), respectively.
Then, there exists an A ∈ GL(d , R) such that ρ1(g) = Aρ2(g) for g ∈ G. Hence, we
obtain that there exists b ∈ R

d such that �1 = A�2 + b. �

Definition 3.7 (Sunada [54]) For a topological crystal X , standard realizations of
X are critical points of E among all realizations � and � with Vol(�) = 1.

A standard realization is also called an equilibrium placement, defined by Delgado-
Friedrichs–O’Keeffe [8].

Theorem 3.1 (Kotani–Sunada [29], Sunada [54]) For any topological crystals X ,
there exists the unique standard realization up to Euclidean motions.
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Kotani–Sunada proved Theorem 3.1 by using a theory of harmonic maps. Eells–
Sampson [11] proved the existence theorem of harmonic maps from a compact Rie-
mannian manifold into a non-positively curved Riemannian manifold. The energy
(3.1) is the Dirichlet energy of maps from a 1-dimensional CW complex into a
Euclidean space. Hence, by Eells–Sampson’s theorem, there exists a standard real-
ization (an energy minimizing harmonic map) in each homotopy class. Sunada also
gave another proof of Theorem 3.1 in his lecture note [54]. On the other hand, the
existence of standard realizations can be also proved by showing the strong convexity
of the energy (3.1).

Since we may consider standard realizations as discrete harmonic maps from a
1-dimensional CW complex into R

d , recently, Kajigaya–Tanaka [20] studied the
existence of discrete harmonic maps into Riemann surfaces of genus greater than or
equal to two (negatively curved Riemann surfaces).

Theorem 3.2 (Sunada [52–54]) For a d-dimensional topological crystal X , a real-
ization � is standard if and only if

∑

e∈E0

e = 0, (3.6)

∑

e∈E0

〈x, e〉e = cx for all x ∈ R
d and for some c > 0. (3.7)

Proof First, we define T : R
d −→ R

d by Tx =
∑

e∈E0

〈x, e〉e. Since

〈Tx, y〉 =
∑

e∈E0

〈x, e〉〈y, e〉 = 〈x,Ty〉, (3.8)

we obtain that T is symmetric. We can prove that � is a standard realization if and
only if there exists a positive constant c > 0 such that T = cI .

On the other hand, for any symmetric matrix T of size d with positive eigenvalues,
there exists an orthogonal matrix P such that PTTP = diag(λ1, . . . , λd ), where λj >

0 are eigenvalues of T . The inequality of arithmetic and geometric means implies

tr T = tr PTTP ≥ d(det PTTP)1/d = d(det T )1/d ,

and the equality holds if and only if T = λId .
Here, we write E0 = {eα}|E0|

α=1, and ei = [eα1, . . . , eαd ] ∈ R
d . Since the Eq. (3.7)

is equivalent to
〈Tx, y〉 =

∑

e∈E0

〈e, x〉〈e, y〉 = c〈x, y〉, (3.9)

taking an orthogonal basis {xj}dj=1 of R
d , and setting x = xj, and y = xk , we obtain
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|E0|∑

α=1

eαjeαk = cδjk , (3.10)

and

Vol(�)2/dE(�, ρ) =
∑

e∈E0

|e|2 =
|E0|∑

α=1

d∑

j=1

e2αj = cd . (3.11)

Now, we assume that (�1, ρ1) is a standard realization of X and (�2, ρ2) is a
harmonic realization of X . By Proposition 3.2, there exists an A = [aij] ∈ GL(d , R)

and b ∈ R
d such that �2 = A�1 + b and ρ1 = Aρ2. Then, we obtain

Vol(�1) = |det A|Vol(�2), fαi =
d∑

j=1

aijeαj,

and

Vol(�2)
2/dE(�2, ρ2) =

d∑

i=1

|E0|∑

α=1

f 2αi =
d∑

i=1

d∑

j,k=1

|E0|∑

α=1

aijaik eαjeαk

=
d∑

i=1

d∑

j,k=1

|E0|∑

α=1

aijaikδjk = c
d∑

i=1

d∑

j=1

aijaij = c tr ATA

≥ cd(det ATA)1/d = cd | det A|2/d = cd(Vol(�2)/Vol(�1))
2/d

= cd Vol(�2)E(�1, ρ1).

This implies that E(�2, ρ2) ≥ E(�1, ρ1) if and only if the Eq. (3.7) holds. �

Theorem 3.3 (Sunada [52–54]) Assume that � is a standard realization of a d-
dimensional topological crystal. Then, each element σ ∈ Aut(X ) extends as an ele-
ment of Aut(�(X )) ⊂ O(d) � R

d (Euclidean motion group of R
d ).

Theorem 3.3 means that standard realizations, which are obtained by a variational
principle, havemaximal symmetry among all the realizations of a topological crystal.

Example 3.8 The realization (b) of Fig. 3.2 is a standard realization of a hexagonal
lattices, whereas, the realization (c) of Fig. 3.2 is not standard.

Example 3.9 Let �ABC be a triangle on a plane and O be the barycenter of the
triangle, and consider a graph X = (V,E) consisting of V = {O,A,B,C} and E =
{(O,A), (O,B), (O,C)}. By a property of the barycenter of triangles, we obtain−→
OA + −→

OB + −→
OC = 0. That is to say, the balancing condition (3.3) holds for O ∈ V ;

however, the condition (3.7) only holds for the case that �ABC is a regular triangle.
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Kotani–Sunada considered topological crystals from probabilistic motivations
[26, 27, 30, 52].A randomwalk on a graphX = (V,E) is a stochastic process associ-
ated with p : E −→ [0, 1] satisfying ∑

e∈Ex
p(e) = 1. In the case of p(e) = 1/(|Ex|),

the random walk is called simple random walk. The function p is considered as tran-
sition probability from o(e) to t(e). Define pX (n, x, y) = ∑

p(e1) · · · p(en), where
summation over all paths with e = e1 · · · en, o(e1) = x, t(en) = y ∈ V , is called n-
step probability from x to y.

Kotani–Sunada studied asymptotic behaviors of random walks on topological
crystal.

Theorem 3.4 (Kotani–Sunada [27])LetX = (V,E)bead-dimensional topological
crystal, and � : X = (V,E) −→ R

d be a standard realization of X with the lattice
�, then the transition probability pX on X satisfies

|�(x) − �(y)| = lim
n→∞ 2n

(
pX (n, x, x)

pX (n, y, x)
+ pX (n, y, y)

pX (n, x, y)
− 2

)
. (3.12)

The right hand side of (3.12) consists of information only on (abstract) topological
crystals, hence distance between the vertices of a standard realization determined by
them. Theorem 3.3 is proved by this fact.

3.2 Construction of Standard Realizations

In this section, we demonstrate how to construct a standard realization from a given
base graph explicitly.

Let X0 = (V0,E0) be a finite graph with d = rankH1(X0, Z). We consider X0 as
a directed graph by defining directions of edges. Then, we may define a natural inner
product on d -dimensional vector space C1(X0, R) by

〈e1, e2〉 =

⎧
⎪⎨

⎪⎩

1 if e1 = e2,

− 1 if e1 = e2,

0 otherwise,

for e1, e2 ∈ E0. By using the inner product, we may identify C1(X0, R) to R
|E0|,

hence we may also identify H1(X0, R) to R
d .

Let X = (V,E) be the maximum abelian covering of X0, and π : X −→ X0 be
the covering map. Fix a vertex v0 ∈ V0, and define � : X −→ H1(X0, R) by

�(v) = P(π(e1)) + · · · + P(π(en)), (3.13)

where e = e1 · · · en is a path in X connecting v0 = o(e1) and v = t(en), and
P : C1(X0, R) −→ H1(X0, R) is the orthogonal projection.
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Proposition 3.3 (Sunada [54]) The map � : X −→ H1(X0, R) defined by (3.13) is
a harmonic realization of X , namely,

∑

e∈(E0)v

P(e) = 0 ∈ H1(X0, R). (3.14)

Proof First, we prove that ∑

e∈(E0)v

〈e, c〉 = 0 (3.15)

for an arbitrary closed path c = e1 · · · en in X0. If c does not contain an edge whose
origin or terminus is v, then the Eq. (3.15) obviously holds. Let ej and ej+1 be edges in
c satisfying t(ej) = o(ej+1) = v, then

〈
e, ej + ej+1

〉 = 1 − 1 = 0. Hence, we obtain
(3.15).

The equality (3.15) implies that

∑

e∈(E0)v

e ∈ H1(X0, R)⊥,

since H1(X0, R) is generated by closed paths in X0. Therefore, we obtain

0 = P

⎛

⎝
∑

e∈(E0)v

e

⎞

⎠ =
∑

e∈(E0)v

P(e),

and hence we get (3.14). �

Proposition 3.4 (Sunada [54]) The map � : X −→ H1(X0, R) defined by (3.13) is
a standard realization of X , namely, there exists a constant c > 0 such that

∑

e∈E0

〈P(e), x〉2 = c|x|2, x ∈ H1(X0, R). (3.16)

Proof Since the set of oriented edges Eo
0 := {ei}ni=1 is an orthonormal basis of

C1(X0, R), we obtain

∑

e∈Eo
0

〈P(e), x〉2 =
∑

e∈Eo
0

〈e, x〉2 = |x|2,

and

∑

e∈E0

〈P(e), x〉2 =
∑

e∈Eo
0

〈P(e), x〉2 +
∑

e∈Eo
0

〈P(e), x〉2 = 2
∑

e∈Eo
0

〈P(e), x〉2,
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hence we get (3.16). �

By the above arguments, the realization � of X0 is into H1(X0, R)/H1(X0, Z).
The torus H1(X0, R)/H1(X0, Z) is called an Albanese torus. Therefore, to calculate
explicit coordinates of standard realizations, we should compute correspondences
between the Albanese torus and R

d/Z
d .

3.2.1 Explicit Calculations in Cases of Maximal Abelian
Coverings

Now we demonstrate explicit calculations to obtain a standard realization of a
d -dimensional topological crystal X , which is a maximum abelian covering of
X0 = (V0,E0). This method follows Sunada [54] and Naito [37]. In the following,
set b = rankH1(X0, Z), but in this section we consider cases of maximal abelian
coverings, and we assume b = d .

Step 1

First, compute a spanning treeT = (V0,ET ) ofX0 byKruskal’s algorithm (Algorithm
7.1), and set E0 \ ET = {ei}bi=1 and ET = {ei}|E|

i=b+1. Then, we may select a Z-basis
{αi}bi=1 of H1(X0, Z) as follows. For each edge ei ∈ E0 \ ET , we may find a path pi
in ET such that o(pi) = t(ei) and t(pi) = o(ei). The path piei ∈ E0 is a closed path
in E0, and hence by Propositions 2.1 and 2.2, we may set αi = [piei].

Step 2

Since {αi}bi=1 is a Z-basis of H1(X0, Z), for each edge e ∈ E0 there exists ai(e) ∈ R

such that

P(e) =
b∑

i=1

ai(e)αi ∈ H1(X0, R). (3.17)

Since e ∈ C1(X0, R) and P is the orthogonal projection from C1(X0, R) onto
H1(X0, R). Then P(e) satisfies

〈
P(e) − e, αj

〉 = 0, for any j. (3.18)

Substituting (3.17) into (3.18), we obtain

b∑

i=1

ai(e)
〈
αi, αj

〉 = 〈
e, αj

〉
. (3.19)
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Set G = [〈αi, αj
〉] ∈ GL(b, R), a(e) = [ai(e)]T , and b(e) = [〈e, αi〉]T ∈ R

b, then
(3.19) is written as

a(e) = G−1b(e). (3.20)

We get a(e) for each e ∈ E0, then we obtain the realization

P(e) = e =
b∑

i=1

ai(e)αi, in H1(X0, R). (3.21)

On the other hand, we easily calculate b(e) and G, since e and αi are given by
linear combinations of {ei}bi=1 and {ei}|E|

i=b+1. Therefore, by (3.20), we obtain a(e).
We remark that the matrix G is the Gram matrix of the basis {αi}bi=1 (see Remark
3.3). Taking an orthonormal basis {xi}bi=1 of H1(X0, R) we write

αi =
b∑

j=1

βijxj, (3.22)

then we obtain the expression of the realization in the Cartesian coordinates of
H1(X0, R) ∼= R

b as

e =
b∑

i=1

ai(e)αi =
b∑

i=1

⎛

⎝
b∑

j=1

ai(e)βij

⎞

⎠ xj, for e ∈ E0. (3.23)

To obtain the relation (3.22), wemay use the Cholesky decomposition. The Cholesky
decomposition,which is a famous algorithm in numerical calculations and is a special
case of LU decomposition, gives us the decomposition G = UTU for any positive
definite symmetric matrix G by an upper triangular matrix U within O(n3)-times
calculations (see for example [14] and Sect. 7.5.2).

Step 3

Fix a vertex v0 ∈ V0, and set v0 = 0 (origin of R
b). For each vertex vj ∈ V0, we find

the shortest path e = ej1 · · · ejk ∈ ET with o(ej1) = v0 and t(ejk) = vj, which is the
shortest path in the spanning tree found in Step 1 connecting v0 and vj. By using
(3.21), we obtain

vj =
k∑

i=1

eji =
k∑

i=1

b∑

k=1

ak(eji)αk , j = {1, . . . , |V |}. (3.24)

In the above, we realize edges in the spanning tree. Hence, to complete calculation,
we compute realizations of edges which are not contained in the spanning tree. For
each e� ∈ E0 \ ET , we define v|V |+� ∈ R

b by
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v|V |+� = v(e�) + e�, (3.25)

where v(e�) = o(e�).
Vertices {vj}|V |

j=1 ∪ {v|V |+�}b�=1 ⊂ R
b (or edges {ei}|E0|

i=1) with the period lattice
{αi}bi=1 give us a standard realization of X with period lattice �. The set of real-
izations of edges {ej}|E|

j=1 is called the building block. In other words, Information of
adjacency of the graph and the building block give us a standard realization.

Remark 3.2 Dijkstra’s algorithm gives us shortest paths from a vertex to any other
vertices within O(|E| + |V | log |V |) (Algorithm 7.2).

Remark 3.3 For a basis {αi}ni=1 of R
n, the matrix

G({αi}) = G =
⎡

⎢⎣
〈α1, α1〉 · · · 〈α1, αn〉

...
. . .

...

〈αn, α1〉 · · · 〈αn, αn〉

⎤

⎥⎦

is called the Gram matrix of {αi}ni=1. We describe αi as row vectors, then

G = [
α1 · · · αn

] [
α1 · · · αn

]T
.

Example 3.10 (Square lattices in R
2, Fig. 3.1a, Sunada [54]) The base graph

X0 = (V0,E0) of square lattices in R
2 is the 2-bouquet graph (Fig. 3.3a), and

rankH1(X0, R) = 2. Write V0 = {v0} and E0 = {e1, e2}, as in Fig. 3.3a, then a span-
ning tree of X0 is T = (V0, {∅}), namely, ET = {∅}. Hence, we may take α1 = e1 and
α2 = e2 as a Z-basis of H1(X0, Z), and obtain

G =
[〈α1, α1〉 〈α1, α2〉
〈α2, α1〉 〈α2, α2〉

]
=

[
1 0
0 1

]
, G−1 = G,

[
b(e1) b(e2)

] =
[〈e1, α1〉 〈e2, α1〉
〈e1, α2〉 〈e2, α2〉

]
=

[
1 0
0 1

]
,

[
a(e1) a(e2)

] = G
[
b(e1) b(e2)

] =
[
1 0
0 1

]
.

On the other hand, the shortest paths from v0 to other vertices are

spath(v0, vi) = (v0vi), i = 1, 2,

where spath(v,u) denotes the shortest path from v to u.
Taking a basis {xi}2i=1 of R

2 satisfying G({xi}) = G as xi = [1, 0]T and x2 =
[0, 1]T , we obtain

v0 =
[
0
0

]
, v1 = v0 + a(α1) =

[
1
0

]
, v2 = v0 + a(α2) =

[
0
1

]
.
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Fig. 3.3 a The 2-bouquet
graph, which is the base
graph of square lattices, b
the 3-bouquet graph, which
is the base graph of cubic
lattices

(a) (b)

v0

e1

e2

v0

e1

e2 e3

The above data allow us to draw Fig. 3.1a.

Example 3.11 (Hyper-cubic lattice in R
n, Sunada [54]) A generalization of Exam-

ple 3.10 is hyper-cubic lattices in R
n. In the case of n = 3, these are called cubic

lattices. The base graph X0 = (V0,E0) of hyper-cubic lattices is the n-bouquet graph
(Fig. 3.3b), namely V0 = {v}, E0 = {ei}ni=1, as in Fig. 3.3b. Since a spanning tree of
X0 is T = (V0, {∅}), we may take an orthonormal Z-basis of H1(X0, Z) by {αi}ni=1,
where αi = ei. By similar calculations, we obtain

G = G−1 = [
a(ei)

] = [
b(ei)

] = In (the identity matrix of size n).

Hence, we obtain

v0 = 0, vi = ei (standard i-th unit vector of R
n), i = 1, . . . , n.

A standard realization of hyper-cubic lattices is an orthonormal cubic lattice in R
n.

Example 3.12 (Hexagonal lattices, Fig. 3.1c, Sunada [54]) The base graph X0 =
(V0,E0) of hexagonal lattices in R

2 is the graph with two vertices and three edges
connecting both vertices (Fig. 3.4a), and rankH1(X0, R) = 2. Write V0 = {v0, v1}
and E0 = {e1, e2, e3} as in Fig. 3.4, then a spanning tree of X0 is T = (V0, {e3}).
Hence, we may take α1 = e1 − e3 and α2 = e2 − e3 as a Z-basis of H1(X0, Z), and
obtain

G =
[
2 1
1 2

]
, G−1 = 1

3

[
2 −1

−1 2

]

[
b(e1) b(e2) b(e3)

] =
[
1 0 −1
0 1 −1

]
,

[
a(e1) a(e2) a(e3)

] = 1

3

[
2 −1 −1

−1 2 −1

]
.

The shortest paths from v0 to other vertices are

spath(v0, vi) = (v0vi), i = 1, 2,

then we obtain
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(a) (b)
v0

v1

e1 e2e3

v0

v1

e1e2e3e4

Fig. 3.4 a The base graph of hexagonal lattices, b the base graph of diamond lattices. Thick edges
represent a spanning tree

v1 = v0 + 2

3
α1 − 1

3
α2, v2 = v0 − 1

3
α1 + 2

3
α2, v3 = v0 − 1

3
α1 − 1

3
α2.

Choosing a basis {xi}2i=1 satisfying G({xi}) = G as

UT =
[
x1
x2

]
=

[ √
2 0

1/
√
2

√
3/2

]
,

which satisfies G = UTU , we obtain

v0 =
[
0
0

]
, v1 =

[
1/

√
2

−1/
√
6

]
,

v2 =
[

0√
2/3

]
, v3 =

[−1/
√
2

−1/
√
6

]
.

Since
〈
vi, vj

〉 = (−1/2)|vi| |vj|, (i �= j), angles between edges are 2π/3, and

G = 2

[
1 1/2
1/2 1

]

are satisfied. The above data allow us to draw Fig. 3.1c.

Example 3.13 (Diamond lattices, Sunada [54]) The base graph X0 = (V0,E0) of
a diamond lattice in R

3 is the graph with two vertices and four edges connecting
both vertices, and rankH1(X0, R) = 3 (see Fig. 3.23). Write V0 = {v0, v1} and E0 =
{e1, e2, e3, e4}, where ei = (v0, v1), then a spanning tree of X0 is T = (V0, {e4}).
Hence, we may take αi = ei − e4 (i = 1, 2, 3) as a Z-basis ofH1(X0, Z), and obtain
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G =
⎡

⎣
2 1 1
1 2 1
1 1 2

⎤

⎦ = 2

⎡

⎣
1 1/2 1/2
1/2 1 1/2
1/2 1/2 1

⎤

⎦ , G−1 = 1

4

⎡

⎣
3 −1 −1

−1 3 −1
−1 −1 3

⎤

⎦ ,

[
b(e1) b(e2) b(e3) b(e4)

] =
⎡

⎣
1 0 0 −1
0 1 0 −1
0 0 1 −1

⎤

⎦ ,

[
a(e1) a(e2) a(e3) a(e4)

] = 1

4

⎡

⎣
3 −1 −1 −1

−1 3 −1 −1
−1 −1 3 −1

⎤

⎦ ,

The shortest paths from v0 to other vertices are

spath(v0, vi) = (v0vi), i = 1, 2, 3.

Hence, we obtain

v1 = 3

4
α1 − 1

4
α2 − 1

4
α3, v2 = −1

4
α1 + 3

4
α2 − 1

4
α3,

v3 = −1

4
α1 − 1

4
α2 + 3

4
α3, v4 = −1

4
α1 − 1

4
α2 − 1

4
α3.

Choosing a basis {xi}3i=1 satisfying G({xi}) = G as

UT =
⎡

⎣
x1
x2
x3

⎤

⎦ =
⎡

⎣

√
2 0 0

1/
√
2

√
3/2 0

1/
√
2 1/

√
6 2/

√
3

⎤

⎦ ,

which satisfies G = UTU , we obtain

v0 =
⎡

⎣
0
0
0

⎤

⎦ , v1 =
⎡

⎣
1/

√
2

−1/
√
6

−1/(2
√
3)

⎤

⎦ , v2 =
⎡

⎣
0√
2/3

−1/(2
√
3)

⎤

⎦ ,

v3 =
⎡

⎣
0
0

2/
√
3

⎤

⎦ , v4 =
⎡

⎣
−1/

√
2

−1/
√
6

−1/(2
√
3)

⎤

⎦ .

Since
〈
vi, vj

〉 = (−1/3)|vi| |vj| (i �= j), angles between edges are arccos(−1/3).

Example 3.14 (Gyroid lattices (K4 lattices), Sunada [54]) The base graph X0 =
(V0,E0) of a gyroid lattices in R

3 is the K4 graph, which is the complete graph
of four vertices, and rankH1(X0, R) = 3. Write V0 = {vi}4i=1 and E0 = {ei}4i=1 as in
Fig. 3.5a, and take a spanning tree T of X0 as in Fig. 3.5b. Hence, we may take

α1 = e1 + e4 − e2, α2 = e2 + e5 − e3, α3 = e3 + e6 − e1
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Fig. 3.5 a The base graph of
gyroid lattices (K4 lattices),
thick edges represent a
spanning tree. b schematic
figure of building block of
gyroid lattices

(a) (b)

e1

e2 e3

e4

e5

e6

v0

v1

v2 v3

e1

e2 e3

e4e6

e2

e5e5

e3

v0

v1

v2 v3

v2 + α1v3 − α3

v0 + α1

v3 + α1 + α2v2 − α2 − α3

v0 − α3

as a Z-basis of H1(X0, Z), and obtain

A =
⎡

⎣
3 −1 −1

−1 3 −1
−1 −1 3

⎤

⎦ = 3

⎡

⎣
1 −1/3 −1/3

−1/3 1 −1/3
−1/3 −1/3 1

⎤

⎦ , A−1 = 1

4

⎡

⎣
2 1 1
1 2 1
1 1 2

⎤

⎦ ,

b =
⎡

⎣
1 −1 0 1 0 0
0 1 −1 0 1 0

−1 0 1 0 0 1

⎤

⎦ , a = 1

4

⎡

⎣
1 −1 0 2 1 1
0 1 −1 1 2 1

−1 0 1 1 1 2

⎤

⎦ .

Let {vi}6i=1 be as in Fig. 3.5b, then the shortest paths from v0 to other vertices are

spath(v0, vi) = (v0vi), spath(v0, vi+3) = (v0vi)(vivi+3), i = 1, 2, 3.

Hence, we obtain

v1 = 1

4
α1 − 1

4
α3, v4 = v1 + 1

2
α1 + 1

4
α2 + 1

4
α3,

v2 = 1

4
α2 − 1

4
α1, v5 = v2 + 1

4
α1 + 1

2
α2 + 1

4
α3

v3 = 1

4
α3 − 1

4
α2 v6 = v3 + 1

4
α1 + 1

4
α2 + 1

2
α3.

Choosing a basis {xi}3i=1 satisfying G({xi}) = G as

UT =
⎡

⎣
x1
x2
x3

⎤

⎦ =
⎡

⎣

√
3 0 0

−1/
√
3 2

√
2/3 0

−1/
√
3 −√

2/3
√
2

⎤

⎦ ,

which satisfies G = UTU , we obtain
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Fig. 3.6 a A building block
of a gyroid lattice (K4 lattice)
viewed from a perpendicular
direction of the plane
consisting of v1, v2, and v3, b
one viewed from a direction
parallel to it

(a) (b)

Fig. 3.7 A gyroid lattice (K4
lattice) from a
(0, 0, 1)-direction and b
(1, 1, 1)-direction drawn
using coordinates in Remark
3.4. The blue, red, and green
vectors are α1, α2, and α3,
respectively. In b, α1 is the
vector perpendicular to the
paper from the back to the
front

(a) (b)

v0 =
⎡

⎣
0
0
0

⎤

⎦ v1 =
⎡

⎣
1/

√
3

1/(2
√
6)

−1/(2
√
2)

⎤

⎦ , v2 =
⎡

⎣
−1/

√
3

1/
√
6

0

⎤

⎦ , v3 =
⎡

⎣
0

−(
√
3/2)/2

1/(2
√
2)

⎤

⎦ ,

v4 =
⎡

⎣
2/

√
3

1/
√
6

0

⎤

⎦ , v5 =
⎡

⎣
−1/

√
3

5/(2
√
6)

1/(2
√
2)

⎤

⎦ , v6 =
⎡

⎣
0

−(
√
3/2)/2

3/(2
√
2)

⎤

⎦ .

Angles between the lattice vectors xi and xj are arccos(−1/3). Three vertices around
a vertex in a gyroid lattice are co-planar, since the lattice is a standard realization.
The dihedral angle for two adjacent vertices is arccos(−1/3) (see Fig. 3.8).

A gyroid lattice is called a K4 lattice since its base graph is K4. It is also called a
Laves’ graph of girth ten, a (10, 3)-a network, and a diamond twin. The minimum
length of closed paths (without backtracking paths) is called the girth of the graph.
The girth of a gyroid lattice is 10 (see Fig. 3.9), and hence it is called a (10, 3)-a
network.

Remark 3.4 We can also take coordinates where all vertices have rational numbers.
Taking ⎡

⎣
x1
x2
x3

⎤

⎦ =
⎡

⎣
−1 1 −1
−1 −1 1
1 −1 −1

⎤

⎦ ,

then
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Fig. 3.8 Three vertices around a vertex are co-planar (black, red, green and blue planes). The
dihedral angle between the black plane and other planes are arccos(−1/3)

Fig. 3.9 Fifteen 10-membered rings pass through a vertex in a gyroid lattice. Each ring is mutually
congruent
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v1 = 1

2

⎡

⎣
−1
1
0

⎤

⎦ , v2 = 1

2

⎡

⎣
0

−1
1

⎤

⎦ , v3 = 1

2

⎡

⎣
1
0

−1

⎤

⎦ ,

v4 = 1

2

⎡

⎣
−2
1

−1

⎤

⎦ , v5 = 1

2

⎡

⎣
−1
−2
1

⎤

⎦ , v6 = 1

2

⎡

⎣
1

−1
−2

⎤

⎦ .

Remark 3.5 Let �(X ) be a standard realization of diamond or cubic lattices, and
C ∈ O(3) \ SO(3). Then,C(�(X )) and�(X ) aremutually congruent, namely,�(X )

and its mirror image aremutually congruent inR
3. This property is called chiral sym-

metry. On the other hand, a standard realization ofK4 lattices is not chiral symmetric.
Taking C ∈ O(3) \ SO(3), X ′ = XC and constructing the realization as in Example
3.14, we obtain a chiral image of �(X ).

3.2.2 Explicit Calculations for Generic Cases

In general, a standard realization of a d -dimensional topological crystal X is not
a maximal abelian covering of a base graph X0. In this section, we assume that
d < b = rankH1(X0, Z), and explain the explicit algorithm to obtain a standard
realization of X . This method followed Sunada [54] (Fig. 3.6).

By choosing a suitable subgroupH ⊂ H1(X0, R) such thatH1(X0, R)/X0 is a free
abelian group with rankH = d − b, we may obtain a topological crystal X over the
base graph X0. Such a subgroupH is called the vanishing subgroup. Moreover, there
exists a d -dimensional subspace V of H1(X0, R) such that H1(X0, R) = V ⊕ H and
dimH = b − d is a linear space over R. Hence a topological crystal X over X0 is
realized on V (dim V = d ).

Step 1

Taking a basis {αi}bi=d+1 of H , we find a Z-basis {αi}bi=1 of H1(X0, Z) (Fig. 3.7).

Step 2

Compute G = G({αi}), b(e), and a(e) as in Step 2 of Sect. 3.2.1, then we obtain a
standard realization of a topological crystal X̃ , which is a maximal abelian covering
of the base graph X0. This realization �max is in H1(X0, R) ∼= R

b.

Step 3

Let p : H1(X0, R) −→ H be the orthogonal projection, then {βi}di=1 is a Z-basis of
the period lattice, where βi = p(αi). We should obtain G = [〈βi, βj

〉] ∈ GL(d , R),
which is the Gram matrix of {βi}di=1, to calculate standard realizations of X . Since
γi − αi = p(αi) − αi ∈ H , we may write
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p(αi) = αi +
d∑

j=b+1

dijαj

and 〈p(αi), αk〉 = 0 for k = b + 1, . . . , d , and hence we obtain

〈αi, αk〉 = −
d∑

j=b+1

dij
〈
αj, αk

〉
, k = b + 1, . . . , d , i = 1, . . . , b. (3.26)

WriteG({αi}) =
[
G11 G12

G21 G22

]
,whereG11 isa d × d matrix,G22 is (b − d) × (b − d)

matrix, GT
12 = G21, and D = [dij], then (3.26) implies

G12 = −DG22. (3.27)

Therefore, we obtain

〈
βi, βj

〉 = 〈
p(αi), p(αj)

〉 = 〈
pTp(αi), αj

〉 = 〈
p(αi), αj

〉

=
〈
αi +

d∑

k=b+1

dikαk , αj

〉
= 〈

αi, αj
〉 +

d∑

k=b+1

dik
〈
αk , αj

〉
,

(3.28)

and thus, by (3.28), we obtain

G = G({βi}) = G11 + DG21 = G11 − G12G
−1
22 G21. (3.29)

Since the realization of an edge e ∈ E0 of the maximal abelian covering of
X0 is written as emax = ∑b

i=1 a(e)αi, combining P : C1(X0, R) −→ H1(X0, R) and
p : H1(X0, R) −→ H , we obtain

p(P(e)) = p(emax) = e =
d∑

i=1

a(e)βi. (3.30)

Example 3.15 (Triangular lattice, Fig. 3.1b, Sunada [54]) A triangular lattice is the
projection of a cubic lattice in R

3 onto a suitable 2-dimensional plane. Hence, d = 2
and b = rankH1(X0, R) = 3, and the base graph X0 = (V0,E0) of triangular lattices
is that of cubic lattices, i.e., X0 is the 3-bouquet graph Fig. 3.3b. A fundamental piece
of a triangular lattice is a triangle and their edges consist of e1, e2 and e3 using the
notation of a cubic lattice in Example 3.11 (see Fig. 3.1b). In other words, by looking
at a cubic lattice whose edges are parallel to axes from the (1, 1, 1) direction, we find
a triangular lattice. Hence constructing a triangular lattice, we take H = Zα3, where
α3 = e1 − e2 + e3, and V = Zα1 + Zα2, where α1 = e1, α2 = e2. Then we obtain
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Fig. 3.10 Building block of
the triangular lattice, and its
translations by B = {β1,β2}.
a building block {b} of the
triangular lattice, b the blue
and red blocks are the blocks
translated by β1 and β2

(a) (b)

G({αi}) =
⎡

⎣
1 0 1
0 1 −1
1 −1 3

⎤

⎦ , b(e) =
⎡

⎣
1 0 0
0 1 0
1 −1 1

⎤

⎦ , a(e) =
⎡

⎣
1 0 −1
0 1 1
0 0 1

⎤

⎦ , (3.31)

and
emax
1 = α1, emax

2 = α2, emax
3 = −α1 + α2 + α3. (3.32)

By (3.30) and (3.32), we obtain

e1 = β1, e2 = β2, e3 = −β1 + β2, (3.33)

and by (3.29) and (3.31), we also obtain

G = [〈
βi, βj

〉] =
[
1 0
0 1

]
− 1

3

[
1

−1

] [
1 −1

] =
[
1 0
0 1

]
− 1

3

[
1 −1

−1 1

]
= 2

3

[
1 1/2
1/2 1

]
.

On the other hand, the shortest paths from v0 to other vertices are

spath(v0, vi) = (v0vi) = ei, i = 1, 2, 3.

By using the Cholesky decomposition G = UTU , we may write

[
x1
x2

]
=

[√
2/3 1/

√
6

0 1/
√
2

]
,

and hence by (3.33), we obtain

v0 =
[
0
0

]
, v1 = v0 + x1 =

[√
2/3
0

]
, v2 = v0 + x2 =

[
1/

√
6

1/
√
2

]
.

The above data allow us to draw Fig. 3.1b (see also Fig. 3.10).

Example 3.16 (Kagome lattice, Fig. 3.1d, Sunada [54]) A kagome lattice is a
standard realization in R

2 whose base graph X0 is shown in Fig. 3.13a with
b = rankH1(X0, R) = 4. A fundamental piece of a kagome lattice is two triangles
sharing a vertex (see Fig. 3.1d). Hence we select
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α1 = e4 − e1, α2 = e2 − e5, α3 = e1 + e2 + e3, α4 = e4 + e5 + e6,

and H = Zα3 ⊕ Zα4. Then, we obtain

G({αi}) =

⎡

⎢⎢⎣

2 0 1 −1
0 2 −1 1

−1 1 3 0
1 −1 0 3

⎤

⎥⎥⎦, b(e) =

⎡

⎢⎢⎣

−1 0 0 1 0 0
0 1 0 0 −1 0
1 1 1 0 0 0
0 0 0 1 1 1

⎤

⎥⎥⎦, a(e) = 1

6

⎡

⎢⎢⎣

3 0 3 3 0 −3
0 3 −3 0 −3 3
1 1 4 1 1 −2
1 1 −2 1 1 4

⎤

⎥⎥⎦,

(3.34)

emax
1 = (1/6)(3α1 + α3 + α4),

emax
2 = (1/6)(3α2 + α3 + α4),

emax
3 = (1/6)(3α1 − 3α2 + 4α3 − 2α4),

emax
4 = (1/6)(3α1 + α3 + α4),

emax
5 = (1/6)(−3α2 + α3 + α4),

emax
6 = (1/6)(−3α1 + 3α2 − 2α3 + 4α4).

(3.35)

By (3.30) and (3.35), we obtain

e1 = −(1/2)β1, e2 = (1/2)β2, e3 = (1/2)(β1 − β2),

e4 = (1/2)β1, e5 = −(1/2)β2, e6 = −(1/2)(β1 − β2),
(3.36)

and by (3.29) and (3.36), we also obtain

G = [〈
βi, βj

〉] =
[
2 0
0 2

]
−

[−1 1
1 −1

] [
1/3 0
0 1/3

] [−1 1
1 −1

]
= 4

3

[
1 1/2
1/2 1

]
.

On the other hand, the shortest paths from v0 to other vertices are

spath(v0, vi) = (v0vi) = ei, spath(v0, vi+3) = (v0vi+3) = ei+3, i = 1, 2, 3.

By using the Cholesky decomposition, we may write

[
x1
x2

]
=

[
2/

√
3 1/

√
3

0 1

]
,

and hence by (3.36), we obtain

e1 = −e4 =
[−1/

√
3

0

]
, e2 = −e5 =

[
1/(2

√
3)

1/2

]
, e3 = −e6 =

[
1/(2

√
3)

−1/2

]
,

and
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Fig. 3.11 Building block of
the triangular lattice, and its
translations by B = {β1,β2}.
a Building block {b} of the
triangular lattice, b the blue
and red blocks are blocks
translated by β1 and β2

(a) (b)

Fig. 3.12 A hexagonal
lattice (black vertices and
black edges) and a kagome
lattice (white vertices and
blue edges), using
constructions described in
Examples 3.12 and 3.16

v0 =
[
0
0

]
, v1 = v0 + e1 =

[−1/
√
3

0

]
, v2 = v0 + e2 =

[
1/(2

√
3)

1/2

]
,

v3 = v0 + e4 =
[
1/

√
3

0

]
, v4 = v0 + e5 =

[−1/(2
√
3)

−1/2

]
.

The above data allow us to draw Fig. 3.1d (see also Fig. 3.11). Since �v0v1v4 and
�v0v3v2 consist of regular triangles, a standard realization of kagome lattices consists
of regular triangles that share vertices.

Since the base graph of a kagome lattice is the line graph of the base graph of
a hexagonal lattice, a kagome lattice is also the line graph of a hexagonal lattice.
Since the Gram matrix G of a kagome lattice is the same as the Gram matrix of a
hexagonal lattice, we may choose the common basis {α1,α2} to construct a kagome
and a hexagonal lattice. Taking the base point v0 of a kagome lattice to the midpoint
of v0 and v1 of a hexagonal lattice, we obtain Fig. 3.12. Generators α3 and α4 of H
correspond to edges which have common incidents in the base graph of a hexagonal
lattice.

Next, we consider higher-dimensional analogues of kagome lattices. As men-
tioned in Example 3.16, a standard realization of a kagome lattice consists of regular
triangles that share vertices. One of the 3-dimensional analogues of kagome lat-
tices is a hyper-kagome lattice of type II, whose standard realization consists of
quadrilaterals that share vertices. Since a triangle in R

2 is a 1-simplex, the other is
a hyper-kagome lattice of type I, whose standard realization consists of a 1-skeleton
of 2-simplices that sharie vertices.

Example 3.17 (3D kagome lattice of type I, Sunada [54]) One of the 3-dimensional
analogues of kagome lattices is defined as follows. Let X0 be a graph in Fig. 3.13b,
and X̃ be its maximal abelian covering. Since b = rankH1(X0, R) = 9, X̃ is a 9-
dimensional topological crystal. Take a Z-basis of H1(X0, R) as
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α1 = e1 − e4, α2 = e2 − e5, α3 = e3 − e6,

α4 = e7 − e2 + e1, α5 = e8 − e3 + e2, α6 = e9 − e1 + e3,

α7 = e10 + e5 − e4, α8 = e11 + e6 − e5, α9 = e12 + e4 − e6,

and
H = Zα4 ⊕ Zα5 ⊕ Zα6 ⊕ Zα7 ⊕ Zα8 ⊕ Zα9.

The number of vertices in a building block in H1(X0, R) is 7, and the shortest paths
from v0 are

spath(v0, v1) = e1, spath(v0, v2) = e2, spath(v0, v3) = e3,

spath(v0, v4) = −e4, spath(v0, v5) = −e5, spath(v0, v6) = −e6.

The building blocks are

e1 =
⎡

⎣
1/2
0
0

⎤

⎦ , e2 =
⎡

⎣
1/4√
3/4
0

⎤

⎦ , e3 =
⎡

⎣
1/4

1/(4
√
3)

1/
√
6

⎤

⎦ ,

e4 =
⎡

⎣
−1/2
0
0

⎤

⎦ , e5 =
⎡

⎣
−1/4

−√
3/4
0

⎤

⎦ , e6 =
⎡

⎣
−1/4

−1/(4
√
3)

−1/
√
6

⎤

⎦ ,

e7 =
⎡

⎣
−1/4√
3/4
0

⎤

⎦ , e8 =
⎡

⎣
0

−1/(2
√
3)

1/
√
6

⎤

⎦ , e9 =
⎡

⎣
1/4

−1/(4
√
3)

−1/
√
6

⎤

⎦ ,

e10 =
⎡

⎣
−1/4√
3/4
0

⎤

⎦ , e11 =
⎡

⎣
0

−1/(2
√
3)

1/
√
6

⎤

⎦ , e12 =
⎡

⎣
1/4

−1/(4
√
3)

−1/
√
6

⎤

⎦ ,

and ⎡

⎣
x1
x2
x3

⎤

⎦ =
⎡

⎣
1 0 0
1/2

√
3/2 0

1/2 1/(2
√
3)

√
2/3

⎤

⎦ ,

then we obtain 3D kagome lattice of type I (Fig. 3.14). This lattice is sometimes
called a Pyrochlore lattice.

The base graph of a 3D kagome lattice of type I is the line graph of the base
lattice of a diamond lattice. As similar as a relationship between a kagome and a
hexagonal lattice, a 3D kagome lattice of type I is the line graph of a diamond lattice
(see Fig. 3.15).

Example 3.18 (3D kagome lattice of type II, Sunada [54]) The other 3-dimensional
analogue of kagome lattices is defined as follows. Let X0 be a graph in Fig. 3.13c,
and X̃ be its maximal abelian covering. Since b = rankH1(X0, R) = 5, X̃ is a 5-
dimensional topological crystal. Take a Z-basis of H1(X0, R) as
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(a) (b) (c)
v0

v1 v2

e1

e2

e3

e4

e5

e6

v1

v2 v3

e1e4
e2

e5e3

e6

e7

e8

e9

e10

e11

e12

v0

v0v1

v2 v3

e1

e2

e3

e4

e5

e6

e7

e8

Fig. 3.13 a The base graph of kagome lattices, b the base graph of 3D kagome lattices of type I,
c the base graph of 3D kagome lattices of type II

)c()b()a(

e1e4
e2

e5e3

e6

e7

e8

e9

e10

e11

e12

v0

v1

v2 v3

Fig. 3.14 a Each graph consisting of blue edges with vertices and red edges with vertices is a
tetrahedral graph. b Building block {b}; c The blue, red, and magenta blocks are translated by β1,
β2, and β1 + β2. Thin layers are translated by β3 above them

Fig. 3.15 A diamond lattice (black) and a 3D kagome lattice of type I (white vertices and blue
edges). Since the 3D kagome lattice of type I is a line graph of a diamond lattice, the vertices of the
3D kagome lattice of type I are located at the midpoints of the edges of the diamond lattice



3.2 Construction of Standard Realizations 41

α1 = e1 − e4, α2 = e2 − e5, α3 = e3 − e6,

α4 = e1 + e2 + e3 + e4, α5 = e5 + e6 + e7 + e8,

and
H = Zα4 ⊕ Zα5.

The number of vertices in a building block in H1(X0, R) is 7, and the shortest paths
from v0 are

spath(v0, v1) = e1, spath(v0, v2) = e1 + e2, spath(v0, v3) = e1 + e2 + e3,

spath(v0, v4) = e5, spath(v0, v5) = e5 + e6, spath(v0, v6) = e5 + e6 + e7.

The building blocks are

e1 =
⎡

⎣
(1/2)

√
3/2

0
0

⎤

⎦ , e2 =
⎡

⎣
−1/(2

√
6)

1/
√
3

0

⎤

⎦ , e3 =
⎡

⎣
−1/(2

√
6)

−1/(2
√
3)

1/2

⎤

⎦ , e4 =
⎡

⎣
−1/(2

√
6)

−1/(2
√
3)

−1/2

⎤

⎦ ,

e5 =
⎡

⎣
−(1/2)

√
3/2

0
0

⎤

⎦ , e6 =
⎡

⎣
1/(2

√
6)

−1/
√
3

0

⎤

⎦ , e7 =
⎡

⎣
1/(2

√
6)

1/(2
√
3)

−1/2

⎤

⎦ , e8 =
⎡

⎣
1/(2

√
6)

1/(2
√
3)

1/2

⎤

⎦ ,

and ⎡

⎣
x1
x2
x3

⎤

⎦ =
⎡

⎣
√
3/2 −1/

√
6 −1/

√
6

0 2/
√
3 −1/

√
3

0 0 1

⎤

⎦ ,

then we obtain a 3D kagome lattice of type II (Fig. 3.16).

)b()a(

Fig. 3.16 Building block of the 3D kagome lattice of type II, and its translations by B =
{β1,β2,β3}. a building block {b}; b The blue, red, and magenta blocks are translated by β1, β2,
and β1 + β2. The thin layer is translated by β3 of above them
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Fig. 3.17 An octahedral
graph, which is the line
graph of a K4 graph
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Example 3.19 (3D kagome lattice of type III) The line graph of a gyroid lattice is
also a type of 3D kagome lattice. The line graph X0 of a K4 graph is an octahedral
graph, shown in Fig. 3.17. Since b = rankH1(X0, R) = 7, X̃ is a 7-dimensional
topological crystal. Take a Z-basis of H1(X0, R) as

α1 = −e1 − e6 + e3, α2 = −e5 − e8 + e7, α3 = −e4 + e2 + e9,

α4 = e1 + e5 − e2, α5 = e6 + e10 − e7,

α6 = e8 + e12 − e9, α7 = e3 + e11 − e4,

and
H = Zα4 ⊕ Zα5 ⊕ Zα6 ⊕ Zα7,

then we obtain a 3-dimensional crystal lattice and its Gram matrix is

G = 2

⎡

⎣
1 −1/3 −1/3

−1/3 1 −1/3
−1/3 −1/3 1

⎤

⎦ ,

which is similar to the Gram matrix of a gyroid lattice. By a similar calculation, we
obtain

e1 = − 1

4
β1 + 1

8
β2 + 1

8
β3, e2 = − 1

8
β1 − 1

8
β2 + 1

4
β3, e3 = 3

8
β1 − 1

8
β2,

e4 = − 1

8
β2 − 3

8
β3, e5 = 1

8
β1 − 1

4
β2 + 1

8
β3, e6 = − 3

8
β1 − 1

8
β3,

e7 = 3

8
β2 − 1

8
β3, e8 = − 1

8
β1 − 3

8
β2, e9 = 1

8
β1 + 3

8
β3,

e10 = 3

8
β1 + 3

8
β2 + 1

4
β3, e11 = − 3

8
β1 − 1

4
β2 − 3

8
β3, e12 = 1

4
β1 + 3

8
β2 + 3

8
β3.

Then we obtain a 3D kagome lattice of type III (Fig. 3.18a). This lattice is sometimes
called a hyper-kagome lattice. By taking the base point v1 = (1/2)(v(g)

0 + v(g)
1 ) =

[1/8, 0,−1/8], where v(g)
i are vertices of a gyroid lattice, we obtain a schematic

figure expressing a relationship between this and a gyroid lattice (Fig. 3.18b).
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e1e2

e3e4

e5

e11 e10

e6 e7

e12

e9e8

w1

w2w3

w4w6 w5 + α1w5 − α3
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w2 + α1w3 − α3

Fig. 3.18 a Building block of the 3D kagome lattice of type III. b A relationship between the 3D
kagome lattice of type III and a gyroid lattice (see also Fig. 3.5b)

Example 3.20 (Cairo pentagonal tiling, Sunada [54]) A periodic tessellations is
also considered as a topological crystal. A Cairo pentagonal tiling (Fig. 3.19b) is
a tessellation by congruent pentagons, and it is topologically equivalent to the bas-
ketweave tiling (Fig. 3.19a). It is also calledMacMahon’s net [40]. Here, we compute
a standard realization of the Cairo pentagonal tiling.

We number vertices and edges of the graph of a fundamental region of the bas-
ketweave tiling as in Fig. 3.19a. Taking a basis {p1, p2} of the period lattice, then we
obtain the equation of harmonic realizations (the equation of the balancing condition)
as

4v0 = v2 + (v9 − p2) + (v4 − p1) + (v11 − p1 − p2), 4v1 = v3 + v4 + (v9 − p2) + (v10 − p2),

3v2 = v0 + v3 + v6, 3v3 = v1 + v2 + v7,

3v4 = v1 + v5 + (v0 + p1), 3v5 = v7 + v4 + (v6 + p1),

4v6 = v2 + v8 + (v5 − p1) + (v11 − p1), 4v7 = v3 + v5 + v8 + v10,

3v8 = v6 + v7 + v9, 3v9 = v8 + v0 + p2 + v1 + p2,

3v10 = v7 + v1 + p2 + v11, 3v11 = v10 + v6 + p1 + v0 + p1 + p2.

(3.37)

For a given basis {p1, p2}, we obtain a solution of (3.37) (a harmonic realization of
the Cairo pentagonal tiling) as

v0 = 0, v1 = (1/2)p1, v2 = (1/8)(p1 + 2p2),

v3 = (1/8)(3p1 + 2p2), v4 = (1/8)(6p1 + p2), v5 = (1/8)(6p1 + 3p2),

v6 = (1/2)p2, v7 = (1/8)(4p1 + 4p2), v8 = (1/8)(2p1 + 5p2),

v9 = (1/8)(2p1 + 7p2), v10 = (1/8)(5p1 + 6p2), v11 = (1/8)(7p1 + 6p2).

(3.38)
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Fig. 3.19 a A basketweave tiling, b A Cairo tiling. Both 1-skeletons of the tiling are topologically
equivalent
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Fig. 3.20 a Numbering of vertices and edges of a fundamental region of the basketweave tiling, b
a fundamental region of a standard realization of the Cairo tiling, c the congruent-pentagon of the
standard realization. The ratio of length of edges is 1 : (

√
5/2), and angles are cos(θ) = −1/

√
5

and cos(φ) = −3/5 (θ ∼ 116.57◦ and φ ∼ 126.87◦)

A harmonic realization (3.38) is standard if and only if {ei}20i=1 satisfies (3.7). Taking
f 1 = [1, 0]T and f 2 = [0, 1]T , and solving

20∑

i=1

〈
ei, f j

〉
ei = cf j, j = 1, 2, (3.39)

we obtain
|p1| = |p2|,

〈
p1, p2

〉 = 0. (3.40)

Substituting (3.40) into (3.38), we obtain a standard realization of a Cairo pentagonal
tiling (Figs. 3.19b and 3.20c).

Remark 3.6 A carbon structure with a regular hexagonal shape is called a graphene
(see Sect. 3.3), and a carbon structure with a Cairo pentagonal-shaped is called a
penta-graphene [59].
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Fig. 3.21 aMove α and β on the line x = 1/2, and calculate minima of L(t) and E(t). bA building
block of the pentagonal tiling. c The red, blue, and cyan pentagons are minimizers of L, E and C,
respectively

Remark 3.7 A Cairo pentagonal tiling is constructed by line segments joining four
vertices of a square as in Fig. 3.21a, b. Define three kinds of energy L, E and C by

L(t) = |a − α| + |b − α| + |c − β| + |d − β| + |α − β| = 1 − 2t + 2
√
1 + 4t2,

E(t) = |a − α|2 + |b − α|2 + |c − β|2 + |d − β|2 + |α − β|2 = 8t2 − 4t + 2,

C(t) = |a − α|−1 + |b − α|−1 + |c − β|−1 + |d − β|−1 + |α − β|−1.

For each t ∈ (−1/2, 1/2), the configuration in Fig. 3.21b yields a monohedral pen-
tagon tiling. The energy L attains its minimum at t = 1/(2

√
3), and then the angle

θ = θ(t) in Fig. 3.21a satisfies cos(θ) = −1/2, (θ = 2π/3). The minimum of L
gives us the configuration of the minimum length of line segments, On the other
hand, the energy E attains its minimum at t = 1/4, and then the angle θ satisfies
cos(θ) = −1/

√
5. The minimum of E gives us a standard realization of the Cairo

pentagonal tiling (see also Fig. 3.20c). The energy C is based on the Coulomb
repulsive force, and attains its local minimum at t ∼ 0.17264; the angle θ satisfies
cos(θ) ∼ −0.326374.

Remark 3.8 This algorithm is easily programmable by using Kruskal’s and Dijk-
stra’s algorithms, and the Cholesky decomposition. To calculate the Gram matrix G
and vectors a(e), b(e), it is easy to set ei = [0, . . . , 1, . . . , 0] ∈ R

|E|.

Example 3.21 Using the software suite Mathematica, coordinates of vertices of
standard realizations of topological crystals are easy to compute, if we obtain a Z-
basis of H1(X0, Z) and a Z-basis of H (and a spanning tree of X0). The following is
a sample code of Mathematica to compute vertices of a kagome lattice (lines 1 and
3 are specific data of a kagome lattice).
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numberOfEdges = 6; b = 4; d = 2;
e = IdentityMatrix[numberOfEdges];
alpha = {e[[4]] - e[[1]], e[[2]] - e[[5]],
e[[1]] + e[[2]] + e[[3]], e[[4]] + e[[5]] + e[[6]]};

matrixG0 = alpha.Transpose[alpha];
matrixb = Table[e[[j]].alpha[[i]],
>{i, 1, b}, {j, 1, numberOfEdges}];

matrixa = Inverse[matrixG0].matrixb;
matrixG11 = matrixG0[[1 ;; d, 1 ;; d]];
matrixG22 = matrixG0[[d + 1 ;; b, d + 1 ;; b]];
matrixG12 = matrixG0[[1 ;; d, d + 1 ;; b]];
matrixG21 = matrixG0[[d + 1 ;; b, 1 ;; d]];
matrixG = matrixG11 - matrixG12.Inverse[matrixG22]. matrixG21;
matrixPa = matrixa[[1 ;; d]];
beta = CholeskyDecomposition[matrixG];
beta.matrixPa

The output of this code is

[−1/
√
3 1/(2

√
3) 1/(2

√
3) 1/

√
3 −1/(2

√
3) −1/(2

√
3)

0 1/2 −1/2 0 −1/2 1/2

]
,

which expresses coordinates of vertices of a kagome lattice. To obtain complete data
of standard realizations, we should obtain data of building blocks by using data of
the shortest paths from an origin.

Remark 3.9 Crystallographers often call the periodic realizations in R
2 and R

3 of
graphs 2-nets and 3-nets, respectively. The names of 2-nets of each lattice are

sq1 regular square lattice,
hcb regular hexagonal lattice (honeycomb lattice),
hx1 regular triangular lattice,
kgm regular kagome lattice,
mcm 1-skeleton of Cairo pentagonal tiling,

and names of 3-nets of each lattice are

pcu regular cubic lattice,
dia diamond lattice,
src gyroid lattice,
crs 3D kagome lattice of type I,
lvt 3D kagome lattice of type II.

Lists of 2-nets and 3-nets are available in EPINET [2].
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3.3 Carbon Structures and Standard Realizations

A graphene is an allotrope of carbon and is a 2-dimensional crystal structure. Each
carbon atom binds chemically with three other carbon atoms by sp2-orbitals (see
Fig. 3.22). From a mathematical viewpoint, a graphene is a standard realization of a
hexagonal lattice. A fundamental piece (Fig. 3.22) is a graph with four points, where
each points located at the vertices of a regular triangle and its barycenter. Translating
the fundamental piece by x1 and x2 with |xi| = 1 and 〈x1, x2〉 = (1/2)|x1| |x2|, we
obtain the structure of graphenes.

A diamond is also an allotrope of carbon and is a 3-dimensional crystal structure.
Each carbon atom binds chemically with four other carbon atoms by sp3-orbitals
(see Fig. 3.23). From a mathematical viewpoint, a diamond is a standard realization
of a graph, which can be called a regular tetrahedral graph. A fundamental piece

)d()c()b()a(

a1

a2

Fig. 3.22 a The base graph of a regular hexagonal lattice, b a fundamental piece of a regular
hexagonal lattice, c a graphene structure, which is constructed by b and its translations, d the
barycenter of the blue regular triangle is a vertex of the red regular triangle. The blue triangle is
consisted by v1, v2, and v3 (by using notations in Example 3.12), then the red is consisted by v0,
v0 + x1, and v0 + x1 − x2. The barycenters of blue and red are v0 and v1, respectively

)c()c()b()a(

Fig. 3.23 a The base graph of a diamond structure, b a fundamental piece of a diamond structure,
whose vertices are located at the vertices of a regular tetrahedron and its barycenter, c a diamond
structure. A diamond structure is constructed by b and its translations, d the barycenter of the blue
regular tetrahedron is a vertex of the red regular tetrahedron. The blue tetrahedron consists of v1, v2,
v3, and v4 (using notations in Example 3.13), adn the red consists of v0, w1 − w2 = v0 + x1 − x2,
w1 − w3 = v0 + x1 − x3, and v0 + w1 − w4 = v0 + x1. The barycenters of blue and red are v0 and
w1, respectively
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)c()b()a(

Fig. 3.24 How to construct a diamond structure: a �: a face centric structure, whose center of
the cube is the origin, and the length of edge of the cube is one; each vertex is located at odd
point. b � ∪ (� + w): duplicate it and translate to a diagonal direction. cWe then obtain a diamond
structure. Note that c is the same as Fig. 3.23c, that is, the usual picture of a diamond structure
consists of four units of fundamental pieces constructed by a standard realization
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Fig. 3.25 a A regular hexagonal lattice is strongly isotropic. For example, exchange e1 and e2,
then there exists an element of Euclidean motion such that it preserves the structure. b A square
lattice does not have a strongly isotropic property. For example, exchanging e1 and e4, the shortest
closed path containing e1 and e4 does not maps to a closed path

(Fig. 3.23) is a graph with five points, each point located at the vertices of a regular
tetrahedron and its barycenter. Translating the fundamental piece by x1, x2, and x3
with |xi| = 1 and

〈
xi, xj

〉 = (1/3)|xi| |xj| if i �= j, we obtain the structure of diamonds.
From textbooks of physical chemistry, the space group of the diamond struc-

ture is Fd3m, which expresses a face-centric structure with a glide reflection,
three improper rotations, and certain reflections. Diamond structures are con-
structed as shown in Fig. 3.24, whose mathematical definition is as follows: Define
� = {[x1, x2, x3] ∈ Z

3 | x1 + x2 + x3 is odd} andw = [1/2, 1/2, 1/2]. The set�2 =
� ∪ (� + w) expresses the set of vertices of a diamond lattice (see Fig. 3.24). On the
other hand, the construction of diamond structures by standard realizations is easy
(Fig. 3.25).

K4 structures are obtained by standard realizations of theK4 graph. TheK4 graph is
a complete graph with four vertices (each vertex connects to all other vertices). Each
carbon atom ofK4 structures binds chemically with three other atoms by sp2-orbitals
(see Fig. 3.26). A fundamental piece is a graph with seven points. Translation vectors
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Fig. 3.26 A K4 structure.
This figure is the image of
the cover page of Notices
Amer. Math. Soc., 55, drawn
by the author

{xi}3i=1 satisfy |xi| = 1 and
〈
xi, xj

〉 = −(1/3)|xi| |xj| (i �= j). Moreover, K4 structures
have chirality, that is, a K4 structure and its mirror image are not the same.

Definition 3.8 A realization of a topological crystal X = (V,E) is called strongly
isotropic if and only if for each x ∈ V and e1, e2 ∈ Ex, there exists a σ ∈ Aut(X )

such that σ(e1) = e2, σ(e2) = e1, and σ(ej) = ej for all ej ∈ Ex.

Theorem 3.5 (Sunada [52]) A strongly isotropic d-dimensional topological crystal
is d- or (d + 1)-regular. 2-dimensional strongly isotropic topological crystals are
hexagonal lattices only. 3-dimensional strongly isotropic topological crystals are
diamond lattices and K4 lattices (and their mirror image) only.

A standard realization of a strongly isotropic crystal has “maximal symmetry”.
Graphenes have nice physical properties (see Sect. 3.3), and it is a carbon structure
of a standard realization of hexagonal lattices, which is strongly isotropic. Hence,
we may expect that K4-carbons are also have nice physical properties.

Physical properties of the K4-carbon have been computed by Itoh–Kotani–Naito–
Sunada–Kawazoe–Adschiri [19]. It is physically meta-stable and metallic; how-
ever, it has not been synthesiz yet. Recently,Mizuno–Shuku–Matsushita–Tsuchiizu–
Hara–Wada–Shimizu–Awaga composed a K4 structure other than carbon [35]. Their
structure is a molecular-K4, a radical molecule NDI-�(−) consists of a K4 crystal
(see Fig. 3.27). There exists an electron between each NDI-�(−), and such elec-
trons are located on a 3D kagome lattice of type III, which is the line graph of K4

lattice. Hence, such electrons yield flat bands (see also Sect. 7.3). Moreover, they
experimentally confirmed that the structure behaves as a spin-liquid.
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Fig. 3.27 A molecular K4 structure synthesized by Mizuno–Shuku–Matsushita–Tsuchiizu–Hara–
Wada–Shimizu–Awaga, Phys. Rev. Lett., 102, 055703, (2009)

The electronic properties of graphene are well-known and there exists a Dirac
point on the Fermi-level in the electronic band structure (see Sect. 7.3). Similarly, a
diamond and a K4-carbon also have Dirac points in their electronic band structures;
however, such Dirac points are not on the Fermi-level (see Tsuchiizu [57]).



Chapter 4
Negatively Curved Carbon Structures

In the 1990s, several new sp2-carbon structures, fullerenes (includingC60), graphene,
and carbon nanotubes were found (see Fig. 4.1). These structures look like surfaces
in R3 (atoms of the structures lie on a surface in R3). Atoms of a graphene, C60, and
a nanotube lie on a plane, a sphere, and a cylinder, respectively. Each continuous
surface in the above is non-negatively curved, i.e., the Gauss curvature of a sphere
is positive, and that of a cylinder and plane are zero. Hence, it is a natural question
if an sp2-carbon structure which looks like a negatively curved surface exists or not.

4.1 Carbon Structures as Discrete Surfaces

In the following, we consider sp2-carbon structures as “trivalent discrete surfaces”
(realizations of 3-regular graphs in R

3, see Chap. 5). Moreover, we assume that
graphs are surface graphs, that is, each graph is embedded into an oriented surface
in R

3 without self-intersections and the embedding defines a decomposition of the
surface as a CW complex. By the property of surface graphs, we can define the notion
of “faces” (simple closed paths) for trivalent discrete surfaces.

Definition 4.1 For an oriented surface graph X = (V, E), the Euler number χ(X)

of X is defined by
χ(X) = |F | − |E | + |V |, (4.1)

where |F | is the number of faces of X .

Note that the Euler number χ(X) of a surface graph X is the same as the Euler
number of the underlying surface.

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2023
H. Naito, Trivalent Discrete Surfaces and Carbon Structures,
SpringerBriefs in the Mathematics of Materials 5,
https://doi.org/10.1007/978-981-99-5769-9_4
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(a) (b) (c)

Fig. 4.1 a A graphene, b (single wall) carbon nanotube, c C60 (an example of fullerenes)

Proposition 4.1 Assume that a surface graph X = (V, E) is a trivalent (3-regular)
graph, then we obtain F = ∑

Nk, E = (1/2)
∑

k Nk, V = (1/3)
∑

k Nk, where Nk

is the number of k-gons in X. We also obtain

χ(X) =
∑

(1 − k/6)Nk . (4.2)

Proof Since X is a surface graph, each edge is shared by two faces, and hence we
obtain |E | = (1/2)

∑
k Nk . Since X is trivalent, each vertex shared by three faces,

and hence, we obtain |V | = (1/3)
∑

k Nk . Substituting them into (4.1), we obtain
(4.2). ��

Now, we recall classical surface theory in R
3 (see [58]). The Gauss–Bonnet the-

orem says that for a closed surface �, the total curvature K is equal to 2π times the
Euler number of �, i.e.,

K =
∫

�

K (x) dV (x) = 2πχ(�). (4.3)

Here the Euler number χ(�) of a smooth surface is defined by

χ(�) = rankH2(�,Z) − rankH1(�,Z) + rankH0(�,Z),

and χ(�) is a topological invariant, hence the total curvature K is also a topological
invariant.

Therefore, the total curvature K of a trivalent discrete surface X can be defined
by

K = 2πχ(X), (4.4)

similar to (4.3).By the above arguments,wemay admit that a trivalent discrete surface
X is positively, negatively curved if and only if χ(X) > 0, χ(X) < 0, respectively.
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Table 4.1 Number of polygons of C60, a single-wall nanotube (or fundamental region of it), where
c is the chiral index of SWNT (see Sect. 7.1), and Mackay–Terrones structure (see Fig. 4.2b)

N5 N6 N7 N8 |V | |E | |F | χ

C60 12 20 0 0 60 90 32 2

SWNT c = (6, 6) 0 12 0 0 24 36 12 0

Mackay–Terrones 0 90 0 12 192 288 102 −4

)b()a(

Fig. 4.2 a Schwarz P surface, which is a triply periodic minimal surface (the Gauss curvature
K < 0, the Euler number χ = −4, and the genus g = −3), whose period lattice {ei }3i=1 satisfies〈
ei , e j

〉 = δi j . b The Mackay–Terrones structure, the period lattice is the same as a. Green faces in
b are octagons (see also Table 4.1 and Fig. 4.3). Note that the structure is constructed by the method
described in Chap. 5 as a trivalent discrete surface

)b()a(

Fig. 4.3 Relationships between a Schwarz surface and two 3-nets. A red-colored 3-net is moved
from the blue-colored 3-net to a Wyckoff point of the network. Such a pair of pcu is called 2pcu. A
Schwarz P surface appeares as an “interface” of 2pcu. a A Schwarz P surface and 2pcu network.
b The Mackay–Terrones structure and 2pcu network

Remark 4.1 By Proposition 4.1, the number of hexagons does not affect the Euler
number. If X is positively curved, then at least one n-gon (n ≤ 5) should be contained
in X . If X is negatively curved, then at least one n-gon (n ≥ 7) should be contained
in X .



54 4 Negatively Curved Carbon Structures

By Proposition 4.1, if there exists an sp2-carbon structure with χ(X) < 0 (neg-
atively curved), then at least one n-gon (n ≥ 7) exists in X . In 1991, Mackay–
Terrones [33] calculated an sp2-carbon structure which looks like a minimal surface
(Schwarz P surface, χ(X) = −4), which contains 12 octagons (see Fig. 4.2b, and
also Lenosky–Gonze–Teter–Elser [32]). We call it the Mackay–Terrones structure.

4.2 Constructions of Negatively Curved Carbon Structures
via Standard Realizations

Tagami–Liang–Naito–Kawazoe–Kotani [55] constructed negatively curved carbon
crystals, which are different from the Mackay–Terrones structure, by using standard
realizations of topological crystals.

The fundamental region of the Mackay–Terrones structure has octahedral sym-
metry, which is the same symmetry as that of truncated octahedrons. Truncated
octahedrons consist of eight hexagons, which have D6-symmetry (see Fig. 4.4).

Our method is:

1. we classify and construct a graph in a fundamental region of D6-action (“kite
region”) on a hexagon, which is a trivalent graph when we extend it to the hexag-
onal region by D6-action (Fig. 4.4c),

2. we extend the graph obtained in 1 to the trivalent graph on a hexagon (Fig. 4.4b),
3. we extend the graph obtained in 2 to the graph on a truncated octahedron

(Fig. 4.4a),
4. we calculate a standard realization of the graph obtained in 3.

The structure obtained in 4 is a candidate for sp2-carbon structure with K < 0
(χ = −4).

(a) (b) (c)

Fig. 4.4 Symmetry of the Mackay–Terrones structure. a A fundamental unit of the Mackay–
Terrones structure. b A fundamental unit of octahedoral symmetry. c A fundamental region of
D6-action on b. See also Fig. 7.20 (Tagami–Liang–Naito–Kawazoe–Kotani [55] (CC BY-NC-ND
3.0))
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Constructing networks in the kite region, we assume the following natural con-
ditions: (a) any inner vertices are of degree 3, (b) any vertices on the boundary are
joined with the two adjacent vertices on the boundary, or with an inner vertex and
not with both adjacent vertices on the boundary, (c) the network is planar and con-
nected, and there are at least four vertices on the boundary, (d) the network does not
have a consecutive sequence of odd vertices on the boundary, and (e) the network is
triangle-free.

Proposition 4.2 (Tagami–Liang–Naito–Kawazoe–Kotani [55]) There is no network
with an odd number of vertices that satisfies the conditions given above.

After constructing a network in the kite region, and extending it to the graph on a
truncated octahedron, we may prove the claim:

Theorem 4.1 (Tagami–Liang–Naito–Kawazoe–Kotani [55])The equation to obtain
standard realization is linear: �x = b, where bi = ±eα , if a vertex vi is adjacent to
a vertex in neighbouring cell. The linear equation is solvable if and only if

∑
bi = 0.

The period lattice {ei } which gives a standard realization is cubic, i.e., e = [e1, e2, e3]
is a period lattice of a standard realization, then eT e = E. If � is a standard real-
ization, then Aut(X) ⊂ Aut(�(X)), and hence X has the same symmetries as the
Mackay–Terrones structure.

In our method, we do not solve the Eq. (3.7). Instead, we only solve the harmonic Eq.
(3.3) using cubic periodicity. Hence, we should prove that the realization is standard.
To prove it, we use the Lagrange multiplier, and the result of the Lagrange multiplier
is eT e = E. This shows that the harmonic realizations with the cubic lattice are
standard. To find the standard realization in this case specifically, for a given finite
graph X and periodic condition f , we solve the equation �Xu = f . However, since
�X is singular, it cannot be solved as u = �−1

X f . A numerical method to solve the
equation in this case is described in Sect. 7.5.2.

After calculating a standard realization of the network, we calculate physical
stability by numerical calculations based on density functional theory (DFT). We
construct several networks in the kite region satisfying the above conditions with 6
or 8 vertices, andwe obtain four physically stable carbon structures shown in Fig. 4.5.
We also obtain the Mackay–Terrones structure in this way and confirm the physical
stability of it.

Remark 4.2 No negatively curved sp2-carbon structure has been synthesized so
far. However, a piece of negatively curved carbon structure has been chemically
synthesized by Kawasumi–Zhang–Segawa–Scott–Itami [22, Fig. 2].
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(a) (b) (c) (d)

metal metal metal semiconductor
|V | = 176 |V | = 152 |V | = 152 |V | = 158

N6 = 60, N7 = 24 N6 = 48, N7 = 24 N5 = 24, N6 = 12 N6 = 68, N8 = 12
N7 = 24, N8 = 12

Fig. 4.5 Mackay–Terrones-like structures, which are physically stable and χ(X) = −4 (K < 0).
For the notion of “metal”/“semiconductor”, see Sect. 7.3 (Tagami–Liang–Naito–Kawazoe–Kotani
[55] (CC BY-NC-ND 3.0))



Chapter 5
Trivalent Discrete Surfaces

In the previous chapter, we explained “negatively” curved carbon structure; however,
the definition of negativity is that the total curvature or the Euler number is negative.
Since the Gauss curvature of smooth surfaces is a function defined on each point of
the surface, it is not sufficient to say that the discrete surface is negatively curved.

In this chapter, we consider the Gauss curvature and the mean curvature for triva-
lent discrete surfaces.

5.1 Curvatures of Trivalent Discrete Surfaces

Definition 5.1 (Kotani–Naito–Omori [24]) Let X = (V, E) be a trivalent graph, and
� : X −→ R

3 be a realization of X . The realization � is called a trivalent discrete
surface if and only if for each x ∈ V , at least two vectors of {�(e) | e ∈ Ex } are
linearly independent.

The last condition means that a normal vector can be defined on each vertex of
�(X), in other words, a plane is defined through adjacent three vertices of each
vertex (Definition 5.2).

We remark that this definition of trivalent discrete surfaces is not limited to topo-
logical crystals, and thus we can treat C60 and single-wall nanotubes (SWNTs) for
example. But the definition also contains K4 structure as a trivalent discrete surface,
although it does not look like a discrete surface.

Definition 5.2 (Kotani–Naito–Omori [24]) Let� : X −→ R
3 be a trivalent discrete

surface. We define the unit normal vector at x ∈ �(x) as the normal vector of the
plane through e1, e2, and e3 (see Fig. 5.1), that is,

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2023
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x

x1

x2

x3
x0 = Proj(x)

e1

e2

e3

n(x)

Fig. 5.1 The unit normal vector for trivalent discrete surfaces. The area of the triangle filled in gray
is the local area at x

n(x) = (e2 − e1) × (e3 − e1)
|(e2 − e1) × (e3 − e1)| = e1 × e2 + e2 × e3 + e3 × e1

|e1 × e2 + e2 × e3 + e3 × e1| ,

and the covariant differentiation is

∇ex = Proj(e) = e − 〈e, n(x)〉n(x), e ∈ Ex , ei = xi − x.

Before defining curvatures for trivalent discrete surfaces, we recall properties of
curvature for smooth surfaces in R3.

Definition 5.3 (Curvatures for smooth surfaces) Let p : � ⊂ R
2 −→ R

3 be a
smooth surface, and n(x) be a unit normal vector at x ∈ �. We define the first
and the second fundamental forms by I = 〈dp, dp〉, and II = −〈dn, dp〉, respec-
tively. By using them, the Gauss curvature and the mean curvature are defined by
K (x) = det(I−1 II) and H(x) = 1

2 tr(I
−1 II), respectively.

The Gauss and the mean curvatures for smooth surfaces can be defined if we
define a unit normal vector field n. We have already defined a unit normal vector
fields n for trivalent discrete surfaces, and we may define the Gauss and the mean
curvatures for them similarly.

Definition 5.4 (Kotani–Naito–Omori [24]) Let X be a trivalent discrete surface and
x be a vertex of X . We define the first and the second fundamental forms by

I(x) =
[〈e2 − e1, e2 − e1〉 〈e2 − e1, e3 − e1〉
〈e3 − e1, e2 − e1〉 〈e3 − e1, e3 − e1〉

]
,

II(x) = −
[〈e2 − e1, n2 − n1〉 〈e2 − e1, n3 − n1〉
〈e3 − e1, n2 − n1〉 〈ee − e1, n3 − n1〉

]
,

and we define the Gauss curvature K (x) and the mean curvature H(x) at x by
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K (x) = det(I(x)−1 II(x)),

H(x) = 1

2
tr(I(x)−1 II(x)).

The next proposition is one of important properties of the Gauss curvature and
the mean curvature for smooth surfaces.

Proposition 5.1 For a smooth surface p : � −→ R
3 with a unit normal vector field

n, the Gauss curvature K satisfies ∇1n(x) × ∇2n(x) = K (x)(∇1 p(x) × ∇2 p(x)),

and the mean curvature H satisfies d
dt A(x, t)

∣∣
t=0

= −H(x)A(x), where A(x) is the
area element of p and A(x, t) is the one of the parallel transformations pt (pt (x) =
p(x) + tn(x)) of the surface along the normal direction. Moreover, Steiner’s formula
A(x, t) = (1 + 2t H(x) + t2K (x))A(x) holds.

The Gauss and the mean curvatures for trivalent discrete surfaces satisfy similar
properties to Proposition 5.1.

Theorem 5.1 (Kotani–Naito–Omori [24]) For a trivalent discrete surface �, the
Gauss curvature K satisfies ∇i n(x) × ∇ j n(x)=K (x)(ei × e j ), where ∇i = ∇ei , and
the mean curvature H satisfies d

dt

∣∣
t=0

A(� + tn) = −2
∑

x∈V H(x)A(x), where
A(x) = e1 × e2 + e2 × e3 + e3 × e1 is the local area at x and A(�) = ∑

x∈V A(x)

is the total area. Moreover, Steiner type formulaA(� + tn) = ∑
x∈V (1 + 2t H(x) +

t2K (x))A(x) also holds.

Remark 5.1 It is well-known that the first and the second fundamental form for
smooth surfaces are symmetric. As a result, principal curvatures (eigenvalues of
I(x)−1 II(x)) are real; however, the second fundamental form II(x) for trivalent dis-
crete surfaces is not always symmetric. Hence, principal curvatures are not always
real (see Remark 5.4).

Remark 5.2 There are many kinds of discrete surfaces, and there are many defini-
tions of the Gauss curvature and the mean curvature for discrete surfaces. The most
famous kind of discrete surface is polygons in R3, which consist of planer polygons
as faces. The Gauss curvature for polygons is called the angle defects (5.1), and
the mean curvature is called the cotangent formula (5.2) defined by Pinkall–Polthier
[46]. The angle defects and the cotangent formula are defined as

K (x) = 2π −
∑

θi , (5.1)

H(x) = 1

2

∑
(cot α j + cot β j )(x − p j ), (5.2)

where θi are angles surrounding the vertex x , and αi and βi are angles shown in Fig.
5.2.
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Fig. 5.2 Definitions of
angles θi , α j , and β j

x

pj

βj

αj

θi

We note that the angle defects cannot be applied to trivalent discrete surfaces. The
Mackay–Terrones structure and structures in Sect. 4.2 satisfy the balanced condition
(3.6), hence a vertex and adjacent three vertices are co-planar, and K (x) ≡ 0 by the
angle defects. This means that the angle defects cannot apply to trivalent discrete sur-
faces as the definition of the Gauss curvature. This observation is one of motivations
for defining trivalent discrete surfaces and their curvatures.

5.2 Examples of Trivalent Discrete Surfaces and Their
Curvatures

Proposition 5.2 If a trivalent discrete surface is planar, then K ≡ 0, H ≡ 0. Here,
a trivalent discrete surface is planar if and only if there exists a plane L ⊂ R

3 such
that x ∈ L for all vertices x.

Proposition 5.3 (Kotani–Naito–Omori [24]) If a trivalent discrete surface satisfies
x = rn(x) for any x ∈ V , then K ≡ 1/r2, H ≡ −1/r .

We call a surface satisfying x = rn(x) for all x sphere-shaped. Regular polyhedra
and semi-regular polyhedra (including C60) are sphere-shaped.

Proposition 5.4 (Kotani–Naito–Omori [24]) Let CNT(λ, c) be an SWNT with the
chiral index c = (c1, c2) and the scale factor λ, that is,

(x, y) 	→ (r(λ, c) cos(x/r(λ, c)), r(λ, c) sin(x/r(λ, c)), y).

Then the Gauss curvature and the mean curvature of CNT(λ, c) are

K (λ, c) = 4mz(c)2(mx (c)2 + my(c)2)
3r(λ, c)2(mx (c)2 + m2

y(c) + (4/3)mz(c)2)2
,

H(λ, c) = − mx (c)
2r(λ, c)

· mx (c)2 + my(c)2 + (8/3)mz(c)2

(mx (c)2 + my(c)2 + (4/3)mz(c)2)3/2
,

which are constants. Here
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(a) (b)

Fig. 5.3 a CNT(λ, c) satisfies H 
≡ −1/(2r), whose normal vectors are not parallel to normal
vectors of the underlying cylinder. b A small change of CNT(λ, c) satisfies H ≡ −1/(2r), whose
normal vectors are parallel to normal vectors of the underlying cylinder (Kotani–Naito–Omori [24]
(CC BY-NC-ND 4.0))

mx(c) = C1 cos(C2/2) sin(T2/2) − C2 cos(C1/2) sin(T1/2),

my(c) = −C1 sin(C2/2) sin(T2/2) + C2 sin(C1/2) sin(T1/2),

mz(c) = sin(T1/2) sin(T2/2) sin((T1 + T2)/2),

(C1, C2) =
(

π t1d(c)

c21 + c1c2 + c22
,

π t2d(c)

c21 + c1c2 + c22
,

)
,

d(c) = gcd(c1 + 2c2, 2c1 + c2),

and r(λ, c) = λ

√
c21 + c1c2 + c22/(2π) is the radius of circular cylinder on which

CNT(λ, c) winds. In particular, c1 = c2, then mz(c) = 0, and

K (λ, c) = 0, H(λ, c) = − 1

2r(λ, c)
cos

C1

2
.

Remark 5.3 Vertices of CNT(λ, c) are located on a cylinder with radius r whose
Gauss curvature and the mean curvature are 0 and −1/(2r), respectively. But the
mean curvature of CNT(λ, c) is not −1/(2r) even if c1 = c2. As shown in Fig.
5.3a, the normal vector of the SWNT at each vertex is out of the normal vector of
the underlying cylinder. By a little modification of the SWNT shown in Fig. 5.3b,
we can align normal vectors of the SWNT and the underlying cylinder, then the
Gauss and the mean curvatures of such trivalent discrete surfaces are 0 and−1/(2r),
respectively.

One of the motivations for defining Gauss and mean curvatures for trivalent dis-
crete surfaces is to make sure that the Mackay–Terrones structure and the structure
of Sect. 4.2, which are considered to be on negatively curved surfaces, are nega-
tively curved. Curvatures of trivalent discrete surfaces defined so far are calculated
numerically for these structures, as shown in Figs. 5.4 and 5.5; we can confirm that
these structures are negatively curved. In addition, since all vertices of the Mackay–
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(a) (b)

Fig. 5.4 a The Gauss curvatures of the Mackay–Terrones structure, b the mean curvatures of
the Mackay–Terrones structure. By our definition of curvatures, The Mackay–Terrones structure
is pointwise negatively curved. Blue (red) vertices are negatively (positively) curved, and color
densities express relative absolute values of curvatures (Kotani–Naito–Omori [24] (CC BY-NC-
ND 4.0))

Fig. 5.5 Curvatures of structures in Fig. 4.5. Upper row: the Gauss curvature, lower row: the
mean curvature. These structures are pointwise negatively curved. Blue (red) vertices are negatively
(positively) curved, and color densities express relative absolute values of curvatures (Kotani–
Naito–Omori [24] (CC BY-NC-ND 4.0))

Terrones structure with the standard realization are considered to lie on the Schwarz
P surface, we expect the mean curvature to be zero, i.e., a discrete minimal surface.
However, this is not the case according to the numerical calculation (see Fig. 5.4).
In the following, we briefly explain how to construct a trivalent discrete minimal
surface.

Remark 5.4 Curvatures of K4 structures satisfy K > 0 and H ≡ 0. In the case of
smooth surfaces, the mean curvature H ≡ 0, then the Gauss curvature K ≤ 0, since
the second fundamental form II is symmetric. On the other hand, in our discrete case,
II is not symmetric, and thus H ≡ 0 does not imply K ≤ 0,

5.3 Construction of Trivalent Minimal Discrete Surfaces

The Mackay–Terrones structure is not minimal (H 
≡ 0), contrary to expectations.
But we may construct the minimal configuration by deforming the structure.
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Fig. 5.6 a The
Mackay–Terrones structure
(standard realization), b
minimal realization of the
same structure
(Kotani–Naito–Omori [24]
(CC BY-NC-ND 4.0))

(a) (b)

Theorem 5.2 (Kotani–Naito–Omori [24]) Let � : X = (V, E) −→ R
3 be a triva-

lent discrete surface. Then the mean curvature H : V −→ R is written as

∇e2−e3n × ∇1� + ∇e3−e1n × ∇2� + ∇e1−e2n × ∇3� = 4H(x)A(x)n(x). (5.3)

If a function H : V −→ R is given, then a trivalent discrete surface, which solves
(5.3), has H as themean curvature, i.e., theEq. (5.3) is the “prescribedmean curvature
equation”. A trivalent discrete surface is called minimal, if H(x) ≡ 0.

Theorem 5.3 (Kotani–Naito–Omori [24]) The trivalent discrete surface � is mini-
mal if and only if it satisfies the the system of equations

∇e2−e3n × ∇e1� + ∇e3−e1n × ∇e2� + ∇e1−e2n × ∇e3� = 0. (5.4)

By using Theorem 5.3, we may construct a minimal configuration as follows:
(1) let �0 be a trivalent discrete surface and n j is its normal vector fields, (2) solve
(5.4) for given n j , and iterate this procedure until |H | < ε. This procedure may be
corrupted to a degenerate surface (e.g., one point, in general); however, in the case
of the Mackay–Terrones structure, the procedure can be iterated successfully and we
obtain a minimal configuration (see Fig. 5.6).

Another method to construct minimal configuration of trivalent discrete surfaces
is to use the mean curvature flow. The classical mean curvature flow equation is

∂�t

∂t
(x) = −Ht (x)nt (x), (5.5)

where � = �t is a family of smooth surfaces and Ht , nt are its mean curvatures
and unit normal vector fields. Huisken [17] shows that if the initial surface �0 is a
convex closed embedded surface, then there exists a solution of (5.5) on [0, T ), and
�t converges to a round point within finite time.
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Fig. 5.7 Numerical
calculation of (5.6) with the
Dirichlet boundary condition
(vertices on boundaries are
fixed). Blue surfaces are
catenoids and the values in
below them are the
maximum value of H in each
figure

c = (12.0)

2.5 × 10−1 1.4 × 10−1 6.9 × 10−2 2.5 × 10−6

c = (12.12)

2.5 × 10−1 1.1 × 10−1 5.6 × 10−2 2.1 × 10−6

If we select a suitable initial value with small mean curvatures, then we expect
the existence and convergence of solutions of the mean curvature flow for trivalent
discrete surfaces. Namely, for an initial trivalent discrete surface �0, we solve the
mean curvature flow for trivalent discrete surfaces �t :

∂�t

∂t
(x) = −Ht (x)nt (x). (5.6)

The Schwarz P surface is stable with respect to the area functional subject to constant
volume, but unfortunately is unstable without the volume constraint cf. [48]. There-
fore, the solution of (5.6) with the initial value as theMackay–Terrones structure will
be corrupted to a point. But, we may numerically construct a “trivalent catenoid” by
using (5.6) with the initial value as SWNTs (see Fig. 5.7).



Chapter 6
Subdivisions of Trivalent Discrete
Surfaces

In this chapter, we consider “subdivisions” of trivalent discrete surfaces. In our con-
text, there are no underlying continuous objects, and trivalent discrete surfaces are
essentially discrete objects. For example, the Mackay–Terrones structure is con-
structed using the Schwarz P surface as a model, but there are no relations between
the structure and the surface itself. We can find a “limit” of a sequence of trivalent
discrete surfaces, and make a relationship between a trivalent discrete surface and a
continuous surface.

To discuss the convergence theory of trivalent discrete surfaces, we should con-
sider how to subdivide a trivalent graph, and how to realize the subdivided graph. The
Goldberg–Coxeter subdivision for trivalent graphs defined byDutour–Deza [9, 10] is
the nice definition to subdivide a trivalent graph (see also Goldberg [13] and Omori–
Naito–Tate [41]). Kotani–Naito–Omori [24], Tao [56], and Kotani–Naito–Tao [25]
discuss convergences of sequences of trivalent discrete surfaces.

6.1 Goldberg–Coxeter Constructions

Asubdivision of a trivalent discrete surface should can be of the same topological type
as the original one, hence the requisite conditions that subdivisions should satisfy
are:

1. A subdivision X1 of a trivalent discrete surface X0 is also a trivalent discrete
surface, namely the underlying graph X1 of X1 is also a trivalent graph.

2. X1 is also a surface graph, and X1 and X0 have the same topological type, namely
χ(X1) = χ(X0).
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(a) (b) (c) (d) (e)

Fig. 6.1 Procedure of the subdivision GC2,0(X) of a regular hexagonal lattice, a regular hexagonal
lattice, b dual graph of a, c subdivision of b, d dual graph of c, and e a regular hexagonal lattice
and its subdivision (Kotani–Naito–Omori [24] (CC BY-NC-ND 4.0))

(k, ) = (2, 0) (k, ) = (3, 0) (k, ) = (2, 1)

Fig. 6.2 Procedure of subdivision for (k, �)-Goldberg–Coxeter constructions

Definition 6.1 (Dutour–Deza [9, 10]) Let X be a trivalent plane graph. The (2, 0)-
Goldberg–Coxeter subdivision (or Goldberg–Coxeter construction of X is defined
by the following procedure (see Fig. 6.1):

1. Take the dual graph ̂X of X . The dual graph is a triangulation, since X is trivalent.
2. On each triangle of ̂X , make the sub-triangulation by taking the midpoints of the

three edges and connecting each midpoint to the others. This procedure makes
the subdivision of ̂X , say ̂X1 (see Fig. 6.2).

3. Take the dual graph X1 = ̂
̂X1,

finally, we define the (2, 0)-Goldberg–Coxeter subdivision GC2,0(X) = X1.

Definition 6.2 (Dutour–Deza [9, 10]) Let X be a trivalent plane graph and (k, �) ∈
Z>0 × Z≥0. The (k, �)-Goldberg–Coxeter subdivision of X is defined by the follow-
ing procedure (see Fig. 6.2):

1. Take the dual graph ̂X of X . The dual graph is triangulation, since X is trivalent.
2. Considering a simple closed path of ̂X as a regular triangle with coordinates 0,

z = k + �ω and zω, where ω = (1 + √−3)/2, we set ̂X1 as a regular triangular
graph with edge length 1.

3. Take the dual graph X1 = ̂
̂X1.

Finally, we define the (k, �)-Goldberg–Coxeter subdivision GCk,�(X) = X1.

Example 6.1 A truncated icosahedral graph (graph of C60) is a (1, 1)-subdivision
of a dodecahedral graph (Fig. 6.3).
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GC2,0(X) GC3,0(X) GC4,0(X) GC2,1(X) GC3,2(X)

Fig. 6.3 Examples of subdivisions of a regular hexagonal lattice (Kotani–Naito–Omori [24]
(CC BY-NC-ND 4.0))

)c()b()a(

p

q1

q2

q3 0

z

zω

Fig. 6.4 The Goldberg–Coxeter construction around each vertex. In the case of a surface graph, we
construct the “local subdivisions” as in c, and then patch them according to the local coordinates
patch of the surface (Omori–Naito–Tate [41])

Remark 6.1 Theoriginal definition of theGoldberg–Coxeter construction is defined
for plane graphs; however, the definition is given by procedures around each vertex
of the graphs. Hence we can easily extend the definition for surface graphs (see
Fig. 6.4). We note that a plane graph is also a surface graph by using the inverse of
the stereographic projection R

2 → S2.

Theorem 6.1 (Dutour–Deza [9, 10]) The Goldberg–Coxeter subdivision satisfies

GCk,�(X) = GCk1,�1

(

GCk2,�2(X)
)

,

where k + �ω = (k1 + �1ω)(k2 + �2ω).

Remark 6.2 Goldberg–Coxeter construction for trivalent graph preserves the num-
ber of n-gons except for n = 6. Hence, it satisfies χ(X) = χ(GCk,�(X)).

In general, (k, �)-subdivision for a trivalent graph is slightly complicated; how-
ever, (2, 0)-subdivision is easily described as follows (see also Fig. 6.5):

1. Draw an n-gon (v1, . . . , vn) in each n-gon (u1, . . . , un) of the original graph X .
2. Connect ui and vi as an edge of GC2,0(X).
3. Delete original edges in X .
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(a) (b) (c)

Fig. 6.5 (2, 0)-Goldberg–Coxeter subdivision near an octagon. a Original discrete surface (near an
octagon), b take the (2, 0)-subdivision, c (2, 0)-subdivided discrete surface, the process generates
eight new hexagons near the octagon (Kotani–Naito–Tao [25])

As a result,

V (GC2.0(X)) = V (X) ∪ {vertices {vi } of new n-gons for all n-gons in X},
E(GC2,0(X)) = {(ui , vi ), (vi , vi+1) for all n-gons in X}. (6.1)

6.2 Subdivisions of Trivalent Discrete Surfaces

Let {X j } j=0 be a sequence of trivalent discrete surfaces. We need to consider: (1)
Does the sequence converge to a smooth surface or not, and also can we detect
underlying continuous objects of the trivalent discrete surface? (2) Do the curvatures
converge to that of the smooth surface? If the above questions are true, it may be
sufficient to compute a continuous model for study physical properties of materials
with a huge number of atoms.

By using the Goldberg–Coxeter construction, we can construct a sequence
{X j } j=0 of “topological subdivisions”with X0 = X .However, to define a sequenceof
trivalent discrete surfaces, we should define realizations (embeddings) � j : X j −→
R

3.

Example 6.2 For a dodecahedron or a truncated icosahedron X , define Xk =
GCk,0(X), then Xk can be realized as a polyhedron in R

3. Such polyhedra are called
Goldberg polyhedra (see Fig. 6.6). Note that, in the previous section, we only define
the Goldberg–Coxeter construction for trivalent graphs, but it can be defined for
tetravalent graphs. Fujita–Ueda–Sato–Mizuno–Kumasaka–Fujita [12] synthesized
polyhedral molecule structures, whose forms are GC-constructions (for tetravalent
graphs) of regular polyhedra, by using self-organization processes.

First, we consider subdivisions of an SWNT. Since cylinders are underlying con-
tinuous objects of SWNTs, the realization of a subdivided graph of an SWNT is a
map from X into a cylinder.

Theorem 6.2 (Kotani–Naito–Omori [24]) Let {CNT(λn, cn)} be the sequence of
subdivisions of CNT(λ, c) satisfying

CNT(λn, cn) = GCkn ,�n (CNT(λ, c)), kn ≥ 2, �n ≥ 0,
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Fig. 6.6 Examples of Goldberg polyhedra. The upper row is GCk,0(X) for a dodecahedron, and
the lower row is GCk,0(X) for a truncated icosahedron, k = 1, . . . , 8

where λn = λ

|kn + ω�n| , (cn)1ω + (cn)2 = (ωc1 + c2)(kn + ω�n), then we obtain

Kn → 0 and Hn → −1/2r(λ, c). That is, Kn and Hn converge to the curvature
of the underlying surface (a cylinder).

In general, we may prove the following.

Theorem 6.3 (Kotani–Naito–Omori [24]) Let X be a trivalent discrete surface, and
{Xk} a sequence of subdivisions of X. Moreover, we assume;

1. there exists a smooth surface M ⊂ R
3 such that Xk converges to M in Hausdorff

topology;
2. for any p ∈ M, there exists a sequence {vk} (vk ∈ V (Xk)) with vk → p such

that the sequence of unit normal vectors {nk(xk)} converges to the unit normal
vector n(p) at p ∈ M;

3. the Weingarten map Sk : Tvk → Tvk of embedding Xk converges to the Wein-
garten map S : Tp M → Tp M.

Then the Gauss curvatures and the mean curvatures of Xk converge to those of M.
That is to say, K (Xk)(vk) → K (M)(p) and H(Xk)(vk) → H(M)(p) hold.

Theorem 6.3 assumes very strong properties. The first and the second assumptions
may be natural to prove convergence; however, the last assumption is difficult to
confirm for concrete examples.

To construct a sequence of subdivisions for a crystal structure, we may use a
standard realization of the underlying graph structure. It is easy to show that sym-
metries of standard realizations are invariant with respect to the Goldberg–Coxeter
constructions. Namely, we obtain the following.

Proposition 6.1 Let X be a d-dimensional trivalent topological crystal and {ei }d
i=1

be a basis of parallel transformations of a standard realization of X. Moreover, we
assume that X is a surface graph. Then GCk,�(X) is also a d-dimensional trivalent
topological crystal and {ei }d

i=1 is a basis of parallel transformations of a standard
realization of GCk,0(X).

Proof First we have to show Aut(X) ⊂ Aut(GCk,�(X)). For any x ∈ V (X), we
define a cluster �(x) ⊂ GCk,�(X) to be Fig. 6.4c, and define [x] ∈ V (GCk,�(X))

to be a vertex in �(x). For any σ ∈ Aut(X), we define a σ̃ ∈ Aut(GCk,�(X)) by
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Fig. 6.7 Gauss curvatures of GCk,0(X) (k = 2, . . . , 9) of the Mackay–Terrones structure (Kotani–
Naito–Omori [24] (CC BY-NC-ND 4.0))

Fig. 6.8 Mean curvatures of GCk,0(X) (k = 2, . . . , 9) of the Mackay–Terrones structure (Kotani–
Naito–Omori [24] (CC BY-NC-ND 4.0))

σ̃ ([x]) = [y], if σ(x) = y ∈ V (X). By using this definition, we may extend σ̃ to the
set of edges of GCk,�(X), and we obtain σ̃ ∈ Aut(GCk,�(X)).

Since a standard realization satisfies Theorem 3.3, if {ei } is a basis of parallel
transformations of the standard realization of X , then it is also a basis of parallel
transformations of the standard realization of GCk,�(X) to preserve the symmetry.

�

By using the above proposition, we may construct a sequence of subdivisions of
a standard realized crystal by using the Goldberg–Coxeter construction and standard
realizations. For the Mackay–Terrones structure we construct a standard realization
for embedding into R

3, and calculate subdivisions numerically. Figures 6.7 and 6.8
are results of numerical calculations. In the case of the Mackay–Terrones structure,
curvatures of subdivided discrete surfaces are very similar to curvatures of their dual
triangular surfaces (see Figs. 6.9 and 6.10). This fact supports that our definition of
curvatures for trivalent discrete surfaces is reasonable.

By these numerical calculations, we may confirm the Hausdorff convergence of
the sequence of subdivisions of theMackay–Terrones structure, but we cannot check
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Fig. 6.9 Gauss curvatures of triangular duals of GCk,0(X) of the Mackay–Terrones structure
(Kotani–Naito–Omori [24] (CC BY-NC-ND 4.0))

Fig. 6.10 Mean curvatures of triangular duals of GCk,0(X) of the Mackay–Terrones structure
(Kotani–Naito–Omori [24] (CC BY-NC-ND 4.0))

the convergence of normal vectors (see near octagons of Fig. 6.8), and the rate of
Hausdorff convergence near octagons is slower than near hexagons.

6.3 Another Method of Subdivision of Trivalent Discrete
Surfaces

In the previous section, we constructed two types of sequences of subdivisions for
trivalent discrete surfaces. One is applicable for a trivalent discrete surface with an
underlying smooth surface, which an SWNT satisfies. The other is for a standard
realized trivalent discrete surface. But, these methods cannot be used to construct a
subdivision of a truncated icosahedron (C60). In this section, we use the other method
to construct a subdivision of trivalent discrete surfaces; however, it can only construct
the (2, 0)-Goldberg–Coxeter subdivision [25].
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Fig. 6.11 An n-gonal face
f and a graph ˜f consist of
the edges marked in blue,
respectively

Let X be a trivalent discrete surface with an underlying graph X , namely,
X = �(X), � : X −→ R

3, and X1 = GC2,0(X) be the (2, 0)-Goldberg–Coxeter
subdivision of X . By using (6.1), for an n-gonal face f = (u1, . . . , un) of X , there
exists an n-gonal face f ′ = (v1, . . . , vn) of X1 such that (ui , vi ) ∈ E(X1).

Definition 6.3 (Kotani–Naito–Tao [25]) For an n-gonal face f = (u1, . . . , un) of
X , we define a subgraph ˜f of X1 by

V ( ˜f ) = {ui , vi | i = 1, . . . , n},
E( ˜f ) = {(vi , vi+1), (ui , vi ) | i = 1, . . . , n, vn+1 = v1},

(see Fig. 6.11). Moreover, we define local energy ED( f ) and ED( ˜f ) by

ED( f ) =
n

∑

i=1

|ui+1 − ui |2,

ED( ˜f ) =
n

∑

i=1

|vi+1 − vi |2 +
n

∑

i=1

|ui − vi |2.

Definition 6.4 (Kotani–Naito–Tao [25]) Let X be a finite or periodic trivalent
discrete surface with an underlying graph X , and X1 = GC2,0(X) be the (2, 0)-
Goldberg–Coxeter subdivision of X . The subdivision X1 of X is defined by the
following steps (see Fig. 6.12):

1. For each n-gonal face f = (u1, . . . , un) in X , define the position vi of a vertex
of f ′ by min ED( ˜f ) with respect to fixed vertices ui .

2. We change the position ui to the barycenter of its three adjacent points, whose
position is defined by step 1.

Note that this procedure applies to any trivalent discrete surfaces, even C60 and the
K4 lattice.

Theorem 6.4 (Kotani–Naito–Tao [25]) Let X be a trivalent discrete surface and
{Xi }i=1 be the sequence of iteratively subdivisions of X . Namely, Xi+1 is the subdi-
vision of Vi defined by the process in Definition 6.4. Then,

1. The sequence {Xi } consists of a Cauchy sequence with respect to the Hausdorff
topology.
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Fig. 6.12 a an example of a
face in X , b vertices of the
inner (dark gray) face are
defined by minimization of
the local energy, black
vertices, which are also
vertices of X defined by the
balancing condition

(a) (b)

••
• •

•

2. The limit set X∞ = ⋃

Xi satisfies

X∞ = XF ∪ XV ∪ XS,

XF =
⋃

{b( f (i)); the barycenter of a face f (i) of Xi },
XV = ∪Xi ,

XS = otherwise,

where if X is “unbranched”, then XS = ∅.
3. The total energy E(Xi ) is bounded.
4. If X contains no n(> 6)-gonal faces, and contains at least one n(< 6)-gonal

face, then {E(Xi )} is monotone decreasing.

Thekey lemma toproveTheorem6.4 is an eigenvalue problemof a linear equation:

Lemma 6.1 (Kotani–Naito–Tao [25]) Let f be an n-gonal face of X , then the
inequality

ED( ˜f ) ≤ λ(n)ED( f ), λ(n) = (1 + 4 sin2(π/n))−1 (6.2)

holds.

Proof (Outline of Proof) Let x = [

xi
]

and x′ = [

x′
i

]

be coordinates of vertices of
f and f ′, then x and x′ satisfy

Anx′ = x, An =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

3 −1 −1
−1 3 −1

. . .
. . .

. . .

−1 3 −1
−1 −1 3

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, (6.3)

since x′ is determined as a minimizer of ED( ˜f ). The first eigenvalue of An is λ(n) =
λ1(n) = 1 + 4 sin2(π/n), and λ(n) satisfies λ(n) < λ(6) = 1/2 < λ(m) < 1, for
n < 6 < m. �

For a proof of the Hausdorff convergence of {Xi }, we may show that
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dH (Xi , ˜Xi+1) ≤ E
√

λi+1,

dH (x, π(x) ≤ E
√

λi+1, x ∈ V (X̃i+1),

dH (Xi , Xi+1) ≤ E
√

λi+1,

(6.4)

where dH is the Hausdorff distance, E = E(X0), λ = λ(N ) < 1, and X̃i+1 is the
discrete surface constructed by only step 1 in Definition 6.4:

Xi
solve minimizing problem−−−−−−−−−−−−−→ ˜Xi+1

π : projection to barycenter−−−−−−−−−−−−−→ Xi+1.

Since we assume X is periodic or finite, N = max{n | n-gonal face in X} is finite,
there exists a finite λ = λ(N ) < 1. The last inequality of (6.4) implies the Hausdorff
convergence of {Xi }.

For a proof of the boundedness and the monotonicity of energies, we may show
that

ED(Xi+1) ≤ ED(X̃i+1) =
∑

all faces

ED( ˜f ) ≤
∑

all faces

λ(n)ED( f ). (6.5)

Therefore by (6.5), we obtain

E(Xi+1) ≤
∑

all

λ(n)ED( f ) = 1

2

∑

n=6

ED( f ) +
∑

n 
=6

λ(n)ED( f )

= 1

2

∑

all

ED( f ) +
∑

n 
=6

(

λ(n) − 1

2

)

ED( f )

= E(Xi ) +
∑

n≤5

(

λ(n) − 1

2

)

ED( f ) +
∑

n≥7

(

λ(n) − 1

2

)

ED( f ).

(6.6)

Since the number of n( 
= 6)-gonal faces is finite λ(n) − 1/2 < 0 for n < 6, 0 <

λ(n) − 1/2 < 1/2 for n > 6, by (6.6), we obtain

E(Xi+1) ≤ E(Xi ) + 1

2

∑

n>6

ED( f ) ≤ E(X) + M ED( f 0), (6.7)

where M is the number of n(> 6)-gonal faces in X . Therefore, the energy {E(Xi )}
is bounded. If X contains no n(> 6)-gonal faces and contains at least n(< 6)-gonal
face, then we also obtain the monotone decreasing of {Xi } as

E(Xi+1) ≤ E(Xi ) +
∑

n≤5

(

λ(n) − 1

2

)

ED( f ) < E(Xi ). (6.8)

Example 6.3 We show numerical results of subdivisions of the Mackay–Terrones
structure and a truncated icosahedron (C60) in Figs. 6.13 and 6.14. Both sequences
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GC23,0 GC24,0 GC25,0 GC26,0

Fig. 6.13 Numerical results of subdivisions of the Mackay–Terrones structure by the method of
Definition 6.4 (compare with Figs. 6.7 and 6.8). Upper row: the Gauss curvature, lower row: the
mean curvature (Kotani–Naito–Tao [25])

GC23,0 GC24,0 GC25,0 GC26,0

Fig. 6.14 Numerical results of subdivisions of a truncated icosahedron (C60) by the method of
Definition 6.4. Upper row: the Gauss curvature, lower row: the mean curvature (Kotani–Naito–Tao
[25])

converge in the Hausdorff topology; however, at least the limit set of the sequence
of C60 is not smooth.

Remark 6.3 A trivalent discrete surface X is called unbranched if and only if X
satisfies that each edge shares at most two faces. If X is not unbranched, it is called
branched. For example, the K4 lattice is a trivalent discrete surface by the definition
and is branched (see Fig. 3.9). Even if X is branched, we may construct subdivisions
of it, and Theorem 6.4 also holds.



Chapter 7
Miscellaneous Topics

7.1 Carbon Nanotubes from Geometric Viewpoints

Carbon nanotubes are carbon allotropes, whose carbon atoms chemically bind with
three other atoms with sp2-orbitals, and they are graphenes rolled up in cylinders.
There aremany types of carbon nanotubes. However, in this section, we only consider
single wall nanotubes (SWNT). SWNTs have a parameter (chiral index) c = (c1, c2),
which is defined as follows.

Choose a vertex of a regular hexagonal lattice (a graphene) as an origin (0, 0),
then select the fundamental piece, whose vertices are {vi}3i=0 of a regular hexagonal
lattice (7.1), and translation vectors as in (7.2):

v0 = [0, 0] , v1 = [0,−1] , v2 =
[
1/2,

√
3/2

]
, v3 =

[
−1/2,

√
3/2

]
, (7.1)

a1 =
[√

3, 0
]
, a2 =

[
1/2,−√

3/2
]
. (7.2)

Select (c1, c2) with c1 ∈ N>0 and c2 ∈ N≥0, and set c = c1a1 + c2a2, we call c a
chiral vector (or a chiral index) of an SWNT. On the other hand,

t = (1/ gcd(c1, c2))((c1 + 2c2)a1 − (2c1 + c2)a2),

which is called a lattice vector, satisfies 〈c, t〉 = 0 (see Fig. 7.1).
AnSWNTwith the chiral index c is the structure identifying 0 and c, i.e., identifing

the line between from 0 to t and from c to c + t. Note that the fundamental region
of the SWNT with the chiral index c is the rectangle with vertices 0, t, t + c, and c.

The diameter of an SWNT with chiral index c = (c1, c2) is L =
√

c21 + c1c2 + c22.
SWNTs with c1 = c2 are called zigzag type, c2 = 0 are called the armchair type,

and otherwise are called chiral type. These names come from the shape of the edges
of SWNTs (see Fig. 7.2).
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Fig. 7.1 Construction of an SWNT from a regular hexagonal lattice. The chiral index of this
example is c = (4, 2)

Fig. 7.2 a A zigzag type (c = (12, 0)), b a chiral type (c = (12, 8)), c an armchair type (c =
(12, 12))

Fig. 7.3 Examples of SWNTs with short length index. a c = (12.0), length index ∼ 2.89, b c =
(12.8), length index ∼ 2.85, c c = (12.12), length index = 2

Electronic properties of SWNTs are also geometric. The following result is well-
known, and is obtained by tight binding approximations. If c1 ≡ c2 (mod 3), then
SWNTs with c = (c1, c2) are metallic; if not, then such SWNTs are semiconductors.

Recently, several researchers have synthesized SWNTs of short length using
organic chemistry (see [18, 34]), and hence an indexmeasuring the length of SWNTs
is needed. Matsuno–Naito–Hitosugi–Sato–Kotani–Isobe proposed such an index,
which is called the length index of SWNTs [34]:

√
3|c1(a1 − b1) − c2(a2 − b1)|

2
√

c21 + c1c2 + c22

,

for edge atom coordinates (a1, b1) and (a2, b1).

(7.3)

The index (7.3) measures how many benzene rings (hexagons) are in the length
direction (see Fig. 7.3).
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Fig. 7.4 The Stone–Wales transformation. In the case of graphenes, we flip an edge yielding two
pentagons and two heptagons

Fig. 7.5 Flipping an edge (colored in blue) in a, we obtain pentagon/heptagon pairs b. cBy flipping
two edges in b, pentagon/heptagon pairs separate

7.2 Material Properties and Discrete Geometry

In [7], we study the relationship between geometric properties (curvatures) of crys-
tal/molecule and material properties for 5–7 graphenes.

In graphene structures, n( 	= 6)-member-rings are called defects; here, an n( 	= 6)-
member-ring geometrically means a simple closed path with length n 	= 6. A typical
defect is called aStone–Wales defect, which is a pentagon/heptagon-pair (seeFig 7.4),
and a graphene including this type of defect is called a 5–7 graphene (see Fig 7.5).

The curved structure of it cannot be reproduced by computing a standard real-
ization of 5–7 graphenes. Meanwhile, 5–7 graphenes are curved near defects by
calculations using density functional theory (DFT). Introducing an additional term
as in (7.4) for the energy (3.1), we may reproduce profiles of 5–7 graphenes:

E =
∑

(i,j)∈NN
|xi − xj|2 + d3

√
3

2

∑
(k,�)∈NNN

|xk − x�|−1, (7.4)

where d is a length scale, “NN” and “NNN” mean nearest neighbours and next-
nearest neighbours. In other words, an edge e = (i, j) in “NN” is equivalent to an
edge e of the underlying graph of the structure, and (k, �) ∈ NNN is equivalent
to a the graph distance between xk and x� of 2 (see Fig. 7.6). We call (7.4) the
energy with replusive interactions, and critical points SRRI (standard realizations
with replusive interaction). The first term of (7.4) expresses the attractive force of
covalent bonds between adjacent atoms, and the second term expresses the Coulomb
repulsive force. The structurewhichminimizes the energywith replusive interactions
(7.4) for graph structures of a 5–7 graphene reproduces profiles of it (see Fig. 7.7), and
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Fig. 7.6 Red lines: nearest neighbour (covalent bonds in graphenes), Blue lines: next-nearest neigh-
bour

Fig. 7.7 Profiles of a 5–7 graphene computed by a SRRI and bDFT. Colors of vertices express the
Gauss curvature (scaled by maximum as 1). Both profiles are not completely matched; however,
profiles of the Gauss curvature are sufficiently matched to consider physical properties of 5–7
graphenes

the calculation speed to get an SRRI (minimizer of (7.4)) is several times faster than
to get optimized structure by DFT and/or MD (molecular dynamics). We note that
mathematical properties of the functional (7.4) have not been studied yet, however,
numerical calculations for it are work well.

On the other hand, in classical surface theory, for surfaces completely determined
by the Gauss and the mean curvatures (the fundamental theorem of surface the-
ory), the Gauss curvature is intrinsic but the mean curvature is not [58]. For trivalent
discrete surfaces, the same property is also expected. Hence, we consider the relation-
ship between the Gauss curvature and physical properties. In fact, doping energies
for replacing a carbon atom in 5–7 graphene by a nitrogen atom relate to the Gauss
curvature, but there is no significant relationship to the mean curvature (see Figs. 7.8
and 7.9).

In the case of these problem sizes (number of atoms), DFT/MD calculations work;
however, in the case of very large number of systems, such calculations cannot be
done in realistic time. As discussed in Chap. 6, if we find the underlying surface of
such a system,wemaypredict somephysical properties byusinggeometric properties
of the underlying surface.
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Fig. 7.8 Relationship between doping energy and changing total Gauss curvature before and after
doping (Dechant–Ohto–Ito–Makarova–Kawabe–Agari–Kumai–Takahashi–Naito– Kotani [7], (CC
BY-NC-ND 4.0))

Fig. 7.9 Curvature distributions of a 5–7 graphene and a 30-degree bending 5–7 graphene. a The
Gauss curvature, b the mean curvature of a 5–7 graphene, c the Gauss curvature, d the mean
curvature of a 30-degree bending 5–7 graphene (Dechant–Ohto–Ito–Makarova–Kawabe–Agari–
Kumai–Takahashi–Naito– Kotani [7], (CC BY-NC-ND 4.0))

7.3 Graph Spectra and Electronic Properties of Carbon
Structures

States of electrons of atoms, molecules, and solids follow the Schrödinger equation

− �ψ + V ψ = Eψ, in R3, (7.5)

where V is a potential, E is the energy of an electron and ψ : R3 −→ C is called a
wave function.

7.3.1 The Hückel Method

In the case ofmolecular structures, wave functions are also calledmolecular orbitals.
It is very difficult (or impossible) to rigorously calculate molecular orbitals in general



82 7 Miscellaneous Topics

cases. The Hückel method provides an approximate method to calculate molecular
orbitals of conjugated hydrocarbons. Hydrocarbons consisted only of hydrogen (H)
and carbon (C). We assume that each carbon atom has three σ -electrons and binds
with other carbons or hydrogens covalently bonds using σ -electrons. Since a carbon
atomhas four outermost electrons, each carbon atomhas oneπ -electron.We call such
molecules conjugated hydrocarbons. A molecular orbital ψ , which is normalized as
‖ψ‖L2(R3) = 1, satisfies (7.5); then ψ expresses the probability distributions in the
hydrocarbon. The Hückel method assumes that molecular orbitals for hydrocarbons
are determined only by the carbon skeleton of the molecule.

Definition 7.1 For a conjugated hydrocarbon molecule, the graph X = (V, E)

defined as follows is called the carbon skeleton or the Hückel graph of the molecule:
n be the number of carbon atoms in the molecule, and V = {v1, . . . , vn}, and
(vi, vj) ∈ E if and only if the i-th and j-th carbon atoms bind with each other cova-
lently.

In the Hückel method, we assume that molecular orbitals (wave functions) ψ

consist of superpositions

ψ =
n∑

i=1

αiφi, αi ∈ C (7.6)

of wave functions φi (distribution probability of a π -electron belonging in the i-th
carbon atom), and assume that

∫

R3

〈
φi, φj

〉
d V = δij,

∫

R3

〈
Ĥφi, φj

〉
d V = Hij =

⎧⎪⎨
⎪⎩

α i = j,

− β (vi, vj) ∈ E,

0 (vi, vj) /∈ E,

(7.7)

where α, β > 0, 〈•, •〉 is the Hermitian inner product on C and Ĥ = −�R3 (i.e.,
V = 0). To find amolecular orbital (steady state of (7.5)), we should calculate critical
points of the functional

H[ψ] =
∫

R3

〈
Ĥψ,ψ

〉
dv − E

∫

R3

〈ψ,ψ〉 d V, (7.8)

where E is a Lagrange multiplier in mathematics, an energy of the orbital in
physics/chemistry. By using (7.6) and (7.7), ψ is a critical point of the functional
(7.8) if and only if c = [

ci
] ∈ C

n is a non-zero solution of

H[c] = c†Hc − E|c|2. (7.9)

Namely, c is an eigenvector of H with the eigenvalue E. On the other hand, by (7.7),

H = αI − βA, (7.10)
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Fig. 7.10 Conjugated hydrocarbons and their carbon skeleton graphs. a Benzene, b its carbon
skeleton, c styrene, d its carbon skeleton

where A is the adjacency matrix of the graph of the carbon skeleton, and I is the
identity matrix. Therefore, we may consider the Hückel method as an eigenvalue
problem in graph theory.

Example 7.1 Let X be the graph of benzene skeleton (see Fig. 7.10a, b). Then,

H = α

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎦

− β

⎡
⎢⎢⎢⎢⎢⎢⎣

0 1 0 0 0 1
1 0 1 0 0 0
0 1 0 1 0 0
0 0 1 0 1 0
0 0 0 1 0 1
1 0 0 0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎦

,

and its eigenvalues and eigenvectors are

λ1 = α − 2β, φ1 = 1

6

[+1 +1 +1 +1 +1 +1
]T

,

λ2, λ3 = α − β, φ2 = 1√
12

[+1 +2 +1 −1 −2 −1
]T

,

φ3 = 1

2

[+1 0 −1 −1 0 +1
]T

,

λ4, λ5 = α + β, φ5 = 1√
12

[+1 −2 +1 +1 −2 +1
]T

,

φ4 = 1

2

[+1 0 −1 −1 0 +1
]T

,

λ6 = α + 2β, φ6 = 1√
6

[−1 +1 −1 +1 −1 +1
]T

,

andwehaveλ1 < λ2 = λ3 < λ4 = λ5 < λ6.Abenzenemolecule has sixπ -electrons.
On the other hand, each molecular orbital contains at most two electrons by the Pauli
exclusion principle, hence orbitals in the ground state are expressed by superposition
of φ1, φ2 and φ3. Molecular orbitals with highest energy in the ground state are called
highest occupied molecular orbitals (HOMO), and the next large energy orbitals are
called lowest unoccupied molecular orbitals (LUMO). In this case, HOMO are φ2

and φ3, and LUMO are φ4 and φ5.
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As is explained in Example 7.1, a conjugated hydrocarbon contains an even num-
ber of carbon atoms, molecular orbitals in the ground state are superpositions of
φ1, . . . , φn/2.

Proposition 7.1 For a conjugated hydrocarbon with n carbon atoms, we assume
that the graph X of its carbon skeleton is bipartite and n is even, so that the density
of states of π -electrons in the ground state is equally distributed in each carbon
atom.

Proof Let {μj}n
j=1 be eigenvalues of the adjacency matrix AX of X in descending

order, and φj = [
xjk
]T

(j = 1, . . . , n) be orthonormal eigenvectors of AX . Then,

cq =
n∑

j=1

gjx
2
jq, q = 1, . . . , n (7.11)

expresses the π -electron charge of the q-th carbon, where gj is the number of π -
electrons ascribed in the j-th orbital.

Now we assume that X is bipartite and n is even, μj = μi and x2jq = x2iq if i + j =
n + 1byTheorem2.5. Since the number ofπ -elections of themolecule isn, byPauli’s
law,π -electrons occupy the lower n/2 orbitals in the ground state. Therefore we have
gj = 2 (j ≤ n/2) and gj = 0 (j > n/2). Hence, by (7.11) and

[
φ1 . . . φn

] ∈ O(n), we
obtain

cq =
n∑

j=1

gjx
2
jq = 2

n/2∑
j=1

x2jq =
n∑

j=1

x2jq = 1. (7.12)

Example 7.2 Benzene molecules (C6H6, Fig. 7.10a, b) satisfy Proposition 7.1.
Hence the chemical structure formula of benzenes is often draw as Fig. 7.11b.

Fig. 7.11 Chemical structure formulas of benzenes. a The carbon atom of benzene is bound to other
carbon atoms by three covalent bonds, so that double bonds and single bonds appear alternately.
b However, there is no distinction between a double bond and a single bond in the bond between
carbons
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7.3.2 Tight-Binding Approximations

In the case of a d -dimensional crystal structure, wave functions ψ should be
ψ ∈ L2(Rd ); however, the potential V is a periodic function on R

d . For the sake
of simplicity, we only consider wave functions satisfying (7.5) for 1-dimensional
crystals and V = 0.

The 1-dimensional Euclidean space R is the universal covering group of S1,
and its covering transformation group is Z, i.e., S1 = R/(2πZ). Here, for each k ∈
R/(2πZ), we define Hilbert spaces L2

k as follows: First we set

Ck = {φ ∈ C(R,C) | φ(x + 2π) = eikφ(x)},

where C(R,C) is the space of complex-valued continuous functions on R. The
Hilbert space L2

k is the completion by the norm

‖φ‖2 =
∫ 2π

0
|φ(x)|2 dx.

Then, L2
k is isomorphic to L2(S1) by L2

k 
 ψ(x) �→ e−ikx/2πψ(x) ∈ L2(S1). The
Laplacian �k is densely defined on L2

k and satisfies �k : L2
k → L2

k , which is called
a twisted Laplacian (see for example [51]). Since for k ∈ R/(2πZ) and n ∈ Z,
φk,n(x) = e(n+k)ix/2π ∈ L2

k satisfies−�kφk,n = (4π2)−1(2πn + k)2φk,n, eigenvalues
of �k are (4π2)−1(2πn + k)2. The function En(k) = (4π2)−1(2πn + k)2 is called
the band structure of the 1-dimensional crystal with V = 0, which is well-known as
a result according to Bloch’s theorem (Fig. 7.12).

A method approximating wave functions here only binding between atoms in a
crystal is considered is called a tight-binding approximation, which is a discretization
of the above arguments. First we consider a 1-dimensional crystal, whose discretiza-
tion is a 1-dimensional lattice X = (V, E). The maximal abelian covering of a cycle
graph CN = (V0, E0) is X , therefore, we may consider CN instead of a periodic
structure of X .

Let φ : Z −→ C be a wave function on Z that satisfies

−�Zφ = Eφ, i.e., 2φ(n) − φ(n + 1) − φ(n − 1) = Eφ(n), n ∈ Z, (7.13)

which is a discretization of (7.5). Instead of (7.13), the equation

Fig. 7.12 The band
structure of R with V = 0
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t(φ(n + 1) + φ(n − 1)) − εφ(n) = Eφ(n), t, ε ∈ R

is usually considered in physics books, similarly to α and β in the Hückel method;
however, we consider (7.13) in this monograph.

For an integer N > 0 and k ∈ R, we set

�2k = {φ ∈ C(Z,C) | φ(n + N ) = e2π ikφ(n), for any n ∈ Z},

and define a function φ̃ on a cycle graph CN by φ̃(n) = e−2π ikn/N φ(n). Then we
obtain

−�Zφ(n) = φ(n + 1) + φ(n − 1) − 2φ(n)

= e2π ik(n+1)/N φ̃(n + 1) + e2π ik(n−1)/N φ̃(n − 1) − 2e2π ikn/N φ̃(n)

= e2π ikn/N
(
e2π ik/N φ̃(n + 1) + e−2π ik/N φ̃(n − 1) − 2φ̃(n)

)
.

(7.14)

Namely, we define

−�k,N =

⎡
⎢⎢⎢⎢⎢⎣

−2 e2π ik/N e−2π ik/N

e−2π ik/N −2 e2π ik/N

. . .
. . .

. . .

e−2π ik/N −2 e2π ik/N

e2π ik/N e−2π ik/N −2

⎤
⎥⎥⎥⎥⎥⎦

,

and if φ satisfies (7.13), then φ̃ satisfies

− �k,N φ̃ = Eφ̃. (7.15)

Define a function φ̃ onCN by φ̃ = [
(e2π ia/N )j�

]
j = [

e2π iaj�/N
]

j for � = 0, . . . , N − 1,
then we obtain

−�k,N φ̃ = [
e2π ik/N e2π ia(j+1)�/N + e−2π ik/N e2π ia(j−1)�/N − 2e2π iaj�/N

]

= [
e2π i(a(j+1)�+k)/N + e2π i(a(j−1)�−k)/N − 2e2π iaj�/N

]

= [
e2π iaj�/N (e2π i(a�+k)/N + e−2π i(a�+k)/N − 2)

]

= (e2π i(a�+k)/N ) + e−2π i(a�+k)/N ) − 2)
[
e2π iaj�/N

]

= (e2π i(a�+k)/N + e−2π i(a�+k)/N − 2)φ̃.

Therefore, 2 cos(2π((a� + k)/N )) − 2 = −4 sin2(π(a� + k)/N ) (� = 0, . . . , N −
1) are eigenvalues of −�k,N . Hence E(k) = sin2(π(a + k)/N ) for a ∈ R. Since
N 2 sin2(π(a + k)/N ) → (π(a + k))2 (N → ∞), the E(k) of CN approximates the
E(k) of R.

Next we consider electronic states of graphenes by a tight-binding approximation.
LetX = (V, E) be a graph structure of a graphene (a hexagonal graph, see Fig. 7.13),
and let φ be a wave function on the graph. Instead of the Laplacian, we consider the
adjacency matrix AX , then we obtain
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Fig. 7.13 Vertices and edges of a graphene; {aj}2j=1 is a basis of parallel transformations

AX φ(v0) = φ(v0 + e1) + φ(v0 + e2) + φ(v0 + e3)

A2
X φ(v0) = φ(v0 + e1 − e1) + φ(v0 + e1 − e2) + φ(v0 + e1 − e3)

+ φ(v0 + e2 − e1) + φ(v0 + e2 − e2) + φ(v0 + e2 − e3)

+ φ(v0 + e3 − e1) + φ(v0 + e3 − e2) + φ(v0 + e3 − e3)

= 3φ(v0) + φ(v0 + a1) + φ(v0 − a1) + φ(v0 + a2) + φ(v0 − a2)

+ φ(v0 + a1 − a2) + φ(v0 − a1 + a2).
(7.16)

Here, we define �k and φ̃ ∈ �k (k = (k1, k2) ∈ R
2) by

�k = {φ ∈ C(X ,C) | φ(x + a1) = eik1φ(x), φ(x + a2) = eik2φ(x)},
φ̃(α1a1 + α2a2 + vj) = e−i(α1k1+α2k2)φ(vj),

then, by (7.16), we obtain

A2
X φ̃(vi) = (3 + eik1 + e−ik1 + eik2 + e−ik2 + ei(k1−k2) + e−i(k1−k2))φ̃(vi), (7.17)

and we may define a twisted operator Ak : �k → �k by

Ak =
[

0 D(k)
D(k)

]
, A2

k =
[

D2(k) 0
0 D2(k)

]
, (7.18)

where

D(k) = eik1 + eik2 + 1,

D2(k) = |D(k)|2 = 3 + eik1 + e−ik1 + eik2 + e−ik2 + ei(k1−k2) + e−i(k1−k2)

= 3 + 2 cos(k1) + 2 cos(k2) + 2 cos(k1 − k2).

(7.19)

Hence, by (7.18), the dispersive relation k to eigenvalues μ(k) of Ak is obtained as

k �→ E(k) = ±√D2(k) = ±√3 + 2 cos(k1) + 2 cos(k2) + 2 cos(k1 − k2). (7.20)
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Fig. 7.14 a E(ξ) of graphenes (band structure), b closed up E(ξ) near K and K ′ points. c highly-
symmetric points in the Fourier space

It is easy to show that E(K±) = 0, where K± = ±(2π/3,−2π/3), and D2 satis-
fies

E(k) ∼ ±
√

k2
1 + k2

2 − k1k2, k ∼ K±. (7.21)

Now, we apply data of a standard realization of a graphene. The angle between a
basis of parallel transformations a1, a2 of a regular hexagonal lattice is π/3. We take
{kj}2j=1 as the dual basis of {aj}2j=1, and we express k = kxk1 + kyk2, for an example,

kx = (−k1 + √
3k2)/3, ky = (k1 + √

3k2)/3. By (7.20), we obtain the band structure
E(k) as in Fig. 7.14a. By (7.21), we also obtain

E(k) ∼ ±
√

k2
x + k2

y , k ∼ K±. (7.22)

Note that the lower band (valence band) and the upper band (conductor band) attach at
K = K+ and K ′ = K− points on E = 0, and as in shown in (7.22), the band structure
has cone-like points at K and K ′ (see Fig. 7.14b and for example [3]). A cone-like
point of a band is called a Dirac point. Roughly speaking, if a band has a Dirac point
at ξ0, the effective mass of electrons with the wave number ξ0 is zero. Diamonds
and K4-carbons, which are also strongly isotropic, have Dirac points, as well as
graphenes, but such Dirac points are in valence bands (Tsuchiizu [57]).

From a graph-theoretic viewpoint, we may write D(k) as

D(k) = ei〈k,e1〉 + ei〈k,e2〉 + ei〈k,e3〉 = ei〈k,e3〉(ei〈k,a1〉 + ei〈k,a2〉 + 1),

which is considered as “waves” that run over edges on the base graph X0 (see
Fig. 7.13b), and by ignoring the phase-factor, wemay easily obtain (7.18) and (7.19).
This recipe depends only on data of the coveringmaps of the base graph of graphenes.

For a kagome lattice, taking {ei}6i=1 as in Fig. 3.13a, and using the above recipe,
we obtain a twisted operator
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Ak =
⎡
⎣

0 ei〈k,e1〉 + ei〈k,e4〉 e−i〈k,e3〉 + e−i〈k,e6〉
e−i〈k,e1〉 + e−i〈k,e4〉 0 ei〈k,e2〉 + ei〈k,e5〉

ei〈k,e3〉 + ei〈k,e6〉 e−i〈k,e2〉 + e−i〈k,e5〉 0

⎤
⎦ . (7.23)

For a maximal abelian covering lattice of the base graph X0, as shown as in (3.35),
a basis {̃aj}4j=1 of parallel transformations satisfies

ẽ1 = (1/6)(3̃a1 + ã3 + ã4),

ẽ2 = (1/6)(3̃a2 + ã3 + ã4),

ẽ3 = (1/6)(−3̃a1 − 3̃a2 + 4̃a3 − 2̃a4),

ẽ4 = (1/6)(−3̃a1 + ã3 + ã4),

ẽ5 = (1/6)(−3̃a2 + ã3 + ã4),

ẽ6 = (1/6)(3̃a1 + 3̃a2 − 2̃a3 + 4̃a4).

(7.24)

A kagome lattice is the projection of the maximal abelian covering lattice onto the
subspaceH = span{̃e1 + ẽ2 + ẽ3, ẽ4 + ẽ5 + ẽ6} ⊂ H1(X0,R). Therefore combining
(7.24) and

ẽ1 + ẽ2 + ẽ3 = ẽ4 + ẽ5 + ẽ6 = 0,

we obtain that a basis {aj}2j=1 of parallel transformations of a kagome lattice satisfies

e1 = (1/2)a1, e2 = (1/2)a2, e3 = −(1/2)(a1 + a2),
e4 = −(1/2)a1, e5 = −(1/2)a2, e6 = (1/2)(a1 + a2).

(7.25)

By using (7.23) and (7.25), we obtain

Ak =
⎡
⎣

0 e(i/2)k1 + e−(i/2)k1 e(i/2)(k1+k2) + e−(i/2)(k1+k2)

e−(i/2)k1 + e(i/2)k1 0 e−(i/2)k2 + e(i/2)k2

e(i/2)(k1+k2) + e−(i/2)(k1+k2) e(i/2)k2 + e−(i/2)k2 0

⎤
⎦

=
⎡
⎣

0 2 cos(k1/2) 2 cos((k1 + k2)/2)
2 cos(k1/2) 0 cos(k2/2)

2 cos((k1 + k2)/2) 2 cos(k2/2) 0

⎤
⎦ ,

and

E(k) = {−2, 1 ±√
3 + 2 cos(k1) + 2 cos(k2) + 2 cos(k1 − k2)}. (7.26)

A band with E(ξ0) ≡ const. is called a flat band, which means that there exists
an electron with infinite effective mass with energy E(ξ0). Hence we confirm that
kagome lattices have a flat band and Dirac points (see Fig. 7.15).

A kagome lattice is the line graph of a hexagonal lattice (see Fig. 7.16). In general,
Shirai shows that there exists a flat band in the line graph of an infinite d -regular
graph (Shirai [49], see also [35]). Katsura–Maruyama [21] also explain the existence
of flat bands in the abelian covering of a line graph. In their paper, the band structure
of a decorated hexagonal lattice is considered (see Fig. 7.17a). Let X0 = (V, E) be



90 7 Miscellaneous Topics

Fig. 7.15 E(ξ) of a kagome lattice (band structure), compare Fig. 7.14a

Fig. 7.16 a a hexagonal lattice, b a kagome lattice, c merged lattices

Fig. 7.17 aA decorated hexagonal lattice, b its base graph, c E(ξ) of a decorated hexagonal lattice,
compare Figs. 7.14a and 7.15

a base graph of a decorated hexagonal lattice, and VB be black vertices VW be white
vertices (see Fig. 7.17b). Then X0 and a decorated hexagonal lattice are bipartite.
The twisted Laplacian of X0 is written as

−�k =
[

O −�BW,k

−�W B,k O

]
,

and −�BW , −�W B are 3 × 3, 2 × 2-Hermite matrices, respectively. By Theorem
2.5, if λ is an eigenvalue of −�k, then −λ is also an eigenvalue. On the other hand,
the size of −�k is odd, therefore −�k has at least one zero-eigenvalue. Hence a flat
band exists in the band structure of a decorated hexagonal lattice (see Fig. 7.17c).

Here, we note several terminologies in solid-state physics. The Wigner–Seitz cell
of a crystal structure is the fundamental region of parallel transformations. In the
case of a graphene, a basis of the Wigner–Seitz cell is {e2 − e1, e3 − e1}, which is a
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Fig. 7.18 Iso-surfaces of the
density of electrons in
graphenes by DFT. a
Probability 0.18, b
probability 0.30

region in H1(X0,R). The first Brillouin zone of a crystal structure is the dual region
of the Wigner–Seitz cell, which is in H 1(X0,R).

As explained in the Hückel method and tight-binding approximations of a
graphene, each orbital or band contains at most two electrons by the Pauli exclu-
sion principle. If a crystal model contains 2n electrons, then in the ground state,
n bands from below are occupied by electrons, and such bands are called valence
bands. Other bands, which have higher energy than valence bands, are called con-
ductor bands. A crystal is called metallic when the valence band with the highest
energy and the conductor band with the lowest energy have shared points. A crystal
is called a semiconductor when the gap between the valence band with the highest
energy and the conductor band with the lowest energy is small (less than about 1eV
in solid state physics).

7.3.3 The Density Function Theory

Finally, we briefly describe the density functional theory (DFT) fist proposed by
Kohn–Hohenberg [16] and Kohn–Sham [23]. It is very difficult to numerically solve
the Schrödinger equation (7.5) by direct methods, if the number of electrons N � 1.
In stead of solving (7.5), we consider the density of electrons

ρ(x) =
N∑

j=1

|φj(x)|2,

where φj is a wave function for an electron. Kohn–Hohenberg show that the energy
EG of the ground state is uniquely determined by ρ, and the density ρ0 of the ground
state is the minimizer of the energy functional, namely, EG = E[ρ0] ≤ E[ρ]. For
each given potential V , the cost of calculations of energy by this method is O(N 3)

by using a suitable approximation.
As in Figs. 7.18, 7.19 and 7.20, numerical calculations using DFT give us the

density of electrons of molecule/crystal structures. Figs. 7.18, 7.19 and 7.20 are
generated by Dr. Tomoya Naito and calculated using OpenMX [31, 42–44] with the
LDA-PZ81 functional [45] and drawn using VESTA [36].
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Fig. 7.19 Iso-surface of distributions of electrons ofC60 byDFT.aProbability 0.15,b its cut-model,
c probability 0.25, d its cut-model

Fig. 7.20 DFT calculation result for the Mackay–Terrones structure. a Electronic state, band gap
is about 1eV, and hence the Mackay–Terrones structure is a semiconductor. b Iso-surface of the
density of electrons (p = 0.15)

7.4 Eigenvalues of Subdivisions of Trivalent Discrete
Surfaces

As describied in Sect. 7.3, eigenvalues of the Laplacian are an important property
of graphs, and also one of the main objects in discrete geometric analysis (see for
example [5, 15, 30]). On the other hand, we define subdivisions of trivalent graphs in
Sect. 6.1. Therefore, relationships between eigenvalues ofLaplacian and subdivisions
of trivalent graphs are of interest.

Theorem 7.1 (Omori–Naito–Tate [41]) Let X = (V (X ), E(X )) be a connected,
finite and simple trivalent graph equipped with an orientation at each vertex,
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X ′ = GCk,l(X ) be the Goldberg–Coxeter construction of X , where k ≥ l ≥ 0 and
k 	= 0 and

0 = λ1(X ) < λ2(X ) ≤ · · · ≤ λ|V (X )|(X ),

0 = λ1(X
′) < λ2(X

′) ≤ · · · ≤ λ|V (X ′)|(X ′)

be the eigenvalues of their Laplacians �X , �X ′ , respectively. Then for i = 1, 2, . . . ,
|V (X )|,

λi(GCk,l(X )) ≤ 3k

k2 + kl + l2
λi(X ). (7.27)

If X is a bipartite, then for i = 1, 2, . . . , |V (X )|,

λ|V (GCk,l(X ))|−i+1(GCk,l(X )) ≥ 6 − 3k

k2 + kl + l2
λi(X ). (7.28)

In the case that l = 0, the last |V (X )| eigenvalues of GCk,0(X ) satisfy

λ|V (GCk,0(X ))|−i+1(GCk,0(X )) ≥ 3 +
√
5 + 4 cos

2π

k
, (7.29)

for i = 1, 2, . . . , |V (X )|.
Theorem 7.2 (Omori–Naito–Tate [41]) Let X = (V (X ), E(X )) be a connected,
finite and simple trivalent graph equipped with an orientation at each vertex, and
GCk,0(X ) be the Goldberg–Coxeter construction of X for k ≥ 1. Then, for any num-
ber o(k2) satisfying o(k2)/k2 → 0 as k → ∞, the first (resp. the last) o(k2) eigen-
values of the Laplacian of GCk,0(X ) tend to 0 (resp. tend to 6 as k goes to infinity).

Theorem 7.3 (Omori–Naito–Tate [41]) By the same assumption as Theorem 7.2,
GC2k,0(X ) has eigenvalues2 and4, whose multiplicities are �k/2� and �k/2�, respec-
tively. Moreover, under the assumption that the number of edges surrounding each
face is divided by 3, GCk,0(X ) has eigenvalues 2 and 4, whose multiplicities are
�k/2� and �k/2�, respectively.

Here, we note that eigenvalues λ of the Laplacian −� satisfy λ ∈ [0, 6] since X is
trivalent (see Theorem 2.3).

The above results are obtained by analysis of eigenvalues of cluster �k,�(p) (see
Fig. 7.21).

Proposition 7.2 (Omori–Naito–Tate [41])There exists an eigenvectorχ (eigenvalue
λ) of GCk,0(X ) such that the restriction χ |�k,0(p) is an eigenvector (eigenvalue λ)
under the Neumann boundary condition. Eigenvalues of a (k, 0)-cluster �k,0(p)

under the Neumann boundary condition are

λ±
s,t = λ±

s,t(k) = 3 ±
√
3 + 2 cos

2πs

k
+ 2 cos

2π t

k
+ 2 cos

2π(s − t)

k
, (7.30)
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Fig. 7.21 Cluster �k,�(p), where p is a vertex of the original graph X and the cluster is a subgraph
of X ′. This figure expresses �5,0(p). The Neumann boundary condition means that an eigenvector
takes the same value at both ends of an edge stood over the gray and white regions

0 ≤ s, t ≤ k − 1.

By using Proposition 7.2 and gluing eigenvectors of clusters, we may construct
eigenvectors of GCk,0(X ), which shows results. We note that the condition “the
number of edges surrounding each face is divided by 3” produces an edge coloring
on X , and guarantees a D3-invariant eigenvector (eigenvalue 4) on a cluster with
constant boundary values (for precise arguments, see [41]).

7.5 Graph Algorithms and Miscellaneous Computation
Methods

In thefinal section,we explain graph algorithms andnumericalmethods that appeared
in calculations of standard realizations.

7.5.1 Graph Algorithms

To calculate standard realizations, we need to obtain a spanning tree of base graphs
(Kruskal’s algorithm) and to find one of the shortest paths between the given two
vertices of base graphs (Dijkstra’s algorithm). Other algorithms are also available
for them (see for example [1]).

Algorithm 7.1 (Kruskal’s algorithm [1])LetX = (V, E) be a connectedweighted
graph. An algorithm to find a minimum spanning tree of X is as follows:

1. F = V and S = E, where F is called a forest (a set of trees),
2. while S 	= ∅ and F is not spanning tree yet, repeat:

a. remove an edge e with minimum weight from S,
b. if e connects t1, t2 ∈ F (t1 	= t2), then add t = t1 ∪ e ∪ t2 to F (and remove

t1, t2 from F).
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Fig. 7.22 Calculation of a minimum spanning tree of K4 graph by using Kruskal’s algorithm.
Numbers in the above figures denote the weights of edges

Since the number of edges contained in the minimum spanning tree is |V | − 1, the
loop in step 2 repeats at most |V | − 1 times. On other hand, the cost to sort S by
weights is O(|E| log |E|). Therefore, the cost to find a minimum spanning tree by
this algorithm is O(|E| log |E|) = O(|E| log |V |).
Example 7.3 Let X = (V, E) be the graph in Fig. 7.22a, Kruskal’s algorithmworks
as:

1. there exists two edges (v1, v2) and (v0, v3) with weight 1; choose the edge
(v1, v2), then F is the graph in Fig. 7.22b.

2. There exists only one edge (v0, v3)with weight 1; choose the edge (v0, v3), then
F is the graph in Fig. 7.22c.

3. There exists three edges (v0, v1), (v1, v3), and (v2, v3)with weight 2; choose the
edge (v2, v3), then F is the graph in Fig. 7.22d, and F is a spanning tree, since
F contains all vertices of X .

Note that F is also a spanning tree even if we select another edge with weight 2 in
the step 1.

Algorithm 7.2 (Dijksta’s algorithm [1]) Let X = (V, E) be a connected weighted
graph. An algorithm to find the shortest path from a given vertex s ∈ V to other
vertices is as follows:

1. set d(s) = 0, d(x) = ∞ (V 
 x 	= s), p(v) = NONE, and Q = V ,
2. while Q 	= ∅ repeat:

a. select and remove a vertex x ∈ Q such that d(x) is minimum among vertices
in Q,

b. for each vertex y ∈ V such that (x, y) ∈ E:
if d(x) > d(y) + w(x, y), then set d(x) = d(y) + w(x, y) and p(x) = y.

Here d expresses the distance from s and p expresses the previous vertex of the short-
est path founded. After the algorithm finishes, the path (x, p(x)) . . . (p(· · · (p(x))), s)
is a shortest path from x to s, and d(x) is the distance from s to x.

The highest-cost procedure of this algorithm is the step to select one of the nearest
vertices. By using a priority queue, for example, a binary heap, the total cost of this
algorithm is O((|V | + |E|) log |V |).
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Fig. 7.23 An example to
test Dijkstra’s algorithm

Example 7.4 Let X = (V, E) be the graph in Fig. 7.23 and let us find the shortest
paths from v0 to other vertices. Dijkstra’s algorithm works as:

0. Q = {v0, v1, v2, v3}: d(v0) = 0,
1. set x := v0, Q = {v1, v2, v3}: set d(v1) = 3, p(v1) = v0, d(v2) = 1 and d(v2) =

v0,
2. set x := v2, Q = {v1, v3}: since d(v1) > d(v2) + d(v2, v1), set d(v1) = 2 and

p(v1) = v2: set d(v3) = d(v2) + 5 = 6, p(v3) = v2,
3. set x := v1,Q = {v3}: sinced(v3) > d(v1) + d(v1, v3), setd(v3) = 5andp(v3) =

v1: d and p do not change,
4. set x := v3, Q = ∅: d and p do not change.

At the end of this procedure,

p(v0) = NONE, p(v1) = v2, p(v2) = v0, p(v3) = v1,

d(v0) = 0, p(v1) = 3, p(v2) = 1, p(v3) = 5,

hence a shortest path from v0 to v3 is (v0, v2)(v2, v1)(v1, v3), and its length is 5.

7.5.2 Numerical Methods for Matrices

To obtain standard realizations, we also need numerical schemes for matrix calcula-
tions.

For an n×n real symmetric matrix A, if there exists an upper triangular matrix X
such that A = X T X , then the decomposition is called a Cholesky decomposition of
A. If A = [aij] and X = [xij] satisfy A = X T X , then we obtain

aii =
i∑

k=1

x2ki,

aij =
j∑

k=1

xkixkj, (i < j).

(7.31)

Hence we may calculate xij as
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a11 = x211, x11 = √
a11,

a1j = x11x1j, x1j = a1j/x11, j = 2, . . . , n,

aii = x2ii +
i−1∑
k=1

x2ki, xii =
√√√√aii −

i−1∑
k=1

x2ki,

aij = xjixjj +
j−1∑
k=1

xkixkj xji = 1

xjj

(
aij −

j−1∑
k=1

xkixkj

)
, j = i + 1, . . . , n,

(7.32)
inductively. The following theorem gives the well-known necessary and sufficient
conditions to proceed with the Cholesky decomposition.

Theorem 7.4 An n × n real symmetric matrix A has a Cholesky decomposition if A
is positive definite. The cost of calculation in a Cholesky decomposition is O(n3).

Proof It is obvious that if A has a Cholesky decomposition then A is semi-positive.
Let Ak = [aij]1≤i,j≤k and Xk = [xij]1≤i,j≤k be the leading principal minor matrix

of order k. Since X is upper triangular, we obtain

det(Ak−1) = det(Xk−1)
2 =

k−1∏
i=1

x2kk ,

and
x2kk det(Ak−1) = det(Ak). (7.33)

Obviously x211 = a11 = det(A1) holds. On the other hand, if A is positive definite,
det(Ak) > 0 for all k = 1, . . . , n (Sylvester’s criterion). Therefore,wemaydetermine
xij by using (7.32), namely a Cholesky decomposition of A exists.

We need O(i) times multiplication to calculate xij in (7.32), hence the cost of
calculation is O(n3).

Remark 7.1 For an n × n matrix A, if there exists a lower triangular matrix L and an
upper triangular matrix U such that A = LU , then the decomposition is called an LU
decomposition of A. We may show that an n × n matrix A has an LU decomposition
if and only if all leading principal minors of A are non-zero by using arguments
similar to those in the proof of Theorem 7.4.

Calculating a standard realization of theMackay–Terrones structure, we solve the
Poisson equation �X v = f , where �X is the Laplacian of the graph expressing the
structure and f is the vector expressing the periodic condition. Since the Laplacian
�X is non-singular, we could not directly solve the Poisson equation. However,
considering the pseudo-inverse �+

X of �X , we may solve the equation as u = �+
X f .

Definition 7.2 For an n × n matrix A, the matrix A+ satisfying

AA+A = A+, A+AA+ = A (7.34)
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is called pseudo-inverse (Moore–Penrose inverse).

Assume that A = P�P−1, where P is a non-singular matrix and � = diag(λi), then

A+ = P�+P−1, �+ = diag(λ+
i ), λ+

i =
{
0 if λi = 0,

1/λi otherwise.

In particular, if A is non-singular, A+ = A−1.

Proposition 7.3 ([47]) A linear equation Au = f admits a solution, then v = A+f
is the solution with least norm among all solutions of the equation.

Remark 7.2 The pseudo-inverse �+
X of the Laplacian �X gives us a harmonic/

standard realization; however, the cost of calculation is expensive since the cost of
eigenvalue decompositions of �X is expensive even though the Laplacian is real-
symmetric. Hence this method is not practical if the number of vertices n is huge. The
Gaussian elimination (the cost O(n3)) is one practical method to obtain a solution of
�Xu = f , even if �X is singular.
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A
Albanese torus, 25
Angle defects, 59

B
Band structure, 85
Binary icosahedral group, 7
Bipartition, 12
Building block (of a realization), 27

C
C60, 52
Cairo pentagonal tiling, see lattice
Carbon nanotube, 52, see SWNT
Carbon skeleton, see Hückel graph82
Chiral index (of an SWNT), 77
Chiral symmetry, 34
Chiral vector (of an SWNT), 77
Cholesky decomposition, 96
Conductor band, 91
Cotangent formula, 59
Covering, 6

abelian covering, 7
maximal abelian covering graph, 7
regular covering, 7
universal covering, 6

Covering graph, 7
Covering map, 6, 7
Covering space, 6
Covering transformation group, 6, 7
Crystal lattice, see topological crystal

D
Defects (of a graphene), 79
Degree (of a vertex), 4
Density functional theory (DFT), 91
Diamond, 47
Dijkstra’s algorithm, 95
Dirac point (of a band structure), 88
Directed edge (of a graph), 3
Discrete surface, see trivalent discrete sur-

face

E
Edge (of a graph), 3

inverse edge (of a graph), 3
Eigenvalues of Laplacian, 11
Ends (of an edge), 3
Energy (of a toplogical crystal), 19

energy with replusive interaction, 79
local energy, 72
normalized energy, 19

Equilibrium placement, 20
Euler number (of a smooth surface), 51
Euler number (of a surface graph), 51

F
First Brillouin zone, 91
Flat band (of a band structure), 89

G
Gauss curvature, 58
Girth (of a graph), 32
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Goldberg–Coxeter construction, see
Goldberg–Coxeter subdivision

Goldberg–Coxeter subdivision, 66
Goldberg polyhedra, 68
5–7 graphene, 79
Graph, 3

bipartite graph, 12
bouquet graph, 4
complete bipartite graph, 4
complete graph, 4
connected graph, 4
cycle graph, 4
finite graph, 4
Hückel graph, 82
line graph, 13
locally finite graph, 4
polyhedoral graph, 4
regular graph, 4
trivalent graph, 4

Graphene, 47, 52

H
Highest Occupied Molecular Orbitals

(HOMO), 83
Hückel method, 82

I
Incident, 3
Incident map, 3
Inversion map, 3

K
K4 structure, 48
Kraskal’s algorithm, 94

L
Laplacian, 9

signless Laplacian, 9
twisted Laplacian, 85

Lattice
Cairo pentagonal tiling, 43
diamond lattice, 18, 29
3D kagome kattoce of type I, 38
3D kagome lattice of type II, 39
3D kagome lattice of type III, 42
gyroid lattice, 30
hexagonal lattice, 18, 28
hyper-cubic lattice, 28
hyper-kagome lattice, 42
K4 lattice, 30

kagome lattice, 18, 36
Pyrochlore lattice, 39
square lattice, 17, 27
triangular lattice, 17, 35

Length index of (an SWNT), 78
Lowest Unoccupied Molecular Orbitals

(LUMO), 83
LU decomposition, 97

M
Mackay–Terrones structure, 54
Matrix

adjacency matrix, 8
gradient matrix, 9
Gram matrix, 27
incidence matrix, 9
Kirchhoff matrix, 9

Maximal abelian (for a topological crystal),
17

Mean curvature, 58
Metallic property of a crystal, 91
Minimal trivalent discrete surface, 63
Molecular orbital, 81
Moose–Penrose inverse (of a matrix), see

psuedo-inverse

O
Orientation (of a graph), 3
Origin (of an edge), 3

P
Path

closed path, 4
Path (of a graph), 4

simple closed path, 4
Pseudo-inverse (of a matrix), 98

R
Random walk

simple random walk, 23
Random walk (on a graph), 23
Realization (of a topological crystal), 18

harmonic realization, 19
periodic realization, 18
standard realizations, 20

S
Semiconductor propery of a crystal, 91
Single wall nanotube, see SWNT
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Sphere-shaped (discrete surface), 60
SRRI, 79
Stone–Wales defect, 79
Stone–Wales transformation, 79
Strongly isotropic property (of a realization),

49
Surface graph, 51
SWNT, 77

armchair type, 77
chiral type, 77
zigzag type, 77

T
Terminus (of an edge), 3
Tight-binding approximation, 85
Topological crystal, 17
Transition probability (of a random walk),

23
Tree, 4

spanning tree, 4

Trivalent discrete surface, 57
branched trivalent discrete surface, 75
unbranched trivalent discrete surface, 75

U
Undirected edge, see edge

V
Valence band, 91
Vanishing subgroup, 34
Vertex (of a graph), 3

W
Wave function, 81
Weight (of edges), 4
Weight (of vertices), 4
Wigner–Seitz cell, 90
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