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FOREWORD 

In 1993 the Mineralogical Society of America (MSA) began publishing its Monograph 
Series with a major work by Frank S. Spear, entitled Metamorphic Phase Equilibria and 
Pressure-Temperature-Time Paths. MSA's second monograph was a reprinting of a 
slightly revised version of the 1971 book, C r y s t a l l o r m ~ h v  and Crystal Chemistry, by - .  . . 
F. Donald Bloss. 

This volume bv Michael O'Keeffe and Bruce G. Hvde 1s the thlrd contribution. As 
Series Editor, I was responsible for obtaining reviewers. Mike O'Keeffe prepared the entire 
camera-ready text and the figures which were all drawn specially for the book. As noted in 
the Preface below, a second volume, Crystal Structures II. Inorganic Materials is 
anticipated in the near future. 

Paul H. Ribbe 
Blacksburg, Virginia 

PREFACE 

This hook (the first of two volumes) is devoted to the topic of the description of 
structures, especially periodic structures, and their symmetries. Much of the material is a 
prerequisite for serious students of solid state chemistry and related sciences (e.g. 
mineralogy, materials science and solid state physics). Earlier drafts served as part of the 
lecture notes used for some years for a course in solid state chemistry at Arizona State 
University; the order of presentation of topics, occasional repetitiveness and the sometimes 
hectoring tone to some extent reflect this origin. 

From a chemist's point of view, probably the most fundamental piece of information 
about a chemical compound is the way its atoms are arranged in space. For small molecules 
this information can be fairly readily assimilated, but the task becomes increasingly difficult 
for macromolecules, as any student of biochemistry can attest. For crystalline solids (which 
are really "infinite" molecules) the difficulty is equally great, and requires learning the 
methods appropriate to describing infinite periodic objects. These methods are generally 
unfamiliar to those who are not professional crystallographers (a fact that greatly hinders 



the development of solid state chemistry) and one of the primary aims of this hook is to 
provide a usable introduction to them. This leads inexorably to a discussion of symmetry 
(translation is a symmetry operation) so we devote the first three chapters to an introduction 
to point and space symmetry groups using crystallographic conventions. 

These three chapters are intended to introduce the language of space groups, and are 
neither rigorous nor complete. The goal is to enable the reader to be in a position to be able 
to extract and understand useful information from the crystallographic literamre that is the 
primary source of information about the structure of solids and which contains enormous 
quantities of buried treasure. 

Chapter 4 treats crystal geometry and includes a discussion of transformations of 
coordinate systems (unit cell transformations). This topic is essential to aspects of crystal 
chemistry such as describing structural relationships. The chapter also contains a 
compendium of formulas useful for crystallographic calculations. They are given without 
proof, but the derivations are, for the most part, elementary and to be found in standard 
crystallographic texts. 

Chapters 5-7 are devoted to the description of simple geometrical patterns that underlie 
crystal structures. The development proceeds from simple to more complex: polyhedra, 
clusters of polyhedra, plane patterns, layers of polyhedra, sphere packings, cylinder 
packings, nets and infinite polyhedra. Many examples are given of the occurrence of these 
patterns in crystal structures. Most of the more common binary and ternary crystal 
structures are introduced along the way and, to enhance the value of the book as a self- 
contained text, we summarize them and their occurrence in chemical compounds in 
Appendix 5 at the end. (The second volume of this series, which is longer than this one, is 
devoted to a more complete account of crystal structures.) 

Each chapter ends with sections entitled "Notes" and "Exercises." The former are often 
extended footnotes, somewhat peripheral to the main theme, but considered useful or 
amusing (or both); they often contain useful reference material or refer to some more- 
advanced topics. The Exercises are "homework", designed to provide a diagnosis of the 
understanding of the material in the chapter and also often contain useful results. 

The first four appendices are "Notes" that became too long for inclusion in individual 
chapters. We hope that they will whet the appetites of more-adventuresome readers. The 
relegation of some material to Notes and Appendices necessitates some cross referencing. 
This seems to us to he a small price to pay for having a book that can serve both as a 
textbook for courses and as a general reference. A book with these aspirations has of 
necessity a split personality. In Chapters 5-7, some sections could well be omitted in a 
formal course at the instructor's discretion. The same is true of the material in the Notes. 

No novelty (except perhaps for the errors) is claimed for the first four chapters, although 
we hope that even some experienced readers might find one or two items that ~rovide food 
for thought. The later chapters do (we believe) contain some material of interes't that has not 
been published before. 

Although the book has a distinct crystallographjc flavor, it is definitely not a textbook on 
crystallography and we do not discuss, except peripherally, topics such as quasicrystals 

and incommensurate crystals that are currently of active concern to inorganic crystallo- 
~~~~ 
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have been possible without the generous support, for which we are indebted, of our 
respective institutions. M. O'K. also gratefully acknowledges the support of the U.S. 
National Science Foundation which has funded a program of research in crystal chemistry 
for a number of years. We came to the study of crystal structures indirectly and in complete 
ignorance. Over the years we slowly collected a body of information needed to pursue 
research in the field. We often wished that someone had provided us with this material, and 
the present text attempts to provide such a package for students who may be in the position 
we were in 40 years ago. 

The text has benefited particularly from the sure touch of Paul Ribbe, who read it in its 
entirety, identified errors, solecisms, and infelicities, and also made valuable suggestions 
for improving the presentation. We owe him special thanks. 

The book could not have been written without the seemingly infinite patience and 
forbearance of our wives, Lita O'Keeffe and Marie Hyde, and we dedicate it to them. 

Michael O'Keeffe 
Tempe 

Bruce Hyde 
Canberra 



A Note to the Reader 

Matrices are represented by bold capitals thus: A; and often written row-by-row on one 
line as (all  a12 a13 la21 a?? a23 1 a31 a32 a31). At is the transpose of A. Column vectors 
are lower case as: a. The corresponding row vector is at. The magnitude of a is a.  E is a 
unit matrix (with elements eii = 1, ey = 0). 

Bold face is also generally used for names of structures. Thus bcc refers to the 
arrangement of points on a body-centered cubic lattice and NaCl refers to the structure of 
NaCl and all iso-suuctural compounds. 

Braces around an atom symbol indicate that reference is being made to its coordination 
polyhedron. In quartz GeOz, the coordination of Ge is a (Gel04 tetrahedron, i.e., a 
Ge-centered 0 4  tetrahedron. 

Prefixed lower case Roman numeral superscripts in chemical formulas refer to 
coordination numbers as in 1vSi2iiiN2ii~, Upper case Roman numerals in parentheses after 
chemical symbols refer to oxidation states as in A~(I)A~(IIS)OZ. Arabic numerals in 
parentheses refer to an arbitrary numbering to distinguish crystallographically-distinct, but 
chemically-identical, atoms as in Bz0(1)20(2). 

The notation (Nx) after interatomic distances or angles means that there are N equivalent 
(symmeuy-related) distances or angles of the same magnitude (read "N times"). Thus the 
lengths of the six Ti-0 bonds formed by a Ti atom in rutile Ti02 are 1.948 (4x1 and 1.980 
(24  A. (1 %, = 10-10 m.) 

. . . 
between electronegative elements (such as in diamond) and (c) bonds between 
electropositive elements (as in brass, CuZn). For want of better terms we call these (a) 
ionic, (b) covalent, and (c) intermetallic. The use of these terns should not be construed to 
mean that we think that any particular theory of bonding is or is not applicable. Indeed they 
are merely labels of convenience, and in this book we go to some pains to describe 
structures and to resist, as far as is humanly possible, the temptation to interpret them. The 
reader is free from such constraints, of course. 

We draw attention to the fact that conventions in crystallography are occasionally subject 
to change so that readers of the older literature can be misled. For example the short 
symbols for some cubic point groups and space groups were altered some years ago (see 
5 3.3.6). The method of describing unit cell transformations requires some care (see 
§ 4.7.5). Our own view on conventions is that it is not so important that they should be 
logical (which, of course, is desirable), than that their users be consistent, and that changes 
should be made only for very compelling reasons. 

Students of solid state chemistry would be well advised to obtain (or write!) a computer 
program that calculates distances and angles in crystal structures and another that assists in 
making drawings. On occasion, structures of lesser interest are simply presented as lists of 
coordinates-it is often tediousto convert these to drawings or models entirely by hand 
(although we have done just that for many years). Several good programs that do one or 

another of these things are now available commercially. At ASU and ANU we use a 
program, EUTAX, that will, among other things, do most of the numerical exercises 
;resented herein.' 

M~~~ molecular graphics programs can be "tricked" into accepting fragments of crystal 
structures as molecules. Usually all coordinates will have to be entered explicitly so we 
generally give all the coordinates of symmetry-related atoms in crystal structures. For this 
purpose we use a condensed notation explained in 5 3.4. For some comments on drawing 
structures see 8 4.6. All the drawings in this book were made using a Macintosh" 
~ ~ ~ n u t e r  and Cricket  raw@ with, in the case of structure drawings, the help of Cartesian 
----~r 

coordinates generated by EUTAX. 
at ?~veral  olaces we give advice on the construction of models. Our experience is that ... -- ~ . - 

the best way to learn a structure is to make a model of it (failing that, at least make a 
drawing or two). One should then look at it repeatedly, especially down principle 
symmetry axes, until it can be visualized clearly with one's eyes closed. Contrary to a 
common belief, learning three-dimensional structures is a skill not difficult to acquire but, 
like that of riding a bicycle, requires some initially frustrating practice. The reward is that, 
not only will a knowledge of crystal structures be acquired, but also one will learn to 
appreciate the sometimes stunning beauty of three-dimensional structures. 

We entreat the reader worfing alone not to be discouraged if some material is difficult to 
understand at first reading. The book is not "bedside" reading but is intended to be read 
with pencil and paper at hand to verify the statements made. The level of difficulty is not 
uniform and we include some material (especially in the Notes) in condensed form for 
future reference if needed. Our advice (we follow it ourselves constantly) to those 
confronted with a topic that appears incomprehensible, is simply to read it, to read an, and 
then to retum to the topic later. Be aware also that vinually every book (including this one) 
has some errors (M. O'K. would be very grateful if informed of these). If all else fails, get 
another book! Readers new to the subiect who do not have such difficulties have our 
unstinted admiration. 

The Exercises in many instances illustrate important aspects of crystal chemistry. (We 
call them Exercises to emphasize that a solid state scientist who aspires to obtain some 
virtuosity needs to exercise constantly, just as does a violinist or a tennis player.) Some of 
them are cast as statements; one should interpret these as a requirement to demonstrate the 
validity of the statements made. Yet others simply present interesting structures for the 
reader to explore. The lazy reader who is unwilling to do this may still find some of the 
results useful and should at least read them. Some Exercises will be found simple, some 
are more challenainr. Sometimes we qive hints and partial answers and some are answered - "  - 
later in the text. We emphasize though, that it is not sufficient to do a problem and obtain 
the correct answer. One must do a orablern, get the correct answer, and know that it is the - 
correct answer. After all, this is the situation faced by a ~racticing scientist (and by us in 
setting the Exercises). 

' A  ~ ~ ~ i ~ i ~ ~ h @  version of this program is available from EMLrb Software. 16203 S. 26th Place, 
Phoenix AZ 85048. A windowam version is planned. 



The book contains crystallographic data for two kinds of structure. Data of the first kind 
are found mainly in Chapters 6 and 7 in which we describe sphere packings and nets. In 
these cases the coordinates and unit cell parameters given are such as to have unit distance 
between sphere centers, or between the vertices of nets. These data can easily be 
recognized because the unit cell parameters are dimensionless. In most instances they have 
been calculated specially by us and published herein for the first time. On the other hand 
crystallographic data for real compounds are given throughout the text (specially in 
Exercises and in Appendix 5). In this second case unit cell edges are invariably given in A 
and the data refer to structures published in the open literature. All these data come from 
r,nc .>r J I ~ C I  t . i l l ~c  Jala h ~ e i  ilrrl'.l in S ~ C I I ~ I I  D 3 ,  I/IC BOO!. Llrt ,p Uti,; the,? or j t~nl lu  
sour.'c<, ,houl%l hc ~onrul1:J fur rcicrm:e> lu the o r ~ y ~ n ~ l  l~rsnturc.. l'lle ic>mtula index - 
contains a complete listing of compounds for which crystallographic data are given. 
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1.1 Point symmetry operations in two dimensions 

The concepts of symmetry, symmetry operations and symmetry elements play 
essential mles in the description of the structure and properties of matter, and it is very 
difficult to understand the crystallographic literature without some knowledge of symmetry j 

theory and its jargon. In this and the next two chapters a brief account is given of the 
symmetries of objects with particular emphasis on the approach and symbolism that has 
been adopted as standard by crystallographers. No attempt is made to be either rigorous or 
complete-that would take us too far afield. 

For pedagogic reasons we begin with a discussion of the symmetries of two- 
dimensional objects. In this case it is not too difficult to give an account of the various 
symmetries that are possible in a way that is plausibly complete. We can then proceed to a 
discussion of three-dimensional symmetry using the analogy to two dimensions as a prop 
to understanding. Two-dimensional symmetries are often encountered in practice (the 
surface of a crystal and the image of a crystal structure observed in an electron microscope 
are two-dimensional, for example). 

A square confined to a plane looks exactly the same if it is rotated 90' around the point at 
its center-we say that this operation, which leaves the object unchanged in aspect, is a 
symmetry operation. Thus consider the shaded square shown below (Fig. 1.1). Rotating 
the square about its center point (the small black square) by 90'. 180' (= 2 x 90") or 270' 
i= 3 x 90') leaves it unchanged. Note that the fourfold repetition of rotation by 9 0 ~  is 

2 .  . . 
symmetry element that entails rotation by 360.1N (Nis an integer) as i f o l d .  

1 
d Fig. 1.1 Symmetries of a square 

The point at the center of the square is the location of a 4-fold rotation point and this 
one of the symmetry elements of the square. Distinguish between the symmetly element 

B g 
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and the symmetry operations (in this case repeated rotations by one-fourth of a circle, by 
convention' anticlockwise, about a point). Note also that the application of any symmetry 
operation on a finite object will always leave at least one point unmoved; for this reason 
such symmetries are referred to as point operations (or point isometrics). 

The square has other symmetry elements. Reflection of the square in the vertical line 
(labeled "1" in the figure) going through the center will again leave the square unchanged. 
The vertical line is a mirror line. There is another mirror line (labeled "2") at right angles to 
this (i.e. horizontal) as the square has 4-fold rotation symmetry. 

There is also a second set of mirror lines among the symmetry elements of the square; 
these (labeled "3" and "4" in the figure) are at 4 5 ~  to the first set. The reader might try to 
show that these are generated by combinations of 4-fold rotations and one or other of the 
frst set of mirrors. (We will find a simple way to show this later.)z 

Repeated application of any point symmetry operation will always eventually result in 
the identity operation (thus: two successive reflections in the same minor line or four 
successive rotations of 90' about the same point). For mathematical reasons it is important 
to always consider the identity as one of the symmetry elements of any object. 

We have identified the entire set of operations of the symmetry elements of the square. It 
forms a representation of a mathematical group3, and is therefore called the symmetry 
group-or in this case thepoint symmetry group because at least one point is left invariant 
by all the symmetry operations. 

It is easy to show (we do it below) that in a periodic obiect (such as a crystal) there is a 
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. . 
z:< \ restrictionto point groups that include only I-, 2-, 3-, k- or 6-fold rottiltion symmetry -; I I 

elements. There are ten of these groups in two dimensions; they are called the 
crystallographic point groups. We enumerate them and show patterns with each of the 
symmetry groups in Fig. 1.2. The patterns are generated by the action of all the symmetry 
operations of the group on an asymmetric object (in this case a 7). 

There are five groups with only rotation points (we include the group that contains only 
the "one-fold" rotation = identity). A rotation point is symbolized by a number equal to the 
order of the rotation. For the gronos without mirrors. these numbers become also the 
symbols for the groups whichare ;herefore 1, 2, 3, 4 and 6. These are called the pure 
rotation groups, as the symmetry operat'ions are rotations only. A pattern with pure 
rotation symmetry will be different from its mirror image and so can be said to have a 
hand. (If the object is left-handed, its mirror image is right-handed and vice versa) 

Additional groups are obtained by adding mirror symmetry to the pure rotation groups. 
The simplest such group is just that obtained by addition of a mirror line (symbol m) to 
group 1 to give group lm. This is the symmetry group of a plane object that has but one 
mirror line. An example is an isosceles triangle or the letter V. Note that group lm consists 
of two operations: reflection in the mirror line and the identity 1. 

I ~ h i s  is the convention in crystallography. Many computer graphics programs consider positive 
rotations to be clockwise. 

2 ~ o r  example rotation by 90' anticlockwise followed by reflection in the horizontal mirror is equivalent 
to reflection in the minor line running from top left to bottom iight. r i g  1.2, nlustmting the 1 0  two-dimensional crystallographic Point groups. I 

3 ~ h e  reader unfamiliar with group theory may find the Notes ($ 1.10.2) fm this chapter useful. 



4 Chapter 1 

If the symmetry group of an object contains mirror lines, the object is the same as its 
mirror image and thus will not have a hand. The reader should compare the patterns on the 
left of Fig. 1.2, which have a hand, to those on the right, which do not. 

Next we combine a mirror with a 2-fold rotation (see Fig. 1.2 again). We find in fact 
that combination of a ?.-fold rotation and a minor results in a second mirror line at right 
angles to the first, so the group is symbolized 2mm to indicate the presence of the two sets . .  . 
ofmirror lines (each set consists of one line). Conversely, if we had started with two 
mirror lines at rieht aneles we would find that we eenerated a 2-fold rotation uoint at their " " - 
intersection.l This is the symmetsy group of a rectangle or of the letter H. 

Proceeding in this way we next generate group 3m from a mirror and a 3-fold rotation. 
This is the symmetry of (for example) an equilateral triangle. Combining a mirror with a 
4-fold rotation produces the symmetry group of the square which we have already 
discussed. The symbol is 4mm with two m's to signify the presence of two sets (of two 
each) of mirrors. In each set the two mirror lines are related by symmetry. Thus (see Fig. 
1.1) a quarter turn takes mirror 1 into mirror 2; mirror lines 3 and 4 are similarly related. 
On the other hand there is no symmetry operation in the group that converts either mirror 1 
or 2 to mirrors 3 or 4--this is why we say there are two sets of mirror lines. 

Fin* we combine a mirror with a 6-fold rotation. Again we get in the symmetry group 
two sets(now of three each) of mirrors. Accordingly the symbol of the group is 6 i m .  A 
regular nlane hexaeon has this svmmetrv. The location of the mirror lines is indicated in - .  - 
Fig. 1.3 below in which the two sets of mirrors are shown as dashed and dotted lines 
respectively. As in 4mm, we have a symmetry operation (now rotation by a multiple of a 
sixth tum) to relate mirror lines in a set, but there is no symmetry operation in the group 
relating mirrors in one set to any of those in the other set. (Mirror lines of one set are at 3W 
to those of the other set, i.e. related by a rotation of 3W112; but rotation by 1112 of a circle 
is not a symmetry operation of the group). 

Fig 1.3. Illustrating 6mm. Dotted and broken lines indicate the location of the two sets of mirmcs. 

Lifting the restriction to crystallographic symmetry (I-, 2.. 3-, 4-, or 6-fold rotations) 
we get non-crystallographic point groups. These are rotation groups N with N = 5 or > 6, 
and the point groups Nm with N > 3 and odd (a regular pentagon has symmetry 5m), and 
Nmm with N > 6 and even (a regular octagon has symmetry 8mm). 

I ~ h e  three-dimensional occunence of this phenomenon is familiar to those who have looked at them- 
selves in iwo mirrors at right angles. If you have never done this please try! 

7 

Symmery m Two Dtmensions 5 

1.2 Coordinate systems and symmetry operations 

Let us consider a Cartesian coordinate system with the x axis pointing down the page 
and they axis horizontal as in Fig. 1.4. Further, let the origin be at the 4-fold rotation point 
of 4mm. Three of the symmetry elements of that group are indicated: the 4-fold rotation 
point by a square and two mirror lines by heavy lines. 

Fig. 1.4. Illuslrating the eifects of rotations and reflections an a point (see text). 

Imagine now the operation of a quarter rum (9V rotation anti-clockwise about the origin) 
on the uoint x.v. The voint will be translated to a oosition - v ~ .  This means that the new x 
coordinate is equal to minus the old y coordinate and the new y coordinate is equal to the 
old x coordinate: thus if the orieinal ooint had coordinates 0.2.0.1 the new ooint would - .  
have coordinates -0.1,O.Z. The transformation can be represented by multiplying the 
column vector (x l y )  (representing the coordinates x,y) by a matrix to give new coordinates 
x',y': 

The matrix can be written on one line as (0 i / 1 O), with i representing -1, and this is a 
convenient way of representing the symmetry operation. The matrix corresponding to 
reflection in the diagonal mirror is (0 1 I 1 O).' This transforms the point x,y to y,x as 

'The reader who is not entiiely familiar with mauices and their multiplication is well advised to work 
out the examples given here and subaequcntly. See the Notes at the end of the chaptsr ( 5  110.4) for help 
with manipulating matrices. 
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shown in the figure. Finally the operation of reflecting in the horizontal mirror transforms 
x,y to f,y with the corresponding matrix (i 0 1 0 1). We may now verify by matrix 
multiplication that rotation by 9W followed by reflection in the horizontal mirror is 
equivalent to reflection in the diagonal mirror shown in Fig. 1.4:' 

as should be obvious from an inspection of the figure. 
, 1 

Instead of using the matrices to represent the svmmetry operations, we could use the ,: I . . 
tr:~n>lornteJ <oordin.xci thcn~\clvec. The r~ . ru l t~ r~g  ;ourd~naler arc sunst imo known aj the 
Jonsr *vr~~bul.  Wc 11,t in Table 1.1 the initri.s\ 1nJ :oorJin~tes for all tltc mcr;trtuni of 
4mm. Reference to Fig 1.2 shows that the original asymmetric object is transformed to 
eight such objects, so there are eight symmetry operations (eight is the order of the group). 
It is common to symbolize an anticlockwise rotation by a quarter of a circle by 41 or 4+, 
rotation by two quarters of a circle (=one half circle) by 42 (= 2') and by three quarters of 
a circle by 43 or 4.. The last case emphasizes that rotation anticlockwise (the positive sense) 
by 314 of a circle is equivalent to rotation clockwise (the negative sense) by 114 of a circle. 

Table 1.1. Symmetry operations of group 4mm 

operation 

identity = 1 
90' rotation = 41 

180' rotation = 42 = 21 
270' rotation = 43 

reflection in horizontal mirror 
reflection in vertical mirror 

reflection in mirror 3 (Fig. 1.1) 
reflection in mirror 4 (Fig. 1.1) 

matrix coordinates 

In crystallography we does not always use coordinate axes at right angles. In the case of 
3-fold or 6-fold symmetry, it is more convenient to take axes inclined at 120' to each other 
as shown in Fig. 1.5. The figure illustrates the effect of 3-fold rotations on a point x,y from 
the rotation point taken as origin. The long and short dashed lines have lengths equal to the 
magnitudes of x and y respectively. Note that to get to the point x,y from the origin, we 
translate by a distance x parallel to the xaxis and then by a distance y parallel to the y axis. 

It should be obvious from the figure that after rotation by one-third of a circle (120') 
about the origin, the new x coordinate is equal to -y, and that the new y coordinate is equal 
to x-y. We therefore write the coordinates of the new point 1.x-y. If the original point 
were at x = 0.4 and y = 0.1, the coordinates of the point generated by the rotation of 113 of 

l ~ o t e  that the order of matrix multiplication is important. Reversing the order of the two matrices is 
equivalent to reversing the order of carrying out the two symmetry operarions. (What symmetry operation 
does one gel then?) 
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a circle (anticlockwise) would be x = -0.1, y = 0.3. Repeating this operation takes g,x-y to 
y-x,X (1.e. -0.1.0.3 to -0.3,-0.4). 

\ 

Fig. 15. Ulustrvling a caardioate system with axes (r 4 y) at 17.0' 

The symmetry operations of point group 3 can hence be represented as shown in Table 
1.2. As there are three symmetry operations, the order of the group is three. 

Table 1.2. Representations of the symmetry operations of gmup 3 

operation matnix coordinates 

identity = 1 ( 1 0 1 0 1 )  x, Y 
120" rotation = 3l = 3' (0 i I 1 i )  y ~ - y  
240' rotation = 32 = 3- ( i  I I i O) y-x.1 

It is important to note that the matrices and (transformed) coordinates only have the 
particular form given for the particular basis (coordinate system) chosen. A recommended 
exercise (see Exercise 7 at the end of the chapter) is to find the corresponding matrices and 
coordinates for a 120' rotation using a Catesian basis (axes at right angles). 

Even with axes at 120' we have to be careful when we consider the point group 3m. 
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There is more than one way we can orient the axes with respect to the mirror 1ines.l There 
are two ways that prove to be useful in practice as shown in Fig. 1.6. On the left there are 
mirror lines parallel to the x and y axes; on the right they areberpendicular to the mes. 
Now it is immxtant to realize that the crystallogra~her's svmbols for svmmetrv erouDs not - .  - -  . 
only signify the symmetry elements present, but also their orientation with respect to a 
coordinate system. Accordingly the symbols in the two cases above are different viz. 31m 
and 3ml. (The full significance of the symbols will be made clear later-for now it is 
important to note that the two symbols refer to the same point group with the coordinate 
axes in two different orientations with respect to the mirror lines.) 

Fig 1.6. Illustrating two orientations of the x and y ares with respect to the symmetry elements (mirror 
tines) of 3m. 

For the record note that the three mirror reflections operating on x,y give 

for 31m : X,y-x ; x-y,g ; y,x 
for 3ml: x,x-y ; y-x,y ; 

These, combined with the three points produced by the 3-fold rotation point (given in 
Table 1.2) produce a total of six points, so the order of the group is six. 

1.3 Translational symmetry: lattices and unit cells 

We now turn our attention from finite objects to infinite objects with translational 
symmetry. The first important concept that we need is that of a lattice. A lattice is an 
infinite array of points each of which is identically surrounded. In two dimensions a lattice . . 
is generated by repeated translations of a point by two non-collinear vectors a and b. Thus 
starting from an arbitraw origin we generate a lattice as the ~nfinite set of points at the end - . - - 
of the vectors ma + nb where m, n are positive, negative or zero integers. The lattice is 
completely determined by the magnitudes, a and b, of the vectors a and b and the angle y 

11" a periodic object (crystal) there is translational symmetry and we use axes parallel to &anslution 
vectors, so the orientation of die 8xes is determined by the crystal lattice. 

-- 

between them.' 
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Fig 1.7. The five 2-dimensional Bivvais lattices 

The parallelepiped defined by a and b is the basic repeat unit of the lattice and is known 
as the unit cell. As illustrated in Fig. 1.7(a), more than one unit cell (with corresponding 
lattice vectors a and b) can be chosen with lattice points only at the comers. Such unit cells 

 he term "latrice" is widely abused. Crystallographers, in particular, become very upset when latrice is 
used to mean structure as in "the diamond lattice" or "the wurtzite lattice'' (in neither case do all iho acorns 
fall on lattice points). Such usage is considered a gioss solecism. However terms such as lattice dynamics 
and lorlice defecrs are in such common usage that one cannot avoid them. The word "lattice" is also used 
in a quite different sense by mathematicians. 
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contain one lattice point per cell (each point at each of thefour corners is shared by four 
cells), so no matter how they are chosen each cell has the same area. Usually the shortest 
pair of vectors with y > 9W are chosen as shown by the shaded parallelogram. The 
quantities a ,  b and yare referred to as the unit cell parameters. 

Lattices are classified by their symmetries. Every point in a general two-dimensional 
lattice is a site of 2-fold rotation symmetry (remember that a lattice extends to i- in both 
directions). For some specid relationships of the unit cell parameters, the lattice points are 
at points of higher symmetry. This is illustrated in Fig. 1.7 which shows the different two- 
dimensional lattices (known as Bravais lanices). The lattices shown in (b) and (c) also 
have mirror symmetry (the points are at sites of symmetry Zmm), that shown in (d) has 
4-fold rotational symmetry and that shown in (e) has 6-fold rotational symmetry. After we 
have discussed space group symmetry we will see that the lattices (b) and (c) have different 
space groups @2mm and c2mm respectively), and hence are classified as different Bravais 
lattices. Every two-dimensional lattice has one of only five possible space group 
symmetries and thus is one of the Bravais lattice types illustrated. 

The point symmetry operations that leave a lattice invariant (and one lattice point 
unmoved) f o m  the point symmetry group of the lattice. As lattice translations leave the 
lattice invariant (the lattice extends infinitely) the translations are also symmetry elements 
and the full symmetry group (space group) includes the infinite number of translations. 

The constraints on a, band yin the five lattices, and names descriptive of the shape of 
the unit cells are listed in Table 1.3. The table also lists the symmetly at a lattice point. 

Table 1.3. Properties of the two-dimensional Bravais lattices. 

constraints system point symmetry 

(3 none obl~que 2 
(b) y =  9 r  rectangular 2mm 
(c) a = b rectangular 2mm 
(d) a = b , y = 9 r  square 4mm 
(e) a = b , y = 1 2 0 ~  hexagonal 6mm 

It may be objected that the unshaded unit cell in (c) is not rectangular, and that is true, 
but we can take an alternative unit cell that is rectangular (shown shaded in the figure) with 
lattice points at the comers and one at the center. ,Most commonly this is done and the 
constraint for lattice (c)  above could have been stated as y= YV for a cell with lattice points 
at the comer and in the center. 

Note that the unit cells with only one lattice point per unit cell are primitive. On the 
other hand the rectangular unit cell shown in (c) contains two lattice points (one 
corresponding to the comers, and the one at the center) and is called centered. The unit cell 
parameters for the centered cell in (c) have a t  b, y =  Yr as in (h) but, as noted above, the 
two lattices have different space group symmetries. Two-dimensional lattices represented 
by a primitive cell are symbolized by p and that conventionally represented by a centered 
cell is symbolized by c. 
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The t e m s  oblique, rectangular, square, and hexagonal refer to the crystal system. 
Clearly there are four crystal systems in two dimensions. 

1.4 Allowed rotational symmetries of lattices 

We pause now to prove the assertion that the only rotational symmetries allowed in 
periodic structures are I-, 2-, 3-, 4- and 6-fold rotations. Certainly one or more of the 
lanices (a)-(e) of the ~revious section have one or more of these symmetries (note that e.g. . .  . .  
a 6-fold symmetry includes I-, 2- and 3-fold). 

A proof, which is very old, proceeds as follows. We take an arbitrary lattice and identify 
the shortest lattice vector a. Now consider two lattice points A and B separated by a (see 
Fig. 1.8). Let there be N-fold rotation points at A and 8 .  Let B' be the image of B after 
rotation by 360'lN about A, and A '  the image of A after rotation by -36VlN about B. A' 
and B' must also be lattice points. The distance B'A' is equal to a[l-Zcos(36rlN)] and 
must be equal to 0, a or >a (if B'A' < a then a was not the shortest lattice vector). We 
consider each of these possibilities in hlm: 

Thus the only possible values of Nare 1 , 2 , 3 , 4  or 6. Q.E.D.' 

Fig. 1.8. Illustrating the proof that only I-, 2 ~ .  3.. 4- or Cfold rotations are allowed rotational 
symmetries of lattices. 

1.5 Unit cell coordinates: describing structures 

For a periodic structure we now know how to specify the unit cell. To completely define 
the structure the next thing we have to do is to specify what is in the unit cell. 

I ~ h e  unconvinced reader is invited to consider the case of N = 5 
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a and b recovers the pattern of points. This array of points however is not a lattice (this is 
an important point)-a lattice is generated by translations alone.' 

1.6 Glide symmetry 

We have identified three kinds of symmetry operation: rotation, reflection and 
translation. It transpires that we can combine two of these operations to give a new 
symmetry operation: translation + reflection = glide. The translation direction and the 
mirror line must be parallel to each other and to one of the lattice translation vectors. The 
symmetry operation is the compound one of first reflection in a line (a glide line) and then 
translation parallel to the line by a distance d.Z Repetition of this operation will produce a 
pattern that is periodic with aperiod 2d. The vector of length 2dmust therefore be a lattice 
vector. Fig 1.1 1 illustrates nine successive glides of a triangle initially on the left: the glide 
line is shown in the conventional representation as a dashed line. The symbol for a glide 
line is g (compare with m for a mirror line). If you walk in a straight line, and with a 
uniform step, along a beach, your footprints will be related by glide symmetry. 

Fig. 1.11. Illustrating glide. The glide line is shown as a broken line. 

1.7 Two-dimensional space groups 

We are now in a posltion to enumerate the symmetry gmups that are obtained in two 
dimensions by combining the point operations with those that involve translation. We will . . 
find that there are 17 such two-dimensional space groups. We first combine the point group 
operations of rotation and reflection with translation and then consider the cases where 

~ ~ ~~..- 
reflection lines are replaced by glide lines. Groups obtained by the combination of ~ o i n t  
operations with translations are called symmorphic. Addition2 non-symmorphic 
are obtained by replacing (where appropriate) mirror lines by glide lines. The diligent 
reader will work through each example by letting the symmetry operations act on an 
asymmetric object; Exercise 8 shows how to proceed. If this is done, patterns simlar to 
those shown in the different parts of Fig. 1.12 (below) will be obtained. 

' ~ o t e  that points (or atoms eic.) related by iattice translations are often refeired to as idr,2ticai (n lattice 
is an infinite array of identical points). Points that are related by symmetry operations other than pure 
translations are sometimes called equivolenr. 

Z~ctually in this case the order in which these operations is carried out is unimportant; one couid 
manslate and then reflect. 
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1.7.1 Oblique system 

We start with the simplest case in which there is translational symmetry only with an 
oblique lattice. This is the symmetry of the pattern obtained from periodic translations of an 
asymmetric object in two dimensions. The symbol for the symmetry group is pl. The p 
symbolizes the lattice (primitive) and the 1 the associated point group. 

As already noted, an oblique lattice by itself has 2-fold rotation symmetry at the lattice 
points, so it is also compatible with the pattern obtained by repeating an object (which may 
be e.g. a collection of points) with 2-fold rotation symmetry by oblique lattice vectors. The 
symmetry group consisting of the combination of the translations with 2-fold rotations is 
symbolized p2. 

No other symmetries are possible with an oblique lattice so we have found the two 
possible space groups in the oblique system: p l  andp2. Patterns with these symmetries are 
shown in Fig. 1.12 (a). Note that in the parts of Fig. 1.12, the patterns are generated by 
the symmetry operations operating on a single asymmetric object (a scalene triangle) and 
the number of such triangles per primitive unit cell is the same as the order of the point 
group from which the space group is derived.' 

1 1 4 1 1 4 1 4 1 4  4 4 4 4 4  
r r v v r - - - - -  

1 1 A 1 4 r v v r r  : : : : : 
4 1 4 1 4  

4  4  4  4  1 4 r A r A v A r A r  7 - - 7 - 
A 4 4  1 4 A r A r A v A r A r  

1 4 4 4 4  
7 Y - Y -  

4  4  4  4  1 A r A r A r A v A _  
4  1 4 1  4  - 7 - 7 - 

4 4 4 4 1  4 4 1 4 4  
1 1 1 1 1  

- ~ - ~ - 4 - 4 -  
- 7 7 7 7 rLrLVLrLT 

1 1 1 1 1  
4-4-1-174 _ _ _ _ - 4 - ~ ~ 4 - 4 - 1  
714-4-4-1- 1 4 1 1 4 rLrLrLrLr  

7 7 - - 4-1-4-4-4 
1114-1-1-4 1 4 1 1 4 
- A - A - A - A -  7 - y - 7  vL-L-LrLT 

4 - 4 - 4 - 1 - 1  
1 1 1 1 1  1 - ~ - 1 ~ 4 - 4  - - - - -  - 7 - Y -  r r r r r  

Fig. 1.12(0). Illustrvring the oblique and rectangular two-dimensional space groups. Each pattern has 
different symmetry (which should be identified). 

i ~ h e  device of "sing a scalene triangle as an usymmetric object is old [see e.8. L.'Weber, Zeirs. 
Kri~tallogr 70, 309 (1929)l and patterns similar to those in the various pans of Fig. i.iZ are to be found 
for example in Elementory Crystallography by M .  J. Buerger [Wiley, New York (1963)l. The space 
groups are deliberately left unidentified in the figure. The reader should provide the labels. This is an easy 
exercise. but it should be done. 
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Fig. 1.13. The symmeuy elemenb of the two-dimensional space gmups. Light lines outline a unit cell. 
Heavy solid lines indicate the location of minor lines and broken lines indicate the positions of glide lines. 
2.. 3.. 4- and bfold mtation points are represented by "Lenses", triangles, squares and hexagons respeclively- 

Fig. 1.13. This figure is continued on the next page (see the caption there) 
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Figure 1.13.shows the location of the symmetry elements in one unit cell for the space 
groups. I n p l ,  there are only translations, but inp2, in addition to the 2-fold rotation points 
at the comers of the cell, there are also 2-fold rotation points (whose locations are indicated 
by the two-pointed symbols) In the middle of the edges and the center of the unit cell. Note 
that all  the symmetry elements of p2 are obtained by combining one rotation point with 
translations.' 

1.7.2 Rectangular system 

The rectangular lattice p has mirror symmetry and the lattice translations can be 
combined with point group lm to give a symmetry groupplml (often abbreviated topm).z 
The symmetry elements of this group consist of orthogonal lattice translations and a family 
of mirror lines parallel to one of the axes. The spacing between the mirror lines is one-half 
of the lattice repeat. 

We can also combine the elements of lm with the translations of the centered rectangular 
lattice c to get space group c lml  (abbreviated symbol cm). Note in Fig. 1.13 that the space 
group also contains glide lines interleaved with the mirror lines. These should be identified 
in the appropriate p a t  of Fig. 1.12. 

Point symmetry group 2mm is also compatible with a rectangular lattice, so we have 
space groups p2mm and c2mm (often abbreviated to pmm and cmm respectively). These 
are the space groups of the primitive and centered rectangular lattices respectively. Note that 
they are different symmetries and in particular c2mm contains glide lines that are absent in 
p2mm (Fig. 1.13 again). 

Now that we have mirror lines in the space groups, we must consider the possibilities 
that arise when mirror lines are replaced by glide lines. Thus the mirror line in the 
symmorphic groupplmlcan be replaced by a glide line to give the non-symmorphic group 
p l g l  (often abbreviatedpg). Again the symmetry elements should he identified in Figs. 
1.12 (a) and 1.13. 

We remarked that the symmorphic group c lml  already contains glide lines so there is 
not a new group "clgl" to be obtained by replacing the mirrors of c lml  by glide.? 

From the symmorphic groupp2mm we get the non-symmorphic groupsp2mg andp2gg 
(often abbreviatedpmg andpgg) as illustrated in Fig. 1.13. 

As explained below, the symbol p2mg refers to the space group in which there are 
mirror lines perpendicular to a and glide lines pe~pendicular to b. The groupp2gm is the 
same symmetry group but now the axis perpendicular to the mirror lines is b and the axis 
perpendicular to the glide lines is a. Thusp2mg andp2gm are two different settings of the 

'A reminder that here, and throughout the rest of $ 1.7, the reader who is unfamiliar with the material 
will: (a) Verify that the patterns in Fig. 1.12 are indeed generated by the baric point group operations plus 
translations. (b) Verify the existence of the symmetry elements shown in Fig. 1.13 from the patterns of 
Fig. 1.12. 

2The significance of the "1"s in the symbol is explained below. The novice may well wish to reread this 
section after reading 9 1.8. 

 he skeptical reader should nevertheless do the experiment. It will be found that replacing the mirror 
lines in c lml  by glide lines will produce mirror lines where the old glide lines w e n .  

same space group with the first arbitrarily chosen as the standard setting. This illustrates 
that symbols for space groups can change with relabeling of the axes. This is not much of a 
problem in two dimens~ons, but we will need to devote careful attention to the analogous 
question in three dimensions. 

It is important to recall that glide lines already exist in cm and c2mm so there are no new 
groups cg, c2mg or c2gg. We have therefore identified all the rectangular space groups. 

1.7.3 Square system 

In the square system, we can combine the translations of the square lattice with the point 
symmetries that include a 4-fold rotation, i.e. 4 and 4mm, getting space groups p4  and 
p4mm (short symbol p4m). It should be seen in Fig. 1.13 that the combination of lattice 
translations and a 4-fold point at the origin generates a second 4-fold point at the center of 
the cell and 2-fold points in the middle of the cell edges. The pattem of symmetry p4mm 
should be identified in Fig. 1.12 (b) and the glide lines parallel to the unit cell diagonals 
(shown in Fig. 1.13) identified. 

The existence of one set of glide lines parallel to the second set of mirrors (symbolized 
by the second "m") inp4mm means that although there is a new space group p4gm (short 
symbol p4g) there are not new groups p4mg or ~ 4 ~ g .  Again identify the space groups in 
Fig. 1.12 (b) and locate the symmetry elements. We have now identified all the square 
space groups. 

Fig. 1.12 (b). IllusVating the square two-dimensional space groups. Each pattern hus different symmetry. 

1.7.4 Hexagonal system 

In the hexagonal system we can combine the translations of the hexagonal lattice with the 
point symmetries 3,3m, 6, and 6mm. 

As already explained (see Fig. 1.6) 3m can be oriented in two ways with respect to the 
coordinate axes (which are parallel to the lattice translations) to give two distinct space 
groups p3ml andp31m. Patterns with these two symmetries are shown in Fig. 1.12 (c ) .  
To determine which is which (a) outline a unit cell, (b) identify the mirror lines. p3ml is 
the one that has mirror lines normal to the cell edges (compare Fig. 1.13). 

The other symmorphic space groups are p3, ~6 and p6mm (sometimes abbreviated to 
p6m). Note again in Fig. 1.13 the presence of additional symmetry elements, in particular 
in the hexagonal system we always have 3-fold points at 1/3,U3 and U3,113. 
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The groupsp3ml andp3lm both already have glide lines so there are no new groups to 
be derived by replacing mirrors by glides in these instances. Finally there are glide lines 
parallel to both sets of mirrors inp6mm so again there are no new groups to be obtained by 
replacing the mirrors by glides.' We have therefore concluded the enumeration ail the two- 
dimensional space groups. 

3,  I. r .. .. 

Fig. 1.12 (c). Illusirat~ng the hexagonal two-dimensional space groups. 

'1" the centered rectangular lattice miiror lines and giide iines are interlcvved throughout space. The 
hexagonal lattice may be considered as a special case of ucentered reclangulvr lattice (see Table 1.3, p. 10 
and Exercise 2. p. 26). 
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1 1.7.5 Synopsis of the two-dimensional space groups 

Table 1.4 below summarizes the two-dimensional space groups. The final column lists 
first the symmorphic groups and secondly the non-symmorphic groups obtained when 
mirror lines are replaced by ghde lines. Note that the system is determined by the shape of 
the conventional unit cell, or equivalently by the point symmetry at a point of the lattice 
(Table 1.3). The point group from which a space group is derived is the class. 

Table 1.4. Synopsts of the two-dirnens~onal space groups (short symbols m parentheses) 

system point group space group 
(class) symmorphic m +8 

oblique 1 PI 
2 ~2 

rectangular lm p l m l  @m) ~ 1 8 1  @8) 
c lml  (cm) 

2mm p2mm @mm) p2mg @mg) 
~ 2 8 ~  @gg) 

c2mm (cmm) 

square 

3m p3ml 
o31m 

1.8 Construction and interpretation of space group symbols 

We now summarize the rules for constructing and interpreting space group symbols. It 
is emphasized that the space group symbol both identifies the space group and specifies the 
orientation af the reference axes with respect to the symmetry elements. In specifying the 
direction of mirror or glide lines we actually specify the directions of the normals to them 
(for reasons that will become apparent in Chapter 3). Note that in interpreting the space 
group symbol, we have first to identify the system (oblique, rectangular, square or 
hexagonal). 

The first letter of a space group symbol refers to the lattice type and must be 'j)" or "c." 
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In the oblique system we have eitherpl orp2 as space group symbol 

In the rectangular system there are (in the long, or full, symbol) three places after the 
lattice symbol. The first of these three places has a symbol which refers to the nature of the 
rotation point and is either "1" or '2." The next symbol refers to the nature of the symmetry 
line ("m" or "g") normal to a (the normal to the mirror or glide line is parallel to a). The last 
symbol refers to the nature of the symmetry element normal to b and is either "I", "m" or 
"g." Note the use of "1" as aplace marker to avoid ambiguity when no symmetry element 
is present. The standard setting forpm is with the mirror planes normal to a hence the long 
symbolplml; if for some reason we wished to label the axis normal to the mirror plane b, 
the space group symbol would now be writtenpl lm. 

In the square system the first position of the space group symbol is for the lattice (must 
bep) .  The second is for the rotational symmetry (must be 4) the third (if present) is for 
symmetry elements along x and y (i.e. parallel to a and b-because of the 4-fold symmetry 
these symmetry elements must be the same) and the fourth position (in the full symbol) 
signifies the presence of symmetry elements at 45' to x and y (i.e. along the directions 
a t b ) .  

In the hexagonal system the first position of the space group symbol is againp. The 
second indicates the rotational symmetry (3 or 6). The third position signifies symmetry 
elements along the x and y directions (which are at 120'). i.e. parallel to a and b and to the 
third equivalent direction which is parallel to -(a+b). The fourth positions refer to 
symmetry elements at 9V to x and y. Recall that the orientations of mirror lines are 
specified by the directions of their normals and note again the use of 1 as a place marker in 
p3ml and p3lm. Accordingly in p3ml the normals to the mirrors are parallel to a and b 
[the mirror lines are normal to a and band -(a+b)l; in p31m the normal to the mirrors are 
at right angles to a and b [the mirror lines are parallel to a and b and <a+b)]. 

1.9 Using the Internat ional  Tubles 

Volume A of the International Tables for Crystallography (see the Book List) is the 
standard (and indispensable) source of information about space groups.1 Fig. 1.13 closely 
follows the diagrams in that book which we often refer to just as the Intemationnl Tables. 

The International Tables also gives the coordinates of the points in one unit cell 
obtained by the operation of the symmetry operations of the space group on an arbitrary 
point x,y. These are the coordinates of the general positions. The number of general 
positions will equal the order of the point group multiplied by the number of lattice points 
per unit cell (1 forp and 2 for c). 

l ~ w o  paints to note here about the Tables: (a) The two-dimensional space groups are there called "plane i; 

groups". (b) Tho shait symbois (which are widely used elsewhere) are nor used for these groups (seep. 16 .:;I 
of the Tables for more on this point). 

,t, 
5 
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There are also special positions in the unit cell. These correspond to points that are 
I 

either at rotation points or on mirror lines. Thus consider the group p6mm (see Fig. 1.13, 
p. 17). The point at the origin is on a 6-fold rotation point and operation of the 6-fold 
rotation will not generate any new points. Likewise the same point is also on the mirror 
planes so the mirror planes produce no new points. In fact the symmetry operations b 
~roduce  no new points at all. This may be verified by substituting x = 0 and y = 0 in the 
coordinates of thd general positions listed below. 

Other special positions of p6mm are on the 3-fold points at 113,213 and 213.113. The 
symmetry operations acting on one of these points will produce only the other as may be 
verified by substimting x = 113 and y = 213 in the coordinates of the general p0sitions.l 

In Table 1.5 below we give for p6mm (short symbolp6m): f m t  the number of positions 
of a given kind, then the Wyckoff notation (a, b, etc.) and then the coordinates of the 
positions. Refer to Fig. 1.13 to see that the positions 6 e correspond to points constrained 
to lie on one set of mirror lines and thus at sites of symmetry m. The positions 6 d are 
likewise arbitrary points on the second set of mirror lines and again at sites of symmetty m. 
Positions 3 c are points on 2-fold rotation points and at the intersection of two minors, and 
so are at sites with point symmetry 2mm. Positions 2 b are on 3-fold rotation points at the 
intersection of three mirror lines so they are at sites with symmetry 3m. Point 1 a (at the 
origin) has symmetry 6mm. The letters a ,  b, etc. have no special significance except to 
serve as (universally accepted!) labels. Each space group will have special and general 
positions labeled from a (for the highest symmetry points), alphabetically to whatever letter 
is necessarv for the general positions. The last entry in the table below is the point -- 

symmetry at each kind of site. 

Table 1.5. Special and general positions of p6mm 

wyckoff notat10n coordrnates symmeuy 

1 2 f  
- 1 x,y ; y,x-y ; y-x,z ; y,x ;z,y-x : x-Y2Y 

zg ; y,y-x; x-yr ; 7.Z ; x.x-Y ; Y-2.Y 

6 e x,z ; ~ , 2 x  ; 22,P ; P,X ; z.22 ; 2 x r  m 

6 d  X,O ; 0~ ; z,P ; I , 0  ; 0.2 , x,x m 

3 c 112,o ; 0,112 ; 112,112 2mm 

2 b 113,213 ; 213,113 3m 
1 a 0.0 6mm 

Having available the coordinates of the general and special positions allows a 
considerable economy in specifying structure. Thus only the coordinates of one of a set of 
general positions need to be given. In some cases no coordinates need be given explicitly. 
Thus to completely specify the positions of the points in the kagome pattern (3.6.3.6) 
described above, it is sufficient to give the space group @6mm), the magnitude of the unit 
cell parameter (a) and to state that points are at positions c. The points of the honeycomb 
pattern (63) are at b (make a quick sketch). Another example using this space group is 

l ~ ~ ~ ~ ~ b ~ ~  thatx = -113 is equivalent tor = 213 otc. 
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given in Exercise 3 at the end of the c h a ~ t e r  
In a space group with a centered lattice the existence of a point x,y implies the existence 

of an identical point at 1/2+x,1/2+y because translation by 112,112 is a symmetry operation. 
In the International Tables the positions of cm are given as shown in table 1.6. 

Table 1.6. Special and general positions of cm. 

Thus the coordinates of the general positions are x,y ; 3,y ; 1/2+x,1/2+y ; 112-x,112+y 
and the coordinates of the special positions a are 0,y ; 112,1/2+y (i.e. on the mirror lines at 
x = 0 and x = 112). 

1.10 Notes 

1.10.1 Symmetry operations 

The symmetry operations we have discussed are special cases of general geometrical 
transformations or mappings. They are those which preserve distances and angles and 
hence the term isometry. There are many mappings in which there is a one-to-one 
correspondence between the object before and after the transfomation. A similarity 
transformation is one in which angles, but not distances are conserved. It may be 
considered as the result of an isometry followed by an expansion or contraction in scale. 
Another transfomation of interest is inversion or reflection in a circle. For examples of the 
remarkable patterns that can arise from repeated reflections in a system of circles see 
R. Courant & H. Robbins, What is Mathematics?, Oxford University Press, Oxford 
( 1 9 4 1 ) ~ .  162. 

1.10.2 Groups 

Introductions to symmetry group theory' are F. A. Cotton, Chemical Applicadons of 
Group Theory, 3rd Edition, Wiley, New York (1990) and Boisen & Gibbs (Book List). 

A group is a set of (at least one) things with the following properties. 
'There is defined a binary operation symbolized by * such that a * p  = y, where a ,  p 

and yare  all members of the group. In the case of symmetry operations, a*p means 
operation p followed by operation a ,  and y is also a symmetry operation. Note that in 
general a*P and p*a are not equal (but may be). If for every pair of elements in the group 
a*B = B*u the group is said to be commutative or abelian. 

 ate that in this chapter we haven't done any group theory (nor shall we i n  subsequent chapters). All 
we have done is to enumerate certain kinds of symmetry group. 
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.a*(p*y) = (a*p)*y (this is the associative rule).' 

.There exists an element E in the group such that E*a = a*& = a for u equal to any 
member of the group. In symmetry groups E corresponds to the identity operation. 

.For any element a in the group there is another P (the inverse of a )  such that a*p = 
p*a = E. a and p may be the same (for example two reflections in the same mirror result in 
the identity) or different [rotation by one-third of a circle (31 = 3+) followed by rotation by 
two-thirds of a circle (32 = 3-), or vice versa, again results in the identity (31*32 = 32*31 
= I)]. 

The number of distinct elements in the group is the order of the group. The simplest 
possible group (of order 1) contains only E. 

An example of a finite group (of order three) is the numbers 0, 1 and 2 if the group 
operation * is defined as "addition modulo 3". i.e. a*p - (a+P) mod(3). Thus we have: 

Here 0 corresponds to E, and 1 and 2 are the inverses of each other. We can write out 
the above relationships as a "multiplication" table. "Multiplicat~on" refers to the group 
operation, in this case "addition modulo 3." 

This group has the same stlucture as (is isomorphic with) the point symmetry group 3 
whose elements are the identity and rotations by one-third and by two-thirds of a circle. 
These two sets of things with their appropriate group operation (*) form two different 
representations of the same abstract group. 

The matrices that we derived for symmetry operations (see e.g. the case of 4mm Table 
1.1) form a representation of the same abstract group as do the symmetry operations 
themselves if the group operation now is identified as matrix multiplication. 

1.10.3 Two-dimensional space groups and decoration 

The occurrence of periodic patterns in decoration is familiar and dates from antiquity. A 
most striking source of periodic patterns is the XIV century designs in the Alhambra of 
Granada in Spain. More recently, the Dutch artist M. C. Escher was inspired by the 
Alhambra to produce some remarkable periodic designs which have been used as an aid to 
teaching crystallography [C. H. MacGillavry, Symmetry Aspects of M. C. Escher's 
Periodic Drawings, Oosthoek, Utrecht (1965)l. Escheis art also provides some beautiful 
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examples of repeated s~milarity transforms. 
The Moors did not use all the two-dimensional space groups in the decoration of the 

Alhambra. It is interesting that the explicit enumeration of the 17 two-dimensional groups 
was only done afrer the 230 three-dimensional space groups were enumerated. The 
symmetry groups of three-dimensional objects with translations in only two dimensions are 
the 80 layer groups which are sometimes of use in crystal chem~stry. We refer to these 
again in Chapter 3 (see also Appendix Al). 

1.10.4 Matrix manipulations 

The reader entirely unfamiliar with matrix manipulations will have to consult one of the 
very many elementary mathematics texts that deal with such matters. In this chapter we use 
only 2 x 2 matrices such as A = (all  a12 I a21 azz) and 2 x 1 matrices (2 rows and 1 
column; also known as column vectors) such as x = (XI lx?). . . -. Multiplication of a 2 x 1 matrix by a 2 x 2 matrix give a new 2 x 1 matrix as in Ax = y, 
where y = ( a t ~ x t + a ~ z x ~  1 azix1+a2zxz). 

Multiplication of a 2 x 2 matrix by a 2 x 2 matrix gives a new 2 x 2 matriw as in AB = C, 
where C = ( a t l b ~ ~ + a l ~ b z ~  ~ I I ~ I Z + ~ I Z ~ Z ~  1 a21b11+a2zbz1 ~ ~ L ~ I Z + ~ Z Z ~ Z Z ) .  Note that 
the order of multiplication is important and in general AB#BA (recall that the order in 
which symmetry operations are canied out may be important). 

1.11 Exercises 

1. Cimles of unit diameter are packed as closely as possible on a plane. A fraction d d 1 2  
of the area of the plane is covered. The symmetry is p6mm and the centen of the circles are 
on the points of a hexagonal lattice. (Do this by packing coins of one kind on a table top.) 
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>, 
2. A hexagonal lattice can be described by a centered rectangular cell with bla = 43. (The 

j centered cell is sometimes called orthohexagonaQ. 
.: 

3. A pattern often encountered in crystal chemistry and in ornament is the Archimedean 
tiling 3.4.6.4 which has symmetry p6mm. If the edges of the polygons are equal to 1, the 
unit cell parameter is a = l+d3 and the points are in 6 e (Table 1.5) with x = 11(3+d3). 
Verify by plotting the pattern. mint: if you have difficulty plotting with hexagonal axes see 
Fig. 4.10, p. 121.1. 

4. The symmetry of the face of a convent~onal bnck wall is c2mm 

5. A pair of parallel mirror lines separated by a distance d produces an infinite set of 
, . mirror lines with spacing d and translational symmetry with period 2d (the barber shop 

phenomenon). 

.;, 6.  Use the matrices given in Table 1.1 to construct a multiplication table for 4mm 

7. Referred to Cartesian coordinates (axes at 90'). rotation by 12W about the origin of a 
point x,y gives a new point at -*/2-d3y/2, d3~/2-~ /2 .  The trace (sum of diagonal terms) 
of the matrix generating the new coordinates from the old is -1, and is independent of the 
choice of coordinate system (compare the matrix given in Table 1.2 for axes at 12W). 

8. In Fig. 1.14 (below) the broken lines represent two glide lines at right angles; the 
light rectangle represents a unit cell of edges a and b. Start with an asymmetric object (7) in 
the upper left corner of the cell and use the glide reflections and uanslations (a and b) to 
generate images of the original object. This process has been begun in the figure in which 
straight arrows represent translations and the bent ones represent glide reflections. In this 
way we will generate all the symmetry elements of pgg @2gg). Identify all the symmetry 
elements in the unit cell (objects of every pair must be related by a symmetry operation). 
Compare with Fig. 1.13 (in which the unit cell origin is taken at a different point). 

Fig. 1.14. See Exercise 8 

9. The orders of the point symmetry groups can be found by counting the numbers of 
replicas of the asymmetric object that are in the patterns of Fig. 1.2. The number of 
asymmetric objects (scalene triangles) in a unit cell of the patterns of Fig. 1.12 will be the 
same as the order of the pointgroup of the space group if the cell is primitive, and twice 
that if the cell is centered. Verify for each space group. 

10. Many examples of two-dimensional patterns (tilings) appear in Chapter 5. Identify 
the symmetry elements and verify their space groups. 

Then there is the story of L e  crystallographer who was asked for the next letter in  the sequence 
A,B,C,D,E ... His response naturally was K us this is the next letter in the alphabet wirh symmesy m (not 
exoctlv in tho font used here!). What are the ~ y r n m ~ s i e s  of F, G ,  H, I. J. S, +, #, *. *. 916 ?(Answers: 
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THREE-DIMENSIONAL POINT GROUPS 

2.1 Point symmetry operations in three dimensions 

A major difference between point operations in two and three dimensions is that in three 
dimensions there are rotation axes which leave lines invariant (instead of rotation points 
that leave points invariant in two dimensions) and mirror planes which leave planes 
invariant (instead of mirror lines which leave lines invariant).' Accordingly we expect a 
new symmetry operation in three dimensions that leaves a point invariant. 

This new symmetry operation is inversion in a point (discussed below). It is convenient 
to consider the point symmetry operations of three-dimensional space as (a) rotation and (b) 
rotation combined with inversion. The corresponding symmetry elements are often referred 
to asproper and improper axes respectively. A proper operation acting on an asymmetric 
object merely moves it through space whereas an improper operation also converts it into 
its mirror image. Two successive improper operations convert an asymmetric object first 
into its mirror image and then back again to the original form, so that a combination of two 
improper operations is equivalent to a proper operation. We shall see that a mirror reflection 
in a plane (an improper operation) can be considered as combination of a 2-fold rotation 
plus inversion. 

As in the case of two dimensions, we are restricted to I-, 2.. 3-, 4-, and 6-fold 
symmetry axes in crystal symmetries. There are therefore five proper and five improper 
axes for a total of ten different kinds of point symmetry element. We will see that then are 
32 distinct crystallographic point symmetry groups that contain combinations of these 
symmetry elements. We will not actually demonstrate that the number of groups is exactly 
32. We will describe 32 groups and ask the reader to accept that our enumeration is 
complete. The dissatisfied reader is directed to 3 2.5.3. 

Those trained in molecular chemistry will be familiar with point group symmetry, and 
their task will be mainly to leam new symbols for these groups, although some point group 
symmetries do not have simple molecular examples. It will prove a rewarding exercise to 
verify the symmetries of the polyhedra discussed in Appendix 4 (some of which occur as 
carbon molecules). Another useful exercise is to check off the point groups listed in Tables 
2.1 ( 5  2.2.6) and 2.2 (9 2.2.8) as they are described. In our experience the only way to 
acquire a useful working knowledge of point group symmetries is to constantly practice 
identifying the symmetries of objects such as molecules and p ~ l y h e d r a . ~  Only when the 
groups are well known is it possible to appreciate a rigorous mathematical treatment (which 
we will not develop). 

Iln one dimension the only point symmetry element is a mirrorpoint. 
2 ~ e  use severd examples of polyhedra in this chuprcr. The rpvdcr unfamiliar with such objects will find 

them described in 5 5.1. 

.~ 
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The discussion of point symmetries in terms of pure rotation and roto-inversion axes is 
the approach that proves most useful in crystallography. An alternative approach, using 
rotation-reflection axes, is embodied in the Schoenflies system that is favored by molecular 
chemists; as it leads to a more elegant mathematical treatment the latter is also preferred by 
mathematicians. The crystallographic system with its associated symbolism (Hemann- 
Maugnin symbols) is distinctly better for space groups and is now in universal use by 
crystallographers and solid state chemists. A concordance between the Hermann-Mauguin 
symbols and the Schoenflies symbols for the crystallographic point groups is given in the 
tables at the end of the book, and for non-crystallographic groups (those involving 
rotations of order different from 1, 2, 3, 4 or 6) in 5 2.5.6. 

The five proper axes should provide little difficulty. If coordinate axes are chosen so that 
the z direction is along the rotation axis, the x and y coordinates will transform as in the 
two dimensional case of rotation about a point, and z will remain unchanged. The positive 
sense of rotation is anticlockwise when viewed along the +z to -z direction. We will 
discuss the improper operations individually. 

2.1.1 Inversion in a center 
- - -  

Inversion in a center! at the origin 0.0.0 will convert a point at x,y,z to a point at r , y  ,z 
regardless of the coordinate system used. Fig 2.1 illustrates the inversion of an asymmetric 
object through a center at the origin of coordinates (we always take the origin at the center if 
it is present).Inversian is symbolized 1 (1-fold rotation plus inversion). This would also 
he the symbol for the point group if the inversion center were the only symmetry element 
(other than the identity) of the object. Objects that include an inversion center in their 
symmetry are said to be centrosymmerric. Those that do not are a ~ e n r r i c . ~  

~ i ~ .  2.1. 111~~t1~ting the inversion operation. 

L=he tern cenrer is synonymous w ~ t h  znvers~on center in thls context 
20bjects ~ ~ ~ l ~ d ~ n ~  molecules) other than crysmis belongmp to symmetry group -i are rather rare (try to 

,denttfy some) A p a r  of shoes $loves) can be arranged so that h e  heassembly has 1 symmeY 



Figure 2.1 also illustrates the choice of a right handedset of coordinate axes (this is the 
"standard" choice). Interchanging any two axes will change the hand of the coordinate 
system unless the direction of one of the axes is also reversed. Cyclic permutations such 
as x + y + z + x or the reverse will not change the hand of the coordinate system. 

2.1.2 Rotation plus inversion: axes P 

The combination of a 2-fold rotation with inversion is equivalent to reflection in the 
plane normal to the 2-fold axis and containing the inversion point. The combined operation 
is illustrated in Fig. 2.2. A 2-fold rotation axis through the origin and parallel to z converts 
a point at x,y,z to F,Y,z. Inversion through a center at 0,0,0 will convertX,y,z to x ,y , r .  
The net result is to transform x,y,z tox,y,T-it should be clear that this is equivalent to 
reflection in the plane z = 0. This symmetry element which could be symbolized 2 is in fact 
symbolized m (for mirror). In the figure it may be seen that rotation by 180' around the 
axis shown, followed by inversion, is also the same as inversion followed by rotation 
about the axis, and in either case equivalent to reflection in the plane normal to the 2-fold 
axis. The orientation of a mirror plane is always specified by giving the direction of the 
normal to the plane. 

Fig 2.2. (Left) Illustrating that 2 is equivalent to reflection. An object (white) is mtated about the two- 
fold axis (arrow) to give a similar object which is the inverted through the center to give a mirror-image 
object (black). (Right) showing the two symmetry-related points in projection along 2.  

On the right in Fig 2.2 a stylized view down the z axis is shown where the original 
object above the plane z = 0 is shown as an open circle and its reflection below the plane is 
shown as a smaller filled circle. Such diagrams are very useful to show the effects of other 
symmetry elements and combinations of symmetry elements. It is imponant to recognize 
that the circles in such diagrams really represent a general asymmetric objects. 

It should be clear that an object (such as a chair) that has only one mirror plane (and the 
identity) for symmetry elements, has neither a 2-fold axis nor a center of symmetry. In 
general an N-fold inversion axis only contains a separate N-fold rotation axis and a separate 
inversion center for N odd. Indeed, as explained in the next paragraphs, 3 is the only 
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crystallographic symmetry operago?(other_than i itself) that c o n t e s  a separate ii. 
Fig 2.3 shows the effects of 3, 4 and 6 axes on a point. The 3 operation (rotation by 

one-third of a circle followed by inversion) has to be carried out six times before the 
original point is returned to. The reader should verify the separate existence of a 1 and a 3 
axis.' In the diagrams in Fig. 2.3, the symbol in the center is the symbol for the symmetry 
element. The small circles represent a general asymmetric object and thus in these 
examples, filled and open circles should really be replaced by asymmetric objects related 
one to the other by inversion or reflection (i.e. of opposite hand). 

- 
3 4 a ~ 

Fig. 2.3, Illustrating the effects of 5 ,  or 5 axes (see text). Filled and empty circles are paints on 
oppwite sides of the horizontal plane (the plane of the paper). In 6 such paints are superimposed in 
projection and the heavier outline of the circle indicates the presence of a horizontal mirror plane. 

A 3  axis (Fig. 2.3) generates four distinct points on repeated application; two above and 
two below the plane. It should be clear that an object with only 4 symmetIy is not 
centrosymmetric (but does have a Z-fold rotation axis). 

A a axis generates six points (Fig. 2.3 again). Note again the absence of an independent 
inversion center. This symmetry element includes a separate 3 axis and a mirror normal to 
that axis (indicated in the figure by a heavier outline for the c i r ~ l e ) . ~  

It should be obvious that in order to completely specify the position of a 5, 7 or 5 axis 
we have to specify the direction of the axis and the location of the inversion point even 
though 3 and< do not contain a separate inversion center. 

A quick sketch should convince the reader that whether one rotates and then inverts, or 
Erst inverts and then rotates, is immaterial. The combined operation is the same; i.e. the 
component operations commute. 

A word on terminology is in order. We refer to an N axis as N-fold as in "2-fold:' 
"3-fold," etc. More commonly perhaps (as in the International Tables) the usage 
"twofold," "threefold," etc. is seen. We find our usage clearer in such phrases as "four 
3-fold axes." Other authors refer to I-, 2-, 3.. 4- and 6-fold rotation axes as "monads; 
"diads." "triads." "tetrads," and "hexads" respectively. A difficulty arises in the case of 3 
and a. As can be  seen from Fig. 2.3 both these operations require six repetitions to 
produce the identity yet we refer to the former as a '3-fold inversion axis" and the latter as a 

 IT^^ reader is urged to verify that (a) applying Ihe rotationrinversion operation three times is equivalent 
to iniersian alone and (b) applying the combined operation four times is equivalent to rotation alone. 
(Remember that rotations are by convention anticlackwise when viewed from the +r direction.) 

ZAB N-fold rotation axis with a mirror normal to it is writion Nlm so 6 is  sometime% written as 3lm. 
However this obscures the bfold nature of Ihe axis und this natation should be avoided. 



"6-fold inversion axis."' Crystals with parallel 3-fold axes (including 3 )  but without 6-fold 
axes are c lesed as triganal. Crystals with 6-fold axes (including 5) are classified as 
hexagonal. 3 is also referred to as an "inversion triad" and 5 as an "inversion hexad." The 
difficulty is co_mpounded by the fact that in the Schoenflies system (see Exercise 17) 7 is 
labeled Ss and 6 is labeled S3. 

2.2 Enumeration of the point groups 

There are 10 point groups corresponding to the presence of just one of the symmetry 
elements we have described. These ate 1 , 2 , 3 , 4 , 6 , i ,  m, 3,  3 and 5. There are 22 more 
(crystallographic) groups to be obtained by combining several symmetry elements. We will 
not derive these groups very systematically, but it is worth seeing why there is only a 
relatively small number of them. The serious student of solid state science will get to know 
them all intimately. The material in this section is rather condensed-the reader interested in 
fully appreciating it would he well advised to have a pencil and oamr at hand to make 
sketches to venfy some of the statements. We find sketches of the's& shown in Fig. 2.3 
to be patticularly helpful. 

2.2.1 Pure rotation groups: dihedral groups N2(2) 

We start by considering just those cases in which we have proper rotation axes only. 
The groups in this case are the pure rotation gronvs. We will have to consider two - .  ~~ ~ . 
tnlmecting rdlauon ~ . c c  tncl~ncd lo ssch other. Combinarton oitwo ruch rot:tltonr dltvays 
prndttce> 3 roIaUnn :th~ur a nciv L X I ~  l h r u u ~ l ~  the point ui  intericction .,i th* t i s t  tw., ~ x c \  2 - ~ -  . . 
(Remember we are considering point group symmetry so there must be one point at which 
all symmetry elements intersect). It is important to recognize that we consider the rotation 
axes to be fixed with respect to the coordinate system and only the rotated object to move. 

Fig. 2.4 shows two 2-fold axes (labeled 1 and 2) lying in a plane and inclined at an 
angle @. Rotation of the point a above the plane about axis 1 will produce point b below the 
plane. Rotation of b about axis 2 will now produce point c above the plane. It should be 
clear that the transition a * c is equivalent to a rotation by 2$ about an axis normal to 1 
and 2 and passing b o u g h  their point of intersection (small shaded circle in the diagram). 

In general we consider rotation about an axis XI by an amount p, followed by rotation 
by an amount p2 about an axis Xzinclined to XI by an angle @3. This is equivalent to 

l~uriously, the lnternarionoi Tables (which usually is our arbiter in such matten) names other 
symmey axes (p. 9) but avoids the issue for inversion axes as in "Inversion axis: '3 bar"' for T .  The 
fraction of the world population that cares, appeliis to be appmximately equally divided into those who use 
"bar three"and those who use "thee bar" in speech for 3. We prefer the former, as "bai' is ta be considered 
as standing for "minus". 

'AS rotations are proper operations they will not change the hand of an asymmerric object. The 
operation corresponding to two rotations about axes intersecting in a point must be mother proper 
operation leaving that paint invariant and thus can only be a mtarion. The result of combining rotations 
about axes without a common point will also include a component of vanslation (also apraper opemdon). 
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rotation by an amount p3 about a third axis X3 inclined to axes XI and X2 by angles of !h 
and $1 respectively. These angles are related by an equation due to Rodngues:' 

Two additional equations are obtained by cyclic permutation of indices 1 + 2 + 3 -t 1 
 his gives us three equations for the unknowns h, and $1. 

Fig. 2.4. Two 2-fold rotattons about axes at an angle of $ to each other (about 1 to taken to b, then 
about 2 to take b to C) are equivalent to rotation (by 24) about an axis orthogonal to the 2-fold axes (a to c) 

Equation 2.1 is general, hut if the rotatioar are Limited (as they will be from now on) to 
integral fractions of a circle so that 36V/pi=pi (an integer) then it is not difficult to show 
(see 8 2.5.1) that all possible pure rotation groups are generated2 by rotations such that: 

Further analysis shows that the possible solutions of Eq. 2.2 fall Into two classes: (a) the 
dihedral groups in which there is an N-fold axis with 2-fold axes at right angles to that axis 
@3 = N, p i  =p2 = 2 which gives in turn from Eq. 2.1, & = 36W12M. (b) the cubic and 
icosahedral groups in which there are more than one rotation axis of order greater than 
two. 

Consider category (a) first. When @ = 36WlN with N an integer, the two 2-fold axes 
generate a finite number of symmetry elements as shown in Fig. 2.5 for the case $? = 4 5 ~ .  

i ~ h i s  equation is often ascribed to Euler. For a nice account both of the historical importance of the 
equation and of Rodrigues see /cons ond Symmetries by S. L. Altmann (Oxford. 1992). For a derivation of 
Eqs. 2.1 and 2.2 see the Note 5 2.5.1 at the end of this chapter. 

2srricuy $ p a k i n g  miy two rotarion ares are needed to generate all the rotations of [he group: the third 
rotation entering into the sum in Eq. 2.2 being generated by theother two. 
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The 2-fold axes 1 and 2 in that figure generate the 4-fold axis which in turn generates the 
other 2-fold axes shown (note that co-linear axes are really just one axis). The set of 
symmetry elements form a group symbolized 422. The first position is for the principle 
axis and the second and third positions in the point group symbol are for the two sets of 2- 
fold rotation axes.' 

1 (x  direction) 

Fig. 2.5. Group 422. Anows represent Z-fold rotation ares. See alsa Fig. 2.6. 

Fig. 2.6. Illustmting the symmetry elements of groups 222, 32,422 and 622. Lines terminating in m o w  
heads represent Zfold rotation anes in the plane of the paper. Small circlcs are sets of points generated by 
the group operations =cling on an arbirrury point. Filled and open circles are on opposite sides of the plane 
of the two-fold anes. The symbol in the center of the large circle is that for the N-fold aris (also a bfold 
axis for 222) normal to the plane of the 2-fold anes. 

Likewise there are groups 222.32 and 622 generated by 2-fold axes at 90', 60' and 30'. 
Note that there is only one distinct set of 2-fold axes in 32. This is because 2-fold axes 
inclined to each other by 60' are also inclined to each other at 120'. These groups (together 
with 422) are called the dihedral groups. It should be obvious that pure rotation groups 
contain only proper operations and so do not contain a center of symmetry. In Fig. 2.6 the 

'Cf. the discussion in 5 1.1 of the sets of mirror lines in two-dimensional point groups such as 4mm. 
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location of the s y m m e y  elements of these groups is shown. A set of points generated by 
the symmetry operations acting on an arbitray point is also shown. Notice that (in contrast 
to the case of Fig. 2.3) the filled and open circles now represent asymmetric objects of the 
same hand. 

2.2.2 Groups Nm(mi 

In Fig. 2.7, the two 2-fold axes of Fig. 2.4 are replaced with vertical mirror planes. It 
should be clear that two reflections in mirrors with normals in the same plane and at an 
angle @also produce a rotation 24. (The point b, which was a tilled circle in Fig. 2.4, is 
now an open circle in Fig. 2.7). 

Fig. 2.7. Two reflections (in mirror 1 to take o to b, then in mirror 2 to take b to c )  are equivalent to 
rotation about an aris along the line of intersection of the mirrors (a to c). Compare with Fig. 2.4 above. 

The result of having two mirrors at 45' is to generate group 4mm shown in Fig. 2.8 
(which should be compared with Fig 2.5). 

Analogously we can generate the groups 2mm (usually written mm2) from two mirrors 
at 90'; 3m with mirrors at 60" (now just one set of mirrors related by 120' rotations); and 
6mm from mirrors at 30' (giving two sets each of three mirrors analogous to the two sets 
of 2-fold rotation axes in 622).1 Fig 2.9 illustrates these groups in a way similar to Fig. 
2.6. 

Symmetry mm2 is commonly encountered; it is for example, the symmetry of the water 
molecule. If the writing were to he erased, a hook would have symmetry mm2 also. The 
(non-planar) NH3 molecule has symmetry 3m. More generally Nm(m) is the symmetry of a 
pyramid with a regular N-gon as a base. The groups Nm(m) do not contain a center of 
symmetry (think of the pyramids). 

ll t  can be rewarding to experiment with two small rectangular mirrors hinged together at one edge with 
sticky tape and inclined at different angles to generate these romtions. 
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1 ( X  directlo") 

Fig. 2.8 Group 4mm b o the mage of n obtaxned by reflechan in line 1 and c 1s the Image of b 
obwlned by ieflectlon in  l ~ n e  2 o + c cornsponds to rotahon by a founh of a czrcle about the center pomt 

Fig. 2.9 Ulustratnng the symmetry elements of groups mm2, 3m. 4mm and 6mm The heavy lxnes are the 
traces of minor Planes normal to the paper Compare wlth Fxg 2 6 

2.2.3 Groups N/m 

In the next set of point symmetry groups, mirrors are added normal to the rotation axes 
of groups N giving groups Nlm. As we will see later, it is convenient to consider Nlm to 
be one symbol (because the N-fold rotation axis and the normal to the mirror are in the 
same direction). 

llm is the same as m so that is not a new group. 31m is the same as 6, so that is not a 
new group either. Thus the new groups are Zlm, 41m and 6lm. Note that the combination of 
an even order rotation axis (which contains a 2 axis) with a mirror plane normal to it 
generates an inversion center at the point of intersection (refer back to Fig. 2.1) so that 21m, 
41m and 6lm all contain such a center. In particular 211n is of order 4: the symmetry 
operations being the mirror reflection, the 2-fold rotation, the inversion and the identity. 
Fig. 2.10 illustrales these groups in the same way as used in Fizs. 2.6 and 2.9. It should 
be apparent from the figure (compare wtth Fig 2.3) that 4lm inclu2les a z  axis, and that 6lm 
Includes 5 and 5 axes. 

A useful mental exercise is to imagine a two-dimensional object (such as a letter S )  with 

svmmetrv 2. Now give it some thickness in the third dimension by translation normal to the - 
plme-111~. tlirce-din~ensi,>n~l rymmelry 1, 21m. Reptar i ~ r  plJnc ahjc.;t, uith syrltmctq 4 
and 6. .-\lthouzh ?In! i, ilnuzu:ll jvrnlnctn ior tnulrcule\, t l  i i  one o r  the nld~r  cdmtnon .~~~ ~ ~ - - ~ ~ ~ -  ~ 

point symmetries of crystals (the crystal class). 

Fig. 2.10. Illustrating, from left to right, symmetry groups 2/m, 4lm and 6im. Symbols have the same 
significance as in Figs. 2.6 and 2.9. Note that in each case there is a horizontal mirror plane whose presence 
is indicated by the heavy oudine of the large circle (contrast e.g. Pig. 2.9). 

2.2.4 Groups Nlm 2lm 2lm 

Fig. 2.11. ~rou~himmm. The 4-fold rowtion axis is venicul, arrows show the location of 2-fold rotation 
axes and m h r  planes are shaded. 

The next set of groups is obtained by adding mirror planes normal to rotation axes in 
N22 giving Nlm2lmUm. Again it is helpful to consider Nlm as one symbol corresponding 
to a single axis. The possibilities here are 2lm 21m 2/m, 4lm 21m 21m and 61m 2lm 21m. The 
symbols for these groups are often abbreviated mmm, 4lmmm and 6lmmm respectively. 
mmm is the symmetry of a brick with three d~ffirent edge lengths. 41-m is the synunetry 
of a right square prism (a brick with a square cross section). The arrangement of symmetry 
elements of this group is illustrated in Fig. 2.11 in which 2-fold axes are shown as m o w s  
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and mirrors as planes. 6lmmm is the symmetry of a right hexagonal prism; a diagram 
representing its symmetry elements would be similar to Fig. 2.1 1 but there would be six 
mirror planes intersecting in the 6-fold axis and six 2-fold rotation axes in those planes and 
normal to the &fold axis. 

Fig. 2.12 illustrates the symmetry elements of these groups in a projection down the 
principle axis in a way that should now be familiar (compare Figs. 2.6, 2.9 and 2.10). 

mmm 4lmmm 6lmmm 

Fig. 2.12. Illustrating symmetry groups mmm, 4lmmm and 6lmmm. Note the presence of a mirror plane 
in the plane of the paper. 

As a 2-fold axis normal to a mirror generates a center of inversion, these groups all 
include a center of symmetry among their symmetry elements. Indeed the groups may 
alternatively he generated by adding an inversion center to 222,422 and 622. If a center is 
added to 32 the group ?im is generated as discussed in the next section. 

2.2.5 Groups ?m, z2m and bm2 

There are no new (in the sense of not being already encountered above) symmetry 
groups to be obtained by adding mirrors normal to inversion axes (do Exercise 11 to verify 
this stcement). But we get new groups by adding mirrors with their normals perpendicular 
to the Naxis so that the mirror planes contain the maxis. This procedure also generates 2- 
fold axes nonnal to the E j  axis. 

The case of N = 2 corresponds to mirror planes at right angles (recall that 5 = m) and 
generates mm2, which is not new. 

- The other possibilities (N = 3 , 4  or 6) generate ?2/m (often abbreviated to ?m), z2m and 
6m2 which are new.' The reader is urged to demonstrate this by starting with a R axis (N 
= 3.4, or 6) and a mirror plane containing this axis and to allow the symmetry operations 
of these symmetry elements to operate on an arbitrary point (i.e. one not on the mirror 
plane) and identify the generated symmetry elements. If the roto-inversion axis and the 
mirror plane are vertical you should generate diagrams like those in Fig. 2.13, in which the 

 h he significance of the order of the symbols in the last two groups is explained below. For the 
moment note that in 22m and am2, the 2 and the rn respectively refer to 2-fold ares and to mirrors with 
normals not parallel to the 2 axes as illustrated in Fig. 2.13. 

symmetry elementsof these groups are shown in projection. Note also the symbols used to 
represent 3.4 and 6 axes (compare Fig. 2.3). 

Fig 2.13. Illustrating groups Tm, %2m and8m2. Mirror planes are shown as heavy lines and 2-fold axes as 
lighter lines terminating with m o w  heads. See also the legends of Figs. 2.6 and 2.9. 

An example of ';m symmetry is the ethane (C2H6) molecule in its staggered 
conformation (Fig. 2.14, right). A right triangular prism and eclipsed ethane (Fig. 2.14, 
left) have symmetry bm2. A te t rahed~n  with only one pair of opposite edges at right 
angles' (see Fig. 2.15) has symmetry 42m. A baseball or tennis ball (taking into account 
the seams. but not any other markings that may be on it) also has symmevy 42m. 

Fig. 2.14. Illustrating ethanc in its eclipsed (left) and staggered (right) forms. 

Fig. 2.15. Tetrahedra with symmeey 32m. Tke 4 axis runs up the page. 

- 
3 already contains a center of symmetry, therefore Tm does also. Itshould be clear from 

the pattern of points in Fig. 2.13 as well as Figs. 2.14 and 2.15 that 42m and bm2 do not 
include a center of symmetly. 

l ~ h i s  is u necessary, but not a sufficient, condition for a teirahedron to haveT2m symmetry. 
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2.2.6Summary of the non-cubic crysfallograph~cpoint groups 
I 
! 

Table 2.1 lists the 27 crystallographic point groups we have enumerated so far. The 
columns in the Table correspond to the order in which the groups have been described in 
the indicated sections. A feature of these groups is that they contain at most one N-fold axis 
fo rN> 2. For an extension of the table to non-crystallographic groups see 9 2.5.6. 

Table 2.1. The non-cubse crystallographtc potnl groups Symbols in parentheses we short symbols 
correspond~ng to the long symbols 8mmedlately above them 

2.2.7 Cubic and icosahedral rotation groups 

The dihedral rotation groups result from the solutions of Eq. 2.2 (p. 33) with p,,  pz and 
p3 equal to 2, 2 and N. Three other possible solutions for p l ,pz ,  p3 are 2, 3, 3 ; 2, 3 , 4  
and 2, 3, 5 and these will lead to three new pure rotation groups. The last possibility 
containing 5-fold rotations will not give rise to a crystallographic point group, but is of 
sufficient interest to detain us briefly. 

Consider the case pi  = 2, pz = 3 and p3 = 3, i.e. pl = 1 8 r ,  pz = p3 = 120'. Equation 
2.1 shows that $I = cos-'(113) = 70.53~ and that $z = $3 = cos-1(1/d3) = 54.74'. It is 
remarkable that starling with two of these three rotation axes (at the angles indicated!) we 
generate a finite group with four 3-fold and three 2-fold axes. Their orientations can be 
visualized with reference to a cube (Fig. 2.16). The 3-fold axes are parallel to the body 
diagonals and the 2-fold axes parallel to the cube edges. Of course all the rotation axes have 
a point in common. This symmetry group, symbolized 23, is in fact one of the five cubic 
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point groups.' 

Fig 2.16. Group 23. 3-fold ramtion ares we symbolizd by 'Y and 2-fold by "2." 

Now consider the case pi  = 2, pz = 3 and p3 = 4, i.e. pl = 180', pz = 1ZV and p3 = 
90'. Equation 2.1 shows now that = cos-'(1143) = 54.74', = 45' and $3 = 
cos-1('/2/'13) 35.26'. Again we get a finite group, this time containing three /(-fold axes, 
four 3-fold axes and six 2-fold axes, and again the axes are oriented along principle 
directions of a cube. The Cfold axes are parallel to the cube edges (i.e. as the 2-fold axes in 
group 23, Fig. 2.16), the 3-fold axes are parallel to the body diagonals (as in 23) and the 2- 
fold axes are parallel to the face diagonals as shown in Fig. 2.17. This second cubic group 
is symbolized 432. As discussed below, the order of the numbers (such as 23 or 432) in 
the group symbol indicates the onentation of the rotation axes. 

fig 2.17. The 2-fold axes oi grwp 432 (compare Fig. 2.16) 

The last pure rotation group hasp1 = 2, pz = 3 andp3 = 5. The generated group has six 
5-fold, ten 3-fold and fifteen 2-fold axes. Their orientations can be related to a regular 
icosahedron (see Fig. 2.18). The 5-fold axes are along the directions joining the six pairs 
of opposite vertices, the 3-fold axes are along lines joining the centers of the ten pairs of 

I A  point group is cubic if it conlains exactly four 3-fold axes among the symmetry elemenu. 
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opposite faces and the 2-fold axes are along lines joining the midpoints of the fifteen pairs 
of opposite edges. The smallest angle between 5-fold axes is 63.43'. the smallest angle 
between 3-fold axes is 41.81'. and the smallest angle between 2-fold axes is 36'. The 
smallest angle between a 2-fold and a 3-fold axis is 20.90' and between a Zfold,and a 5- 
fold axis it is 37.38~. The group is the icosahedral rotation group, often symbolized I; we 
will also use the symbol 235. Note that although, for simplicity, we use an icosahedron to 
illustrate the orientation of the axes of 235, the icosahedron has additional symmetry 
elements (mirror planes and a center). For more on this group (including the angles 
between axes) see Exercises 15 & 16, and see Appendix 4 for some examples of objects 
with symmetry 235. 

Big. 2.18. The location of some of the symmetry ares of group 235 shown with respect to an 
icosahedron. For a regular icosahedron the axes marked "Y are Zlm, those marked "3.' are 7, and those 
marked "Y are 5. 

2.2.8 Cubic and icosahedral groups m3, mTm, T3m and mi75 

The remaining symmetry groups to be considered are obtained by adding mirrors to the 
icosahedral and the two cubic rotation groups in a way that is suggested in Table 2.2 below 
in which the last two groups are ico_sahedral. The results (with short symbolsl in 
parentheses) are: 4lmT21m (mTm), 2lm3 (mT) T3m, and 21mT5 (mTS). Underneath each 
Hermann-Mauguin symbol is the Schoenflies symbol. 

We generate ZmT (sholt symbol m5) by adding a center to 23. The combination of a 
center and a 2-fold axis generates mirror planes normal to the Zfold axes and converts 3 to - 
3. 

Similarly 4/m? Um (short symbol mTm) is generated from 432. In this case we generate 
mirror planes normal to the 4-fold and 2-fold axes of 432 and again convert 3 to 7. 

The final cubic group T3m is obtained as a subgroup of m7m and is not centro- 
symmetric. 

The group 21m35 is similarly obtained by adding a center to the icosahedral rotation 

 he short symbols follow the usage in Volume A of the l n i e r n n t i o ~ l  Tables (1983). Previously, the 
bar was removed over the 7 in m7and rnh so in the older literature the short symbols were written as m3 
and m3m respectively. 

group 1-35. The 2 axes become Z m  and the 3 and 5 axes become 3 and3  respectively. This 
is the group of all the symmetries of a regular icosahedron (Figs. 2.18 and 2.25) and is 
also symbolized Zh. 

Table 2.2. The cubic and icosahedrai point groups. 

We now adduce examples of familiar objects with these cubic symmetries. 
z3m is the symmetry of a regular tetrahedron or of the molecule CHc The tetrahedron 

has three Ti axes along the lines joining the centers of opposite edges and four 3 axes along 
the lines joining the vertices to the centers of opposite faces. There are also six mirror 
planes, each of which contains an edge and the center of the opposite edge. These 
symmetry elements should be identifiable in Fig. 2.19 which shows (from left to right) a 
clinographic projection of a regular tetrahedron, a projection down a Z-axis, a projection 
along a 3 axisand a projection normal to a mirror plane.' Objects with 43m symmetry are 
often s a g  to have tetrahedral symmetry. Note the absence of an inversion center and the 
fact that 4 includes a 2 axis. 

rotation group 

23 
T 

432 
0 

532 
I 

Fig. 2.19. Different views of a tetrahedron. 

Fig 2.20 shows how the six mirror planes of T3m are arranged with respect to the 
framework of a cube. The 4 axes are parallel to the cube edges and the 3 axes are parallel to 

plus center 

Zm? (m?) 
Th 

4lm 3 21m (mTm) 
o h  

Urn35 (m35) 
zh 

l ~ h e r e  is really no substitute for holding a model of a polyhedron and identifying its symmetry 
elements. The reader who finds cubic symmetry difflcuit is urged to make models of a tetrahedron, an 

octahedron and a cube by taping or gluing together equilateral Inangles or squares of light cardboard. 

other group 

- 
43m 

Td 

- 
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the body diagonals. The same set of mirror planes also occurs (together with others parallel 
to the cube faces) in m h .  

Fig. 2.20 The mirror planes of Z3m. 

4lmT2lm (abbreviated to mTm) is the symmetry of a cube itself. A regular octahedron 
and an octahedral molecule such as SF6 also have symmetry mTm. Objects with this 
symmetry are said to have octahedral symmetry. Fig 2.21 shows different views of an 
octahedron similar to those of the tetrahedron in Fig. 2.19. Second fmm the left is a view 
down a 4lm axis, third from the left is a view down a 3 axis and on the right is a view 
down a 21m axis. 

Fig 2.21. Different views of an octahedron. 

Fig. 2.22. (a) A cube with parallel m~rlun_gs (light lines) on each face (opposite faces are marked in the 
same direction) to produce an object with m3 symmetry. (b )  A projection on a cube face (down a 2lm anis 
of the marked cube). (c)  A view down a body diagonal (? axis). (d) A projection down u face diagonal (note 
the absence of a Zfold axis normal to the paper in this projection). 

To summarize the symmetry elements of m?m (the most complex of the crystallographic 
point groups-the order is 48): there are three 4lm axes (by this is meant a 4 axis with a 
mirror plane normal to it) parallel to the edges of a reference cube, four 3 axes parallel to 
the body diagonals of the cube, and six 2im axes parallel to the face diagonals of the cube. 
m? is quite a common symmetry in crystals but rare for molecules. Crystals of pyrite 

("fool's gold" = FeS2) often crystallize as spectacular cubes but if examined closely, 
striations will be noticed on the faces. Fig 2.22 shows schematically how these markings 
r*rnovc rhc I - fdd  :rye, oi the cub: 2nd xl\o c l in~tntc  me ,) rnmerr, slcmen~, par~llcl to the 
iacc .li~gondl,. The p!nrohsjrun Jcscnbcd itn p. 195 I. ig 5.681 has 1h1:. ,yttunern 

2.3 Point groups by system 

In the next chapter we will discuss three-dimensional lattices and unit cells. We will 
identify crystal systems just as in two dimensions, and find seven of them (see Chapter 3). 
For reference the ~ o i n t  groups are listed by system in the tables at the end of the book 
(p. 440). Also given in t ie  list is the ~choenflids symbol for each group. 

A crvstal svmmetrv is obtained bv combining translations with point symmetries. The ~, - 
point group of the crystal is its class. If the crystal point group contains an inversion center, 
the crystal will be centrosymmetric. The table lists the space group numbers corresponding 
to each class and also indicates whether that class is centrosymmetric. 

2.4 Coordinate systems and the order of symbols 

The symbols for the point groups assume a reference coordinate system which may 
differ from one crystal system to another. In a crystal, the axes are always chosen parallel 
to lattice vectors and this determines the reference coordinate system used. This in turn 
determines the symbols of the derived space groups, so it is very well worth the little effort 
i t  requires to memorize the system. Remember that the orientation of a mirror plane is 
specified by the direction of its normal. 

In the triclinic system there is at most an inversion center which is at the origin of 
coordinates. TIiciiiuc point groups are 1 and 1. 

In the monoclinic system there is a unique 2-fold axis. The point groups are 2, m and 
2im. Coordinates are usually chosen so they axis is parallel to the 2-fold axis (normal to 
the mirror in m). Occasionally other choices are made: then symbols for the symmetry 
elements parallel to the x, y, and z axes are used, as illustrated for 2im. (1 means no 
symmetry parallel to that axis and acts as a place marker). 

2im parallel to x 2lmlI 
21m parallel toy 12lm1 (or lust 2lm) 
21m paallel to z 112lm 
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In the orthorhombic system there are three mutually perpendicular 2-fold axes. The 
axes (parallel to the symmetry axes) are also mutually at right ang1es.The point groups are 
222, mm2 and mmm. The fust position in the symbol for the group refers to a symmetry 
element parallel to x, the second parallel toy  and the third parallel to z .  It should be clear 
that 2mm, m2m and mm2 refer to the same point group but with the direction of the 2-fold 
rotation axis labeled x, y and z respectively. 

In the tetragonal system there is a unique 4-fold axis and the z axis is always chosen to 
coincide with it. The first position of the point group symbol is the symbol for this axis (4 
or 3). The x and y axes (at right angles to each other and to z) are equivalent by symmetry 
and the second position of the point group symbol is the symbol for symmetry elements (if 
present) along x andy.  The third position refers to symmetry elements at 45' to x and y. 
Note in pa~ticular that T2m can also (with a 4 5 ~  rotation of the coordinate system about z) 
be written Zm2, so there are two different symbols for the same point group. 

Tetragonal point groups are 4, z, 4/m, 422,4mrn, ?2m, and 4Immm. 

In the trigonal and hexagonal systems there is a unique 3-fold or 6-fold axis and the z 
axis is always chosen to coincide wjth it. The first position of the point group symbol is 
occupied by the symbol (3 ,5 ,  6 or 6 ) for  this axis. The x and y axes are chosen at right 
angles to z and at 12W to each other, so that the x and y axes are equivalent by symmetry. 
The second position of the group symbol is then taken by the symbol for symmetry 
elements parallel to x and y [and to the third equivalent direction at 120. to both x and y, 
i.e. -(x+y)l. The third position is reserved for the symbol for symmetry elements at right 
angles to x or y. Fig. 2.23 should make clear the directions referred to in the second and 
third positions. 

Fig. 2.23 The directions corresponding to the second (solid liner1 and rhird (broken lines) poritloni in 
the symbols for the mgonal and hexagonal symmetry groups. 

Note that 3m can also be written as 3ml and (with a 30' rotation of the coordinate 
system about z )  as 3lm (see Fig. 1.6). Likewise 32 can be 321 or 312 and bm2 can also be - 
62m. 

Some trigonal crystals can be referred to a rhombohedra1 unit cell with equi-inclined 
axes. We defer a discussion of that case until later (Chapter 31. 

Trigonai point groups are 3.5. 32, 3m and Jm. 
Hexagonal point groups are 6.5, 6/m, 622, 6mm. bm2 and 6immm. 

In the cubic system we always use axes at right angles to each other. Imagine these 
axes imbedded in a cube with the origin as the center and x, y and z parallel to the cube 
edges. The fust position in the point group symbol refers to symmetry elements parallel to 
x, y and z. The second position refers to symmetry ele-ments parallel to the four body 
diagonals (so the second symbol will always be 3 or 3-this is diagnostic of a cubic 
group). The third position refers to symmetry elements (either 2, m or 2/m) parallel to the 
six face diagonals if they are present. - - 

Cubic point groups are 23,432, m3,43m and m5m. 

1 2.5 Notes 

! 2 5 1 Rotatrons 

Eq. 2.1 is derived by Boisen & Gibbs (see Book List). A useful expression in this 
regard is that for the Cartesian rotation matrix which determines how a point x,y,z is 
transformed by rotation about an axis. Let i, j and k be unit vectors in the x, y and z 
directions respectively. A unit vector from the origin is given by r = li + mj + nk where 
F + m2 + n2 = 1. (I, m and n are the direction cosines of r.) Consider a rotation by an 
angle p about this axis; the new coordinates x', y' and z' are given by: 

Here c = cosp and s = sinp and, as a mnemonic aid, 12 is written as I1 etc. For the 
special case of rotation about the z axis ( I  = m = 0, n = I), the matrix greatly simplifies to 
(c -s 0 I s  c 0 / 0 0 1). Note that the inverse of a rotation matrix (corresponding to 
rotation in the opposite sense) is the transpose of the original matrix. 

For a roto-inversion, change the sign of all the matrix elements. For reflection (3). 
c = -1 and s = 0 and remember that 1, m, and n are the direction cosines of the normalto 
the mirror. Thus for reflection in the plane z = 0, the matrix is (1 0 0 1 0  1 0 1 0  0 1). 
[Compare with (i 0 0 1 0  i 0 / 0 0 1) for a 2-fold rotation about 2.1 

If we imagine the three rotation axes (XI, X2 and X3; 5 2.2.1) to intersect a unit sphere 
and the points to be connected by arcs of great circles, then the surface of the sphere is di- 
vided into congruent spherical triangles. This is illustrated in Fig. 2.24 which shows two 
2-fold rotation axes separated by an angle of pi2 in a horizontal plane. The generated 
rotation axis is a 3 W i p f o l d  axis. It should be clear that the angles of the spherical Vlangle 
(heavy outline) are 180'12 (twice) and p12. If 36Vlp is an integer, the sphere can be exactly 
covered by triangles congruent to the one shown. 

More generally, the spherical triangles on a unit sphere corresponding to any rotation 
group will have sides equal to q l ,  qz and q3 (the angles between the axes) and angles 
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pi/2, p2/2 and p3i2 (using the same symbols as in Eq. 2.1). As p1/2 = 180'/pl and so on, 
Eq. 2.2 then follows from the fact that the sum of the angles of a spherical triangle must be 
greater than 18V (is.  pi12 + p2/2 + p3/2 > 180'). 

Fig. 2.24. See text. 

Equation 2.1 refers to rotation axes fixed with respect to the coordinate system. Usually 
when tilting something, such as a crystal on a goniometer stage, by sequential rotations, the 
rotation axes move with the crystal. The net rotation is usually described in terms of 
rotations by Euler angles about such moving axes. A useful text is Mathematical Methods 
for Physicists [3rd ed. Academic Press, New York (1985)l by G. M e n  who warns that 
"There are almost as many d e f ~ t i o n s  of Euler angles as there are authors." 

2.5.2 Groups of symmetry operations and their orders 

A group of symmetry operations consists of all the operations associated with the 
symmetry elements. Thus the group 4 consists of four members: a quarter-turn (4' = 4+), 
two quarter-turns (42 = 2'1, three quarter-turns (43 = 4-1 and four quarter-turns (44 = 1). 
Any combination of these will produce another. As there are four symmetq operations the 
order of the group is four. 

The order of 1 is two (the two symmetty operations are the identity and the inversion). 
Reference to Fig. 2.3 (p. 31) should make it apparent that the order of ? is six, the order of - 
4 is four and of 5 is six. 

The group 2im consists of four elements: a half-turn (2'), two half-turns ( I ) ,  reflection 
(m) and also an inversion (1) which is the result of combining the rotation with reflection 
(and of course a reflection is the result of a half-turn combined with inversion). 

The group 4/m requires a little more thought. The 4-fold axis along z will generate four 
points with the same value of z .  Reflection in the plane z = 0 will generate four more for a 
total of eight so the order of the group is eight. The symmetry operations are the four 
rotations 4 l ,  42 (= 21). 43, 44 (= 1) and the result of combining these with the mirror 
reflection which arc: (4l then m) = 43, (42 then rn) = i, (43 then m) =Ti ,  (44 then m) = m. 

Now consider the group 23. There are three 2-fold axes and four 3-fold axes. In 
enumerating the different symmetry operations, we agree not to count the identity for a 
moment. The symmetry operations are 2' in three different directions and 31 and 32 in four 

directions for a total of 3 + 4 x 2 = 11 different rotations. Counting also the identity we see 
that the order of the group is 12. 

The largest crystallographic point group is m?m for which the order is 48. The full 
symbol is 4/m?2/m. There are three 4/m axes, four ? axes and six 2/m axes. We agree now 
not to count the identity and the point of inversion until we have counted the other 
operations. Besides the identity and inversion each 4/m contains six operations (see above) 
so we get 3 x 6 = 18 distinct operations from the three of them. A 5 axis contains six 
operations which again include the identity and inversion (34 = i) which we agreed not to 
count for the moment, so from the four 5 axes we get 4 x 4 = 16 new operations. From the 
six 2im we get (counting only the m and 21) 6 x 2 = 12 new operations. Adding in the 
identity and inversion we find 18 + 16 + 12 + 1 + 1 = 48 for the order of the group. 

The order of 432, hlmmm, 43m and mS is 24 in each case; all other crystallographic 
groups are smaller (their order is a divisor of 48). The order of 235 (0 is 60 and the order 
of m35 (Ih) is 120. 

It is worth noting that 432 and 43m are isomorphic to each other (as are several other 
sets of groups) so they do not represent different abstract groups. 

2.5.3 Derivation of the point groups 

The enumeration of the crystallographic point groups can be done starting from the 
eleven pure rotation groups. The eleven centrosymmetric groups are then obtained by 
addlug an inversion center (in mathematical terms this corresponds to group multiplication 
of the rotation groups by the group 1). Ten subgroups of the centrosymmetric groups that 
do not contain a center, but that do contain elements other than pure rotations, can then he 
found. This scheme is outlined in Table 2.3. 

Tabla 2.3. The crysraiiographic point groups us pure rowtion groups, 
cenuosymrneuic groups and other groups. 

rotatlon group 

1 
2 
3 
4 
6 

222 
32 

422 
622 
23 

432 

centrosymmetr~c goup 

1 
2/m - 

3 
4/m 
6/m 

mmm - 
3m 

4/mmm 
6/mmm 

m? 
m% 

other groups 

m 

4 
5 

mm2 
3m 

4mm 42m 
6mm 5m2 

z3m 
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A good account of the derivation of the groups in this way is given by M. B. Boisen & 
G .  V. Gibbs, Amer. Mineral. 61, 145-165 (1976). For the more mathematically inclined 
Geometry and Symmerry by P. B. Yale [Dover, New York 19881 is recommended. 

2.5.4 Curie's law, Friedel's law, Laue classes, optical activity and polariry 

Curie> law states that an effect cannot have lower symmetry than its cause so that any 
asymmetry of an effect must be found in its cause. Thus the result of an experiment can 
give information about symmetry, but symmetry arguments should not he used to predict a 
prion' the result of an e~per iment .~ In X-ray diffraction it is often found that the three- 
dimensional diffraction pattern is of higher symmetry than that of the crystal (but never of 
lower symmetry). In the absence of anomalous dispersion the diffraction pattern is in fact 
always centro-symmetric (Friedel's law). The point group of the diffraction pattern is 
therefore that obtained by adding a center of symmetry to the point group of the crystal and 
the apparent crystal class is that of one of the centrosymmetric groups. The Laue Classes 
are comprised of those groups that result in the same centrosymmetric group when a center 
is added. In Table 2.3 (p. 49). each Laue class consists of a centrosymmetric group and the 
non-centrosymmetric (acentric) groups on the same line (thus one of the elcven Laue 
classes consists of groups 422,4mm, z2m and 4lmmm). 

The enantiomorphous groups consist of those in the first column of Table 2.3. Crystals 
belonging to these classes will have left- and right-handed forms (that cannot be 
superimposed on their mirror images). They will also be optically active (rotate the plane of 
polarized light). Contrary to a belief popular among chemists, enantiomorphism is not a 
necessary co~dition for optical activity, which may also be found in crystals of classes m, 
mm2, a, and 42m. In these latter cases, both left- and right-handed rotations will occur. 

The acentric crystal classes are often referred to as polar by crystallographers, hut this 
term is correctly given a more restricted meaning: those classes in which a spontaneous 
electric polarization is pos~ible .~ In this more restricted sense (which we use subsequently) 
the polar classes are 1, 2, m, mm2,4,4mm, 3, 3m, 6 and 6mm. In all but 1 and m, there 
is a definite polar axis: b i n  class 2, c in the rest. 

In piezoelectric crystals (quartz is anotable example) a polarization can be induced by 
stress; piezoelectricity is possible in all acenttic classes except 432. 

Good references to symmetry constraints on crystal properties are Physical Propenies 
of Crystals by 1. F. Nye (Oxford, 1955) and Tensors and Group Tkeory for the Physical 
Properties of Crystals by W. A. Wooster (Oxford, 1973). 

l~rysrallographers, who are otherwise admirable people, sometimes put the can before the horse, and 
say hat a cermin svuctural feature (such us an 180' bond angle) is repuzred by symmetry. The structure. 
and ill symmelry, is determined by the often inscrutable internlay of inreratomic forces. and if these dictate . . ~ ~~~~~~~ 

a cenain symmetry, so be it. 
'Sn the discussion in the lnternarionoi Tables A, p. 782. The polarization is defined as dipole rnomenl 

per unit volume. 

2.5.5 Cubic and icosahedral groups: generators 

Objects with symmetry B m  and m 3 ~  are commonly found. Four points at the vertices 
of a regular tetrahedron have symmetry 43m and six points at the vertices of an octahedron 
have symmetry m3m. By contrast a minimum of twelve points is required make an 
arrangement with symmetry 23 or m3 so it is not surprising that this group is not often 
encountered in molecular chemistry; as a minimum a molecule of the fotm A12 or A B n  is 
needed-a possible candidate is neopentane, C(CH3)4. A minimum of 24 points is needed 
to make an arrangement with symmetry 432-the vertices of a snub cube (34.4) provide 
the simplest example (see Fig. 2.26). Very few examples of crystals in this class are 
known (P-Mn is one). Twelve points at the vertices of a regular icosahedron have 
symmetry m?S ( I h )  but a minimum of 60 points is required to generate a pattern with 
symmewy 235 (0 so examples of molecules with this symmetry are also hard to find.' The 
snub dodecahedron, 34.5 (5 5.1.3, p. 136) with 60 vertices is the simplest object with this 
symmetry. Further information (and other useful information about subgroup relations) is 
to  be found in a classic paper by H. A. lahn & E. Teller, Proc. Roy. Soc. (London), 
A261, 220 (1937). 

The symmetry-elements of 432, z3m and rn3 are all to be found in m3m so they are all 
subgroups of m3m. The symmetry elements of 23 are contained& all the-other cubic 
groups so they are all supergroups of 23. The cubic subgroups of m35 are m3 and 23 and 
23 is also a subgroup of 235. The group hierarchy is therefore: 

order 
120 --- 

We mentioned in 5 2.2.1 that rotations about two axes st  an angle and through a 
common point would generate all the pure rotation groups. The two rotations are 
generators of the group. We can specify the orientation of an axis Ulrough the origin 0,O.O 
of a Cartesian coordinate system by giving the coordinates of another point. Thus in group 
23 we can take as generators a 2-fold rotation about an axis passing through 1,0,0 and a 3- . 
iuld rotxliun ibdut 4n .axlr p r i m p  thr~ugh I.I.I. Wc ,so hhel po\lll\,e rolalionr :lbout the 
rllee; :l.ir., .I, 1-1 1001 sn.1 3- 11 1, rcipeai\cl!. The t?n .,tl,er op,,r.ttlnnt JI the grdtlp ;ire 

'In Appendix 4 we mention a possible "fullerenen molecule C i 4 ~  with symmetry I. However. 
rheorctical studies indicaLe that this molecule will undergo a Jahn-Tellcr distortion to lower symmetiy. 



then generated as combinations of these two. Thus a rotation first about the 3-fold axis and 
then about the 2-fold axis is equivalent to a positive rotation about a 3-fold axis passing 
through -1,1,-1. We can symbolize this as 2+(100)*3'(1 11) = 3+(i l i). Other examples 
are: 

The other cubic and icosahedral groups are similarly generated starting from two 
generators. Particularly convenient sets involving a 3-fold and a 2-fold axis are given 
below. Note that the orientation of mirror planes thmugh the origin are specified by a point 
on the normal to the plane from the origin and that q = (3-d5)12. 

Molecules with a non-crystallographic symmetry are common and their symmetries are 
almost invariably described by the Schoenflies symbol. Right prisms with a regular N- 
gonal base have symmetries D N ~  in the Schoenflies notation. C70 (see Appendix 4) is an 
example of a molecule with D5h symmetry. A special case of interest is a cylinder for 
which N = - and for which the symmetry is D,h. Linear molecules with a center of 
symmetry such as 0 2  or C02 have this symmetry. So does a cricket ball (a ball with an 
equatorial seam). 

Pyramids with a regular N-gon base have symmetry CN" in the Schoenflies notation. A 
cone is the special case with N = - and has symmetry C.+ A linear molecule without a 
center such as CO also has this symmetry. 

Other group symbols wonh knowing about include Kh for the symmetry of a sphere. C3; 
(3) is sometimes labeled S6 and D2 is sometimes labeled V. 

The symmetry of an antiprism with a regular N-gon base is D ~ d i n  the Schoenflies 
notation. The symmetry of a regular square antiprism (§ 5.1.4, p. 139) contains a 8 axis 
and may be written 82m ( D u  in Schoenflies notation). Thus the only regular antiprism that 
can occur in crystal structures is the triangular antiprism (symmetry 32lm = Djd) although 
figures approximating square antiprisms are rather common. Ferrocene, Fe(CjH5)2, 
should be familiar (to chemists at least) as an example of a molecule with the symmetry of a 
pentagonal antiprism (Djd). 

To generalize Table 2.1 to axes of arbitrary ordeiN and to show the correspondence to 
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the Schoenflies notation we have to consider three cases (here n is an integer): (a) The order 
of the axis is 4n. (b) The order of the axis is 4n+2. (c) The order of the axis is 2n+l. The 
first two cases (N even) result in identical Hemann-Mangin symbols, but require different 
Schoenflies symbols when there is a N axis (see exercise 17). Table 2.4 below gives the 
Herman-Maugin symbol with the corcesponding Schaeuflies symbol directly underneath 
under the same headings as in Table 2.1. Table 2.4 combined with Table 2.2 (p. 43) gives 
a complete listing of all the fmite point symmetry groups in three dimensions. 

What happens as N goes to infinity? See Appendix A.l (8 A1.5) for the surprising 
answer. 

Table t.4. Pomt symmetrj goups other than cubic w icosahedral. 

2.5.7 Symmerq, and relations between polyhedra 

We take axes oriented as described in 2.4 for cubic symmetry. The operations of m7 
on an arbitrary point x,y,z will produce a pattern of 24 paints with symmetry m3. If the 
point is on a mirror plane (e.g. 0,y.z) only 12 points are produced. For special values of y 
and z the symmetry may be higher. Thus if the point is-0.1.1 the vertices of a 
cuboctahedron (symbol 3.4.3.4) are produced with symmetry m3m. If the point is 0,1lT,l 
[r is the golden ratio (1 + d5)/2 = 1.61801 the vertices of a regular icosahedran (35) are 
produced with symmetry m35. This illustrates that m7 is a subgroup of both m3m (the 
symmetq of the cuboctahedron) and m35 (the symmetry of the icosahedron). 

Fig. 2.25 shows on the left a cuboctahedron and in the center a regular icosahedron. The 
(Si]Cr12 icosahedron in the Cr3Si structure (3 6.6.4) is obtained from a point at 0,112.1 
and is illustrated on the right in the figure. The darker-shaded triangles are n o d  to 3-fold 
axes in each case. 

The operations of 432 applied to a point x,y,l. will produce a snub cube (34.4, see Fig. 
2.26) if x is the solution of x3 + x2 + 3x = 1 and y = (1 -x)/(l + x). [The solution of the 
first equation is x = q - 819q - 113, where q = (26127 + d441d27)1'3 giving x.= 0.2956, y 



= 0.5437.1 Interchanging x and y produces the mirror image polyhedron 

Fig. 2.25. Relationship between a cuboctahedron (left) and an icosahedron (see lext). 

Fig 2.26 shows on the left a snub cube and on the right its enantiomorph. In the center is 
an intermediate case with x = y = 42 - 1 = 0.414. This polyhedron is a rhombicub- 
octahedron (symbol 3.43) and it is centrosymmetric (symmetry m h ) .  This illustlates that 
432 is a subgroup of mTm. In the diagram the triangular faces nornal to 3-fold axes are 
darker shaded. 

Fig. 2.26. Relationship between a rhombeubocldmdmn (center) and a snub cube (see text) 

2.5.8 Antisymmetry: magnetic or black-and-white groups 

We have been discussing transformations of a point whose position is described by three 
coordinates (x ,  y and z). Students of quantum mechanics will know that in iddition to 
positional coordinates an electron has a fourth (spin) coordinate that can take one of two 
values (commonly signified a and P or and ?). We could consider the set of symmetry 
operations that change not only coordinates, but which also change a to P and vice versa. 
Such an operator is called an antisymmetry operator. The discussion is often in terns of 
black-and-white symmetry groups in which the antisymmetry operation changes black to 
white or magnetic symmetry groups in which the antisymmetry operation reverses the 
direction of magnetization. 

Let us signify an antisymmetry operation by underlining; so that for example an 
antimirror is m and an anti-2-fold rotation is 2. An antimirror reflects in a plane and 
changes black to white and vice versa. The symmetry operation 3 cannot occur as it will 
repeatedly change a black point at a given place to a white point at the same place and then 
back to black and a given point must be either black or white (but not black and white). In 
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fact there is an antisymmetry operation corresponding to all the crystallographic point 
operations except 1 and 3 (the only ones of odd period). 

Some simple binary crystal structures AB have antisymmetry in the sense that 
interchanging A and B produces the same structure. Examples are the structures of CsC1, 
NaCl andthepolytypes~of Sic. 

As well as the classical group 2/m there are the black and white groups Zlm, 2Im and - - 
2 1 ~ .  In all there are 58 crystallographic antisymmetry groups for a total i f  90 (= 58 + 32) 
crystallographic black-and-white (or magnetic) point groups. I 

If the fourth coordinate can have a finite number (22) of values the polychromatic 
symmetry groups are obtained. If the fourth coordinate can have any value we have of 

I 
I 

course reached four dimensions. I 
A good place to start reading about such groups is Shubnikov & Kopstik (Book List). 

! 
! 

Magnetic space groups are obviously of interest in the description of ordered magnetic 
structures in solids. 

2.6 Exercises 

1. A right triangular prism with equilateral faces has symmetry 5m2. Locate the 
symmetry elements. 

2. The square antiprism (see 5 5.1.4, p.139) has symmetry D4d. It bas a 8  axis. What 
are its other symmetry elements? 

3. Another common 8-coordination figure is one with atoms the vertices of a bis- 
disphenoid (see 5 5.1.6, p. 141). The symmetry of this figure is 42m and there are two 
sets of bonds with bonds of one set unrelated by symmetry to those of the other set. Lacate 
the 2-fold axes in this polyhedron. 

4. Show that adding an inversion center to 622 will produce 6lmmm. 

5. For 2-fold rotations about the x, y and z directions respectively the matrix in Eq. 2.3 
becomes: 

Thus the transformed coordinates for 222 are x,y,z ; x,y,C ;P,y,S ;X,y,z 

6. For a rotation by one-thtrd of a circle about a body diagonal in the +x, +y, +z 
direction the matrix in Eq. 2.3 reduces to (0 0 1 / 1 0 0 / 0 1 0). For a two-thirds rotation 
the matrix becomes (0 1 0 1 0  0 1 / 1 0 0). Operation of these matrices corresponds to cyclic 
permutation of the coordinates. 



7. The transformed coordinates for the operations of group 23 are now easily derived 
from the matrices (given above) for the identity and rotations about the three 2-fold axes 
followed by rotations about a 3-fold axis. They are: 

8. For each of the symbols given in Exercise 7 identify the symmetry operation that 
generates it from x.yy3. Incidentally, we have confmed that the order of 23 is twelve. 

9. Multiplying the matrices corresponding to the symbols in Exercise 7 by the identity: 
(100/010IO01)andbytheinversion:(i  0 0 1 0  1 0 1 0 0  i)willnowproducethe 
symbols for mJ. They are simply the twelve given above plus the twelve obtained by 
changing the signs of all coordinates. 

10. Still with Cartesian coordinates, a mirror in the plane x = y will interchange x and y 
coordinates of a point and leave z unchanged (cf. Fig. 1.4) so the matrix representation of 
this symmetry operation is (0 1 0 I 1 0 0 I 0  0 1). Multiplying the coordinates of Exercise 9 
by this matrix (interchanging the first two coordinates in each triplet) and by the identity 
will now produce the transformed coordinates for m3m. They are all the 48 pernufations of 
*x,*y,*z. 

11. Verify the assertion that adding mirrors normal to inversion axes will not produce 
new groups. In particular "'31m" z 6/m and ";i/m'= 41m. What is "61m~~? A simple way to 
d o  this to construct diagrams like those shown in Fig. 2.3 and 2.10. (Hence 4/m 
includes 4, and 6/m includes 3.) 

12. Show that successive reflections in mirror planes nonnal to Cartesian x, y and z axes 
is equivalent to inversion through the point in common to the three mirror planes. (Three 
improper operations combine to produce another improper operation). In optics such a 
configuration of mirrors is known as a comer cube. 

13. We have seen that combinations of rotation by a 112 circle (pl = 1804 and by ID 
circle (pz = 1207 can result in rotatlon (fi) equal to 360'lN. where N = 2.3.4 or 5. Find 
the angles between the three rotation axes in each case. Hint: from Eq. 2.1, cos&= 
(2/d3)cos(p3/2). 

14. If you don't have one, make or borrow a model of a regular icosahedron (which has 
symmetry Ih). Convince yourself that the lines joining opposite vertices are 5 axes, the 
lines joining the centers of opposite faces are 3 axes and the lines joining the mid-points of 
opposite edges are 2/m axes. We therefore write ih as ~ m 3 3  (short symbol m35). 

15. The smallest angle between two 5-fold axes in 1 = 235 (or Ir, = mT5 is 63.435' = 
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Ztan-'(llT) where 5= (I + d5)12. The combination of a fifth turn about each these two axes 
is a third turn. 

16. With three of the 2-fold axes of 235 aligned along Cartesian x,  y and z axes (as for 
23), a 5-fold axis is in the yz plane at tan-'(11~) = 31.717" from z. The Cartesian rotation 
matrix (Eq. 2.3) for a fifth turn about this axis is R = (cl-c2 112 1 cz 112 CI 1-112 cl cz) 
where c l =  cos(H5) = (~-1)12 and c2 = cos(nil0) = 112. Transforming the I 2  points of 23 
(Exercise 7) by multiplying by powers of R (R, RZ, R3, R4, R5 = E) will produce the 60 
wsformed coordinates for 235 for this orientation of Cartesian axes. Addin4-an inversion 
(reversing the signs of all coordinates) will result in the 120 symbols for m35. [Hint: see 
the drawing of an icosahedron in Fig. 2.18.1 

17. Instead of using rotation + inversion axes R, the point groups can be generated 
using rotation + reflection axes SN which involve N-fold rotation followed by reflection in 
a plane normal to the rotation axis (this is the Schoenflies system). The correspondence 
between the SNsymmetry elements and the msymmetry elements is: 

s I t , m ( = 2 ) ;  S z t ) i ; S 3 + + 5 ; S 4 t , ; i ; S g t ) 3  

Generalize for SN. (Hint: there are three cases to consider, N = 4% N = 4n+2 and N = 
2n+l, where n is an integer). 

18. What is the result of combining 116 tums about intersecting axes at right angles? 
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CHAPTER 3 

THREE-DIMENSIONAL SPACE GROUPS 

We now proceed to generate three-dimensional space symmetry groups by a procedure 
analogous to that followed in the case of two dimensions. Three-dimensional lattices are 
described and then the symmetry operations (glide and screw) that combine point 
operations with translation are discussed. Finally it is shown how the three-dimensional 
space groups arise. No effort is made to be systematic or complete (there are 230 three- 
dimensional space groups), however the ideas involved should be clear to the those who 
have read and understood Chapters 1 and 2. 

3.1 Three-dimensional lattices 

A unit cell of a three-dimensional lattice has edges that are three non-coplanar vectors a ,  
b and c with magnitudes a ,  b and c. The angle between a and h is y, that between b and c 
is a a n d  that between c and a is p. The unit cell of the lattice is specified by the parameters 
a, b, c, a, p and 1: There are 14 three-dimensional Bravais lattices each having a different 
space group symmetry (compare five in two dimensions). 

As in the two-dimensional case, centered cells are sometimes chosen fur convenience' 
(see Fig. 3.1 below). Symbols are given to the lattices according to the kind of centering 
(recall the symbols p and c for two-dimensional lattices). These are given in Table 3.1. 

Table 3.1. Symbols for three-dimenstonal lasices. n is the number of lattice poinu per unit cell 

The symbol R is reserved for the lattice having a primitive cell of a particular shape 
(a = b = c, a = p = r )  as explained below. 

The 14 Bravais lattices are divided into seven crystal systems according to the 

symbol 
----------- 

P 
R 
A 
B 
C 
I 
F 

- 

!We emphwire thnt a primitive cell can olwoys be used for any lattice. The advantage of using centered 
cells is that it allows the use of orthogonal ares where they would not otherwise be possible. 

constraints on the unit cell parameters imposed by symmetry. These are summarized in 
Table 3.2. The parameters are considered to be able to take any value within the constraints 
imposed. Note that there are 15 entries in the table. The reason is that the lanice for a 
crystal with trigonal symmetry and a = P = 90', y= 120', a = b is the same as that for a 
hexagonal crystal. The other lattice (R) listed as trigonal is often referred to a centered 
hexagonal unit cell.' 

name 

primitive 
rhomhohedral 

A-centered 
B-centered 
C-centered 

body-centered 
face-centered 

cubic (P, I, F) a3 
tetragonal (P. I)  P 
urthorhombic (P, I, F,  O 

description 
--------~.~----~~~----------.~~. . .----. .--- --.- -----. .-.- ---. 

lattice points at comers only 
lattice points at comers only 

lattice points at corners and centers of b,c faces 
lattice points at comers and centers of a,c faces 
lattice points at comers and centen of a,b faces 

lattice points at comers and body center 
lattice points at comen and all face centers 

monoclinic (P, O 
triclinic (P) 

n 
-. 

1 
1 
2 
2 
2 
2 
4 

hexagonal a 
Fig. 3.1. Primitive and centered unit cells for lattices (see tent). 

Conventional unit cells for lattices are shown in Fig. 3.1 in which the shape of the unit 

l ~ i f f e r e ~ ~  definitions of crystal system are found. If the classification is by th~symmetry of the lattice. 
then the hexagonal and trigonal symmetries with a primitive hexagonal lattice (P) belong to the same 
system, but there is a separate system for symmetries with a rhombohe$al lattice (R).  In the Inremotional 
Tobles the classification (adoptedhere) i s  by space group symmetry. Trigonal symmetries (including 
rhombohedral) passess only 3-fold ares (all parallel)--hexagonal symmetries conlain &fold axes. 



cell is not necessarily cubic; for example a cell with just one face centered cannot have cubic 
symmetry. The data for the space groups in the International Tables refer to these cells. 

Table 3.2. The three-dimensional Bravais lattices. 

system constraints lattices 
------ - .------------ ---------- ___-__--_ 

Fig 3.2. Three choices of unit cell for a centered monoclinic lattice. b is normal to the plane of the paper. 
Open circles are at y = 0 and tilied circles are at y = 112. On the top left is a C-centered cell, on the top right 
is a body-centered (0 cell and below is an Asenred  cell. 

ticlinic 
monwlinic 

ortborhombic 
tetragonal 
[Uigonal 
tfigonal 

hexagonal 
cubic 

The coordinate axes for conventional choices of cell for orthorhombic lattices are 
mutually perpendicular. The one-face-centered orthorhombic lattice is normally labeled C; 
this means that the c direction is normal to the centered face. It should be clear that 
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A monoclinic lattice has 2-fold axes in one direction only and the standard choice of a e s  
for monoclinic cells is with b pnrallel to the 2-fold axes. However other choices are found 
in the literature. The conventional choice of axes for a centered monoclinic cell is such that 
the a,b face (i.e. the face containing a and b) is centered, so that the lattice symbol is C. 
However interchanging the names of a and c (and reversing the direction of b to maintain a 
right-handed coordinate system) will result in the b,e face being centered and the lattice 
symbol now becomes A. Yet another choice of axes will give a body-centered cell as 
shown in Fig. 3.2. This means that the same lattice can have different symbols (A, C, or 
O according to the labeling of the axes andlor choice of unit cell vectors. 

none 
a=  y =  90' 

a = p =  y = 9 r  
a = 8 = ~ = 9 0 ' , a = b  

a =  /3 = 90'. y=  120', a = b 
n = b = c , a = P = y  

a = p = 90', y = 120; a = b 
a = p = y = 9 0 ' , a = b = r  

relabeling the axes can again result in the lattice being B or A. 
Rhombohedral crystals are often described using a centered hexagonal cell (i.e. one with 

a = p = 90', y s  12V, a = b )  with lattice points at 0,0,0 (the unit cell corners) and at 
1/3,2/3,2/3 and at 2/3,1/3,1/3. We will discuss this again, but note now that the R lattice 
does not have 6-fold symmetry (the symmehy at the points of the lattice is 3m) even though 
the cell is referred to as "hexagonal." In the bottom of Fig. 3.1 we show on the left a 
primitive hexagonal cell and on the right we show (heavy lines) a primitive rhombohedral 
cell with a centered hexagonal cell lightly outlined (for more detail see Figs. 4.4 and 4.5); 
the hexagonal cell contains three lattice points (filled circles). 

The cubic F lattice can be described using a primitive rhombohedral cell with a = 60', 
and the cubic I lattice by a primitive rhombohedral cell with a = c0s-~(-113) = 109.47'. 

P 
P ,  C 

P ,  C, I, F 
P. I 
PI 
R 
P 

P , I , F  

Table 3.3. Names and extended symbols for Bravais lattices. 

symbol point symmetry name 

1. aP I primitive tficlinic (anorthic) 
2. m P  2/m primitive monoclinic 
3. mC 2lm one-facesentered monoclinic 
4 .  OP mmm primitive oahorbombic 
5. oC mmm one-face-centered orthorhombic 
6. o l  mmm body-centered orthorhontbic 
7 .  OF mmm (all) face-centered orthorhombic 
8. t P  4/mmm primitive tetragonal 
9 .  f I  4lmmrn body-centered tetragonal 
10. hP 6lmmm primitive hexagonal 
11. hR Tm rhombohedra1 [using a hexagonal cell] 
12. CP m3m primitive cubic 
13. CI m3m body-centered cubic 
14. cF mTrn (a) facesentered cubic 

Lattices are sometimes given extended symbols that consist of first (in lower case) a 
letter that indicates the unit cell shape and then a symbol (upper case) that indicates the 
centering. Using this system1 the symbols for lattices are given in Table 3.3 which also 
lists the point s y m m e t j  at a lattice ~ o i n t .  The space group symmetry of the lattice (see 
Exercise 3) is simply found by combining the lattice symbol with t h ~ p a i n t  group symbol 
(SO that for example the face-centered cubic lattice has symmetry Fm3m). Note that every 
lattice is centmsymmetric. 

1An example of the use of this system is in Pearson's Handbook of Crystoliogrophic Doto for 
lntermetnllic Phases (see Book List). In this work structures are classified by a Peorron symbol which is 
one of the lattice symbols followed by the number of atoms in the unit cell. Thus the rutile structure 
(9 3.4) is found under the heading rP6. The lnorganlc Clystol Structure Database (Book List) can also be 
searched by Pearson symbol. 



Note that in Table 3.3 above, trigonal is subsumedunder hexagonal. In practice there is 
usually no problem with distinguishing trigonal and hexagonal symmetries, but when there 
is a wish to avoid ambiguity the following are useful: 

hexagonal (sensu lalo) includes trigonal symmetry 
hexagonal (sensu stricto) only symmetq groups with a 6-fold axis 

3.2 Glide a n d  screw axes 

Just as in two dimensions, before obtaining space groups by combining translational 
symmetry with point symmetry operations, we have to consider the possibility of 
compound symmetry operations that are combinations of point symmetly operations with 
translation. Two cases are recognized. These are: glide, which we met in two dimensions, 
and which is a combination of reflection and translation; and a new operation, that of 
screw, which is a combination of rotation and translation. 

3.2.1 Glide 

Glide combines reflection in a plane (the glide plane) with translation. The translation 
must be parallel to the glide plane and in a direction parallel to a lattice vector. The mag- 
nitude of the glide translation must be one-half that of the corres~onding lattice vector co 

- - ~ ~ - -  - -  that action of the glide operation twice will transform a point to an identical point related to 
the first by a lattice vector. Figure 3.3 illustrates the glide symmetry operation (compare 
Fig. 1.1 1, p. 14 and also Fig. 3.8, p. 67). 

+ Y, z x+lR, -y, z 1:- x- a glide 

Z 
n glide \ 

Fig. 33. Illustrating glide in the monoclinic system (b is normal to the pagc). The glide plane i s  in the 
plane of the paper aind the somdinats of points produced by one operation of  each of a. c, and n glide are 
shown (open circle to a filled circle). The origin has been chosen so that the glide plane ia at y E 0. 

If the glide is parallel to a, b, or c the symbol for the glide plane that appears in a space 
group symbol is a,  b or r respectively. This case is called axial glide. A further possibility 
is that with (e.g.) a glide plane parallel to the a,h plane, the glide is along the direction 
a + b (also a lattice vector!). The glide translation is then (a + b)/2 and the symbol is n. 

7 
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Likewise if the glide plane is parallel to the a,c plane, the glide translation may also be 
(a + c)R and if the glide plane is parallel to the b,c plane, the glide translation may be 
( b  i c)/2. The symbol is n in each of these cases also as the direction of the glide 
translation (now called diagonal glide) is clear from the orientation of the glide plane. 

In lattices with centered cells there are primitive lattice vectors shotier than those defining 
the unit cell edges. The glide direction may be along a primitive cell vector such as 
(a f b)/2 etc. (face-centered cells) or (a i: b f c)/2 (body-centered cells). In these 
instances the magnitude of the glide vector is one-half that of the primitive-lattice vector and 
the symbol is d. Glide of this sort is called diamond glide as it is one of the symmetry 
elements of the diamond structure (which is face-centered cubic). 

3.2.2 Screw 

Screw axes are a combination of proper rotations with translation. The translation must 
be along the rotation axis (why?). Let the axis be c; the combined operation is then a 
counterclockwise rotation about c followed by a translation 1 along the +c direction.' Now 
consider an N-fold screw axis. Repeating the screw operation N times must result in the 
transformation of a point to an identical point separated from the original one by nc, where 
n is an integer less than N.2 Thus we have at once that Nt  = nc or t = (nlN)c. T h e  
symmetry element corresponding to these symmetry operations is called an N, screw axis. 
Figure 3.4 illustrates the case of a 31 axis (N = 3, n = I). 

Fig. 3.4. illustrating the effect of six applicarions of a 31 screw axis with translation t on a point 
originally with height r. The z axis is normal to the page with the +r direction up. 

In general then we have screw axes N, with 1 5 n < N and N = 2, 3, 4.6. The 

]As  in the case of glide, the order of carrying out the components of the combined operation is 
unimgortant. 

Z ~ h i s  should be obvious from the definition of an N-fold axis. For a point symmetry element, cmying 
out rhe N-fold operation N times ir squivalenr to the identify operation. For Ule corresponding screw axis, 
carrying out the operation N times must be equivalent to a lattice translation, as we consider points 
repamred by a lattice translation (which may be a multiple of a primitive uanslarion) allso to be identical. 
The case of n = N  is the same as apure rotation followed separately by a lattice Uanslation. 
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possibilities are: 

2 - +  21 
3 -  3 1 ~ 3 2  
4 - +  4 1 ~ 4 ~ 4 3  
6 -+ 61.62.63.64. 65 

Recall that the translation is nlNof the lattice repeat vector along the axis. 
Let's examine 31 and 32 in more detail. Referred to axes with2 along the screw direction 

and with x and y at right angles to z, and at 12V to each other (compare Fig. 1.5, p. 7). 
successive applications of 31 along the axis z = 0 will send a point at x,y,z to7.x-y,z+1/3 ; 
y-x,Z,z+2/3 ; x,y,z+l (note that, as usual, we are measuring z in units of the repeat 
distance c). The fourth point is identical to the first as it is just a lattice translation c away. 

32 acting on x,y,z will give7.x-y,z+U3 ; y-,r,bz+4/3 ; x,y,z+2. But note that we can 
always add or subtract an integer from the z coordinate so we could equally express the 
new coordinates as?,,-y,z+2/3 ; y-x,Z,z+lfi ; x,y,z+l. 

Fig. 3.5 shows schematically a plot of these points. If the c axis were to be ascended by 
using successively higher points of 31 as steps, the path would be counterclockwise and a 
right-handed screw. Conversely, ascending 32 in the same way would result in clockwise 
motion along a left-handed screw. 
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quarter turn and it takes four steps up the staircase to go up a height c. 41 is right-handed 
and 43 is left-handed. What about +? Reference to the figure shows that at each point there 
are higher steps at the same height on the left and on the right so the ascent could be either 
clockwise or anticlockwise and 42 does not have a hand. 

vig. 3.6. Illustrating 4-fold screw axes. The numbers are elevations in multiples of ci4. Note that 41 and 
43 incl~de a 21 and !hat 42 includes a 2 axis. Nodce also the symbols for 4-fold screw axes. 

For 6-fold screws the possibilities are 61,%,63,64,65 (Fig. 3.7). 61 and 65 give right- 
and left-handed stairi related as mirror images (analogous to the pairs 31,32 and 41.43) 
but now there are six steps for each revolution. 63 is neutral (analogous to 21 and 42). 62 
and 64 show a new feature: the points fall on two intertwined circular helices (double 
helices) as shown in Fig. 3.7.62 is'right-handed and 64 is left-handed.' 

Some properties of screw axes (which also should be verified from the figures) are: 

41, 43,61.63 and 65 axes (only) include a 21 axis. 
42.62 and 64 axes (only) include a 2 axis. 
62 and 65 axes include a 32 axis. 
61 and 64 axes include a 31 axis. 
A 63 axis includes a 3 axis. 
Points generated by 62 or 64 lie on a double helix. 

Fig. 3.5. Iiluslrating the operations of 31 (left) and 32 (right). The bottom portion is a prqectian down 
c. Numbers indicate heights i n  multiples of  ci3. Notice the symbols for 3-fold screw wes. 

The same discussion would hold for 41 and 43 (Fig. 3.6) except that now we use a 

Also to be noted is that there can be a mirror normal to 21, 42, and 63 but not to 31, 32, 
'tl. 43. 61.62.64, and 65 as the latter group have a hand. 

It is imponantto realize that our labels "left-handed" and "right-hander are arbitrary, 
just as they are for right- and left-handed nuts andbolts and coordinate systems. We could 
have used terms such as "positive" and "negative" (as in electricity) or even "north" and 
"south" (as in magnetism). Indeed, when talking about pure rotations, we used the terms 
"positive" and "negative." Thus we saw that the "right-hander screw 62 contains a "left- 

I A  "spiral" (better "helical") staircase is a familiar example of an object with a screw axis. If the 
staircase continued iodefinitdy the axis would be NI (right-handed) or N N . ~  (left-hnadedl. The famous 
"miraculous" staircase in the Laretto Chapel in Sank Fe, New Mexico is 1615. There is s nice double helix 
stairway in King's Park, Perlh (Western Australia) that is 562. 



handed" screw 32. Our stair climber could have ascended the 32 screw in an anti-clockwise 
("right handed") sense if he took not the next highest step (up cI3) but the step in the other 
direction (up 2~13-see Fig. 3.19, p. 87). 

Fig. 3.7 I l l t~ , i r~ l~n<  ,~ \ - io lJ  a r .  T l ~ c  number- .>re ;Ir.~axt~,nr inultlplc, i,6 ' Ihe Jvuhlc 
helcer \s 6: and 64 ac ,u?ptsud n) heAv> lint< 8" Ulc ,k:whc, in ills top l r l ~  (uhlch ;,,rrespunJ I,, ~hr. 
projeul8unr ts~ta~<dlael! hrluu r0r.m. c tr lhc repm %eclur il*n,: the *ires  xi,. 

In this connection we quote from a famous lecture by Weyll: "the inner StNCtUre of 
space does not permit us, except by arbitrary choice, to distinguish a left from a right 
screw ... on [this fundamental concept] depends the entire theory of relativity ...." If we 
were to pursue the subject here we would soon find ourselves in deep water. 

Notice also that an asymmetric periodic object may well have screw axes of opposite 
hand as symmetry elements. An example is the cylinder packing labelled &Mn in 5 6.7.3 
(p. 265). 141 is discussed as an example of a space group with 41 and 43 axes in § 3.3.4 
(p. 74). For more on screw axes and the "hand" (left or right) of crystals see 5 3.6. 

'Chapter 1 in Symmerry by H. Weyl [Princeton University Press (1952)]. This was written before the 
"non-conservation of parity" was discovered. On the latter topic in connection with hand, a readable account, 
that discusses Weyl's lecture, is Chapter 3 in Elementary Panicles by C. N. Yang [Princeton University 
Press (1962)l. 
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3.2.3 Comparison of screw and glide 

In our illustrations of the effect of symmetry operations, for simplicity we show their 
effects on a point (a small circle). The reader should mentally replace the polnt with an 
asymmetric &ject.In Fig. 3.8 we contrast the effect of glide (&bi&ily labeled a) with the 
effect of a 27 axis on an asvmmetric obiect (a scalene manele that is black on one side and " .  - 
white on the other). 

Fig. 3.8 Contrasting gllde wlth 21 Figures marked "+" are above the plane of the paper. and those 1 
marked"-" are below ~ 
3.3 Three-dimensional space groups 

We now consider how the space groups arise. We will consider just some of the simpler 
possibilities-our aim is to suggest how to proceed rather than to be rigorous. We 
emphasize that the immediate goal is that of being able to interpret (and use) space group 
symbols. The reader will find it helpful to work through the examples provided. It would 
also be very useful to have International Tables A at hand. 

3.3.1 Triclinic space groups 

In the triclinic system we have just a primitive lattice (P) to combine with the point 
groups with 1-fold axes. The only poss~bilities are therefore PI and P1. 

3.3.2 Monoclinic space groups 

In the monoclinic system we have to combine the P and C lattices with the point groups 
that have just one 2-fold axis (2, m and 2Im). We then get the symmorphic groups P2,  
Pm. P2Im. C2. Cm and C21m. . . 

The next thing to do is to consider the possibilities that arise when 2 axes are changed to 
21 axes and/or when mirrors are changed to glide. In the latter case we note that the mirror 
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planes are necessarily normal to b so that the glide planes are either a ,  n or c. However the 
labeling of the axes normal to b is arbitrary, so we adopt the convention (not universally 
adhered to) that the glide, if present, is c (see Fig. 3.12 below for the choice of axes that 
converts PC to Pn or Pa). The distinct cases are listed in Table 3.4. 

Table 3.4. The monoclinic space groups. 

Clattice 

The reader interested in confirming that this is indeed a full list might note that the 
combination of a C lattice with 2-fold rotation axes generates 21 axes parallel to and 
interlaced with the 2 axes. Thus (see Fig. 3.9) C 2 ,  is the same as C2. 

In Fig. 3.9, the two black triangles at the top left (at height y shown as "+'-") are related 
by a 2-fold rotation axis. The pair to the right (at 1/2+y) are generated by C centering 
I(112,112,0)+1. On the right the figure shows the symmetry elements generated by the 
combination of 2-fold rotations (symbolized by ellipses) and primitive unit cell translations 
[ (afb)R and el. Note the 21 axes (symbolized by ellipses with two arms)-the reader 
should verify their existence in the pattern on the left in Fig. 3.9. The same oattem and 
symmetry elements would have been generated by starting with a 21 axis aod unit 
cell translations. 

Fie. 3.9 illu~tracrny r L Z ~ N ~  :ell )i rp.:e :rmp C.! ID . r  r w  ~ ~ i q u r  . ,XI< ~ > ~ r m ~ l  15, ~ h :  p.per, a I; 

'1. rli.,nc?l inJ r n.m J ~ u n  ihc ps,:e. Lcll lbc pallern ::lla&lr.l n! :-(old r ~ ~ l z c . u # l i .  C ::~>!r.rdng mJ uttll 

;tli ir.n,.nt ,n,. R ~ ; . h i  Th::c~rill<, .)nanu.r) clr#nc~~c, 

We now consider space group C2lm (a rather common symmetry for crystals). Fig. 3.10 
illustrates thls space group in much the same way as Fig. 3.9 illustrated C2. A major 
difference is that a mirror plane at y = 0 generates pairs of tnangles above and below the 
plane and superimposed in the projection down b (and shown as gray triangles). This 
situation is symbolized by giving elevations as +. The C centering operation produces 

corresponding triangles at elevations 1/22, Note that there is also a mirror plane at y = 112. 
On the right the mirror plane is symbolized by a heavy bent line with arms parallel to the 
cell edges; by convention no elevation is shown for mirror planes at heights 0 and 112. Also 
on the right the generated centers are shown as small open circles. Those with no elevations 
marked are at y = 0 and y = 112 and the site symmetry at these points is 2lm. The other 
centers with elevations marked as "114" are at y = 114 and 314 and the symmetry at these 
points is i. In a centrosymmetric crystal there are always eight centers per primitive cell (so 
in this case there are sixteen in the centered cell of twice the volume). It should be seen that 
C21m also contains glide planes normal to b. These are symbolized in the same way as the 
mirror planes but with an m o w  head pointing in the glide direction which can be seen to be 
a. These planes are at 114 and 314 (again by convention the elevation is just given as 114). 
The reader should verify the presence of the a glide operation noting that reflection in a 
plane at y = 114 will transform an elevation "+" to "112-" and so on. When we discuss 
subgroups of space groups, it will be seen that knowledge of the existence of the extra 
symmetry elements (21 axes and a glide in this example) is very useful. 

* 1 1 2 ~  '2 

Fig. 3.10. Illustrating a unit cell of space group CZIm. b is the unique axis normal to the paper, a is 
horizontal and c runs down the page. Left: The pattern generated by the Z/m axis, Ceentering and unit cell 
translations. Right: The generated symmety elements. 

Although C21m contains glide planes, they are a glide, and C21c is a distinct space 
erouo. Fie. 3.1 1 illustrates C2lc in the same way that Fig. 3.10 illustrated C2Im. Now - .~ " 
rrmnple- Jt, not \up~.rinlpo<c. in prqc;tlun uith their mtrror inugc,. u hxh are genrrauJ by 
ih: I . ~ I I J ~  "lane at = O. l'hr. rl~inor Im.lces af hla:k tr~lrnrlcj are shoau .lr white uidngle, - .  
and vice versa. ~ h k r e a d e r  should work Gough  this example as for C21m discussed in the 
previous paragraph. Note now the existence of n glide planes (as indicated by the direction 
of the arrow) at y = 114 and y = 314. In contrast to CZIrn, in C2Ic the 2-fold axes do not 
intersect centers and there are no mirror planes (only glide planes). 

Even with b unique the three possibilities of choosing a and c (see e.g. Fig. 3.2) result 
in a variety of possible symbols for monoclinic space groups that are centered andlor have 
glide planes. Thus C can become A or I. In a similar way a glide c can become a or n as 
illustrated in Fig. 3.12. 

Because there can be ambiguity about which axis is chosen as the unique axis it is a 
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common practice to use extended symbols with 1's as place markers (cf. 5 2.4, p. 45) and 
the symbol is to be interpreted the same way as that for an orthorhombic symmetry group. 
Thus with b unique P 2  becomes PI21 (2-fold axis parallel to y )  and with c unique it 
becomes PI12 (2-fold axis parallel to z). Pc is written P lc l  or Pl la  and so on. 
Fortunately the Internat ional  Tables (vol. A) considers all these possibilities. The various 
symbols encountered for monoclinic space groups are listed in the tables at the end of this 
book. The different choices of axes are referred to as different settings of the space group. 

F i g .  3.11. l l l u ~ t n r i n ~  ? unrt cell ,p~cc d r q  C_)/l-  b I> the U ~ ~ ~ J L C  2x1, tuurnti~l to the PIPCT. a I *  

hor~icwcttl .nJ c run. dusn ihc pdge Lett  Thc pmrro ;enr.r:*~..i hy ihc 2 - d x ~ s .  <gltJs .  C ;cnci,nng anJ ~ n t t  
;:I1 rr.lnslaltonl Kl!:lll Thcgcser.ta.1 l)mrnr.lq rlrme#ll, 

0 
glide 
vector 
-L- 

0 

0 

0 0 
C 

0 

Fig. 3.12. Illustrating three choices of unit cell for Pc. b is the unique axis normal to be plane of the 
paper and the glide plane is m that plane. The glide vector is r /Z (PC) = a12 (Pa) =(a + e)/Z (Pn). 

3.3.3 Orthorhombic space  groups 

In the orthorhombic system there are three axes at right angles with 2-fold symmetry 
elements along each axis. The point groups to consider are therefore 222, mm2 and mmm. 
There are also four types of lattice ( P ,  C, F and I) to consider, so the number of 
possibilities becomes much greater (it turns out that there are 69 distinct orthorhombic 

space groups). Thus in contrast to the monoclinic pair PZ and P21, we have P222,  P2221,  
P 2 1 2 1 2  and P212121.l Mirrors can become glide (a, b ,  c ,  n ,  or d). Because of this 
complexity it would take us much too long to systematically generate all the orthorhombic 
space p u p s  in the manner suggested in the monoclinic case. 

x Pnma Y Pbnm Z Pmcn 

1 Pnam Y P m n b  Z P c m n  

Fig 3.13. Different settings of the space group Pnrna. The diagrams show the orientalions of then glide 
plane (shaded, front face), the axial glide plane (""shaded, lop face) and the mirror, m (black face) with 
respect to the ares. The m w s  show the directions of the ares for a righbhanded system. 

Again we have to adopt some conventions for the labeling of axes. These are outlined in 
the International Tables and will not be given here. The conventions adopted there we call 
the standard setting: it is important to recognize that other settings are often c h o ~ e n . ~  The 
significance of the order of symbols in a space group symbol is the same as that given in 
5 2.4 for point groups except that the first symbol represents the lattice type. Thus in the 
symbol P n m a  the "'I"' tells us that the lattice is primitive. The next three symbols indicate 
that there are respectively: an n glide plane normal to x, a mirror plane normal toy and then 
an a glide plane normal to As there are six possible permutations of the x ,  y and z axes, 
this space group can have six different symbols: Pnma,  Pbnm, Pmcn ,  P n a m ,  P m n b  and 
Pcmn.  Fortunately a concordance of symbols is given in the Internat ional  Tables  (see 
also the Tables at the end of the book). Figure 3.13 illustrates the arrangement of the 

[Note thar when there is an ''odd man out" it is labeled the c axis in the standard setting. Thus P2221 
not PZ12Z etc. similarly we have PmmZ and not PmZm etc. as the standard setting. 

2Nlineralogists (and some others) often use the convention that c i n c b. Another recommendalion, 
which we prefer, is to use standard settings, and to use o < b < e when there is flexibility of choice of all 
three axes (as in Pmmm eB.) and n c b in cases such as Pn~m2 where two ares can be chosen arbitrarily. 

3The orientation of glide planer (as that of mirm planes) is given by the directions of their normals. 
Thus the direorion of the normal to the n glide plane is parallel to the x direction (rhe n glide plane is 
normal to thex direction as stated). 
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symmetry elements with respect to the axes in this panicular case.1 
The full symbol for Pnma is P21ln21lm21la. If the inversion center is removed one of 

the acentric space groups P212121, Pnm21, Pn21a or PZima (see 6 3.5) is obtained. It is . - .  ~.~ . . . ,  
not uncommon for materials with closely related structures to have one or other of these 
symmetries. Note that the standard settines for the last three erouos (which are oolarj result - . ,  L ~ ~ ,  ~~ 

in the symbols Pnm2i. Pna21 and ~ m c i ~ .  
Fig. 3.14 shows how the symmetry elements of P n m a  are illustrated in the 

International Tables in the standard orientation of a down the page, b horizontally an  the 
page and c normal to the page. Light lines outline a unit cell and small circles show the 
locations of i points (centers) at z = 0 and z = 112. The full heavv lines rearesent the traces 
of mirror normal to b and the dot-dash lines represent the traces b f n  glide planes 
normal to a. The bent arrow at the top right shows that there is a glide plane at z = 114 (i.e. 
normal to c) with the glide direction along the arrow (i.e. a). As the spacing.between 
mirror or glide planes is half the translation normal to them, there is also an a glide plane at 
z = 314. The ovals with two arms represent 21 axes parallel to c, and the arrows with half 
heads are 21 axes in the plane of the paper. Those parallel to b are at z = 0 (and necessarily 
also at z = 1/21, and those parallel to a are at z = 114 (and at z = 314). 

A 

Pnma 

A 

Fig. 3.14 The symmetry elements ot Pnrnn. For an interpretarzon see text 

Recall that monoclinic space groups with centered cells have additional symmetry 
elements that do not appear in the space group symbol. Thus C2 also has 21 axes, and 
C21m also has 21 axes and a glide planes. Similarly orthorhombic space groups with 
centered cells have additional symmetry elements that do not appear in the space group 
symbol. In the International Tables a useful table (Table 4.3.1) lists these extra symmetry 
elements as in the following examples: C m c m I m m m  

b n n  n n n  
This means that in Cmcm, normal to a there are also b glide planes, and normal to b and 

'Symmetry Pnmo is particularly common, occurring for more than 8% of inorganic structures. For 
more on the occurrence of pairriculvr symmerry groups see P 3.7.7 (p. 94). 

c there are also n glide planes. Likewise in Immm there are n glide planes normal to all 
three axes. We could write Cmcm as Cbnn or even Cmcn, etc. and write Immm as lnnn. 
Fortunately practical, if arbitrary, mles were long ago decided on for preference of symbols 
(e.g. m has preference over glide). Fortunately also, in this instance, the rules are 
universally obeyed by cry~tallograpbers.~ But note that with permutation of axes the 
symbols of the other symmetry elements may also change as in (for example) two different 
settings of Cmcm: C m  c m A m m  a 

b n n  n c n 

3.3.4 Tetragonal space groups 

In the tevagonal system there is normally no ambiguity about the choice of axes. The z 
axis is always parallel to the 4-fold axis, and x and y are normal to z and to each other. The 
symbol for the space group is again a symbol for the lattice type followed by a three- 
position symbol derived from the point group symbol (see § 2.4). Thus with a body- 
centered lattice there are in the class 4lmmm (among others) the space groups 14lmmm and 
141lamd. 

In the class 32m there are two distinct space groups PXm2 and ~ q 2 m .  In the first of 
these the mirror planes are normal to x and y, and 2-fold axes at 4 5 ~  to x and y; in the 
second the mirrors are normal to directions at 45" to x and v. and the 2-fold axes alone x 
and y. (Compare the positions of "2" and "m" in the space group symbols.) Recall that the 
orientation of the axes is determined by the lattice translations. 

Fig 3.15. A body-centered tetragonal lattice (projected down e) with four unit cells indicated with light 
lines and a face-centered cell (heavier lines, shaded). Open circles are lattice points at r = 0 and filled circles 
are lattice points ar r = 112. 

Occasionally a body-centered tetragonal crystal is described in terms of a face-centered 
tetragonal cell of twice the volume. As shown in Fig. 3.15, the x and y axes are rotated by 
4 5 ~  when the cell changes. The last two symbols inthe space group symbol have then to be 
interchanged. Thus 142m becomes FZm2 and 14m2 becomes FT2m. Sometimes the 

'But see P. M. de Wolff et nl., Acta Crystallographica A48, 727 (1992) for proposed changes to five 
orthorhombic space group symbols. Atthough logical, we hope these suggestions ace nor adopted. 
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change is more subtle: 1411amd becomes F4llddm.l 
There are primitive tetragonal space groups P4, P41, P42 and P43, but only two 

corresponding body-centered tetragonal groups I4 (which contains an equal density of 42 
axes) and 141 (which contains an equal density of 43 axes). This means that an acentnc 
structure that has symmetry I41 (and hence has distinct right- and left-handed forms) will 
have both 41 and 43 axes, but the arrangement around the two axes will not be related by 
mirror symmetry. Contrast the situation in the centrosymmetric space group 1411~ where 
there are again 41 and 43 axes but they are now related by the a glide operation. 

3.3.5 Trigonal and hexagonal space groups 

In the trigonal and hexagonal systems one setting is usually adopted. Except as noted 
below for crystals with a rhombohedral lattice, the z axis is taken parallel to the 3- or 6-fold 
axis. The x and y axes are perpendicular to z and at 120' to each other. Again the 
significance of the last two positions of the space group symbol is the same as for point 
groups (8 2.4). Thus in P31m the normals to the mirrors are at 90" to the x and y axes 
(i.e. the x and y axes are parallel to the mirrors) whereas in P3ml the normals to the 
mirrors are parallel to the x and y axes (comparep31m andp3ml in Fig. 1.13). Note also 
the two distinct space groups P63lmmc and P631mcm. 

In the case of rhombohedral crystals the 3-fold axis is along a body diagonal of the 
primitive unit cell-parallel to a + b + c. The lattice symbol is now always R. Thus we 
have the space groups R3, RT, R32, R3m, R3c. RTm and RFc. It is worth noting that the 
R lattice already contains both 31 and 32 axes.2 

Rhombahedral crystals are very often described in terms of a hexagonal unit cell with 
three times the volume and with c parallel to the 3-fold axis as described in g 3.1 and in 
more detail Later (5  4.4.2, p. 104). In this case the space group symbol is unchanged. The 
nature of the cell chosen is always clear from the parameters given (a and a f o r  a primitive 
cell; a and c for a hexagonal cell). It never hurts to be explicit however. 

3.3.6 Cubic space groups 

In the cubic system there is a universal choice of axes. In the space group symbol, after 
the symbol for the lattice, the significance of the positions is the same as given for the point 
groups ( g  2.4, p. 47). Thus in the class m?m there are (for example) F a r n  and Ia?d. It 
might be noted that in the older literature these symbols are Fd3m and Ia3d respectively 
(i.e. the bar over the 3 is dropped just as in the short symbols for the point groups). The 
full symbols for these space groups are F41ld321m and 141laT21d. Other points to notice 
include the fact that there are four separate groups P432, P4132, P4232 and P4332 but 
only groups 1432 and F432 (both of which already contain 42 axes) and 14132 and F4132 

 he o glide planes normal to the 4-fold vxis  have translations alternately a12 and b12 in the I cell. 
These dirrctions become (a+ b)/4 in the P cell so now the glide is d instead of a. 

"Ihus there are not separate space groups R31 or R32. Concast the three separate space groups P3, P31 
and P32. 

(both of which already contain 43 axes)--cf. the discussion of tetragonal groups above. 
The group I23 also contains 2 ,  axes but there is nevertheless a separate group I213 

which also contains 2 axes. The difference between them (as discussed below) is that in 
I23 the 2 axes all intersect (as do the Z1 axes) in I213 they do not. In this case the symbols 
fur the two space groups have to be assigned arbitrarily. 

t I t . I ,  XxK , 
r y  A I K  

x- 
A I R  

Fig 3.16. The symmetry elements of 123 and 1213. The meaning of the symbols is explained in the text 
(5 3.3.6). 
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In addition to the 3 o r h e s  in four different directions, the cubic space groups have 31 
and 32 axes each in four different directions. Their location will depend on the space group. 
There are two different cases to consider. In the first case the 3 or 5 axes intersect (at the 
origin) and the 31 and 32 axes intersect in pairs. In the second case the 3 o r 3  axes do not 
intersect, and in fact there is no intersection of any of the three-fold axes. 

Figure 3.16 illustrates this point for I23 (first case) and 1Z13 (second case). To interpret 
the figure, note that x is down the page, y is horizontal (left to right) and z extends up out 
of the plane. 3-fold axes (shown as shoa lines through triangles) intersect the plane z = 0 at 
the points shown as small filled circles and go upwards from there parallel to body 
diagonals. Triangles represent 3 axes and triangles with arms represent screw (31 or 32) 
axes. Thus in 1213,31 axes along1 [ I l l ]  intersect the plane z = 0 at 1/3,2/3,0 and 32 axes 
along [I 111 intersect the plane z = 0 at 2/3,1/3,0.2-fold axes are symbolbed as described 
above ($ 3.3.3, p. 70 and Fig. 3.14); those parallel to the plane of the paper are either at r 
=O and 112 (no height shown) or at z = 114 and 314 (height shown as 114). 

Note also that in 1213, the 2 axes do not intersect with themselves or with any of the 
3-fold axes. The same is true of the 21 axes, but the 2 and 21 axes do intersect. Cubic 
crystal structures with space groups that have non-intersecting s y m m e y  axes are often 
rather hard to understand and depict, but can sometimes be described as based on packings 
of cylinders whose axes are along non-intenecting symmewy axes (3 6.7). In space groups 
with non-intersecting 3-fold axes there is no site of cubic point symmetry (which can only 
be at a point where four 3-fold axes intersect). 

The locations of the symmetry elements in cubic groups are shown in a similar way in 
the InIemaIional Tables. It is rewarding to learn the symbolism and to practice reading the 
diagrams. 

Two choices otorigin are made for centrosymmetric space groups in which the 
intersection of 3 or 3 axes is not at an inversion center. The first choice is at the intersection 
of the 3-fold axes and is therefore at a site of cubic symmetry (43m. 432 or 23). The 
second choice is at a site of inversion symmey;  see 5 3.7.4 (p. 91) for details. 

3.3.7. Space group and crystal class 

It should be obvious that to obtain the crystal class (the point group from which the 
space group was derived) from the space group symbol, one should (a) drop the lattice 
symbol, (b) drop all subscrrpts, and (c) change all glide symbols to "m." Thus I41lamd -, 
4/mmm, P21/c + 2/m etc. If the point group is centroosymmetric then the space group is 
also (do Exercise 4). 

3.4 Using the  International Tables 

The Internarional Tables provide a wealth of information about the space groups 
including the nature and location of all symmetry elements in the unit cell. The tables 

lWe explain notation such as [I 111 in  the next chapter. [Il l]  refer, to the direction from 0.0.0 to 1.1.1. 

should also be consulted for the symbols for symmetry elements. All that are needed for 
our immediate purposes are the coordinates of equivalent points m a unit cell. Our first 
example is for PZ1/c; the special and general positions are given with Wyckoff notation (a, 
b, etc.) in Table 3.4. Note that the origin of coordinates is taken on a center of symmetry: 

Table 3.4. Special and general positions of P2lic. 

general: 4 e x,y,z ; T,Y,T ;X,1/2+y,1/2-z ; x,1/2-y,1/2+2 
special 2 d 1/2,0,112 ; 112,112,O 

2 c 0.0,1/2 ; 0,1/2,0 
2 b 1/2,0,0 ; 1/2,1/2,1/2 
2 a 0.0.0 ; 0,1/2,112 

It is important to recognize that in order to derive the general positions (4 e in this 
example) the location of the symmetry elements in the unit cell must be known. Fortunately 
this has been done for every space group in the International Tables. The symmetry 
operations are in the present case: 

inversion through the origin x,y,z + T,Y,Z 
c glide about plane at y = 114 x,y,z + x,1/2-y,112+z 
rotation about Z1 along x = 0, z = 114 x,y,z 4 1112+y,1/2-z 

The suucture of Ago  has symmetry PZdc and a crystallographic description of Ago  is: 

It may be seen that there are two kinds of Ag atom in the StNctUre. When atoms of a 
given element appear on sites that are not related by symmetry, we say that they are 
crysfallographically distinct and distinguish them by numbering. We translate the above 
description as follows: There is one kind of Ag atom at positions 0,O.O and 0,112,112 in the 
unit cell and a second kind of Ag which is at 1/2,0,1/2 and 1/2,1/2,0. In Ago  it turns out 
that the compound is really Ag(I)Ag(IJI)O2 and that Ag(1) is Ag(0 and Ag(2) is Ag(IIb2 

The 0 positions in the unit cell are obtained as: 

lcompare this case with Fig. 3.3 where the glide plane is at y = 0. 
2 ~ e  sure to note that Arabic numerals (1 and 2 in this instance) are used as arbitrary identification 

numbers, but Roman numerals (1 and IIl in this case) refer to oxidation states which are infarred from 
structural details (see Exercise 4.7.3). 
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111 the :ulunln !he v a l ~ r r  oi.r.? and 7 hire k e n  substituted into the exprc.;sions for 
the 4 ,, posillclni; ~n the s:consl :olulnn 1.3 ha5 been added to an nec3tive ros~rdin~te* 10 . - ~ ~ 

bring the atoms all into the same unit cell (i.e. so that 0 5 x < 1.0 s y < 1 , 0  g z < 1). 
As a second example we take a crystallographic description of the rutile f o m  of Ti@. 

Ti02 P42lmnm. n = 4.594, c = 2.958 d 
T i i n 2 a ; O i n 4 J ,  r=0.305 

We recognize the symmetry to be tetragonal. Turning to the International Tables we 
find for this space group that 2 a comespond to 0,0,0 and 1/2,1/2,1/2, so this is where the 
Ti atoms are located in the unit cell. The 4 f positions are given as x,x,O ; X,7,0 ; 
1/2+x,1/2-x.112 ; 112-x,112+x,1/2. Proceeding as for the 0 atoms in A g o  we determine 
the coordinates of the four 0 atoms in the unit cell of rutile are: 

0.305,0.305,0;0.695,0.695,0;0.805,0.195,0.5;0.195, 0.805.0.5 

Sometimes there is a remarkable economy in this type of description. For example the 
structure of spinel, MgA1204 has 56 atoms in the unit cell, yet it is completely specified by 
symmetry infomation and just two numbers (a and x): 

MgA1204 F&m, a = 8.080 d 
Mg in 8 o Al in 16 d 0 in 32 e, x = 0.262 

From the Inremazional Tables we find that the coordinates of 32 e are: 

(o,o,o; o.~n,m; 1lza.112: 1n. ln.o)  4 
XJJ ; +114-x.114-x ; 114-xJ.114.r : 114-x,llJ-xJ --- x+,x : f ,314+x.314+x ; 314+x5,314+x ; 314+*,3/4+xz 

The interpretation of this is that to the coordinates in the second and third lines above, we 
must add in turn 0.0.0 : 0,112,112 ; 112.0,IR and 1/2,112,0. The last three quantities are in 
fact primitive lattice translations for a face-centemd cell (F&m is face-centered cubic). The 
coordinates of 0 in the unit cell are then (please verify, noting that* = l-x = 0.738: 114-x 
= -0.012 E 0.988; 3/4+x = 1.012 r 0.012; etc.): 

0.262, 0.262, 0.262 0.262, 0.762, 0.762 0.762, 0.262, 0.762 0.762, 0.762, 0.262 
0.262, 0.988, 0.988 0.262, 0.488, 0.488 0.762, 0.988, 0.188 0.762, 0.488, 0.988 
0.988, 0.262, 0.988 0.988, 0.762, 0.488 0.488, 0.262, 0.488 0.488, 0.762, 0.988 
0.988, 0.988, 0.262 0.988, 0.488, 0.762 0.488, 0.988. 0.762 0.488, 0.488, 0.262 
0.738, 0.738, 0.738 0.738, 0.238, 0.238 0.238, 0.735, 0.238 0.238, 0.238, 0.738 
0.738, 0.012, 0.012 0.738, 0.512, 0.512 0.238, 0.012, 0.512 0.238, 0.512, 0.012 
0.012, 0.738, 0.012 0.012, 0.238, 0.512 0.512, 0.738, 0.512 0.512, 0.238, 0.012 
0.012, 0.012, 0.738 0.012, 0.512, 0.238 0.512, 0.012, 0.238 0.512, 0.512, 0.738 

The metal atom positions are found from the International Tables by obtaining the 
coordinates for positions 8 a and 16 d. These are: 

We now know where all the atoms are, but are not really much wiser about the stluchue. 
In fact the situation of the would-be crystal chemist at this point may be likened to that of a 
student of architecture who is given coordinates of bricks, rather than an architectural 
drawing. Accordingly, the next steps are to draw the structure (or make a model), to find 
nearest neiehbors and coordination numbers and to calculate bond lengths and anzles. - - 

Because we realize that it would be tedious for the reader to have to reach for the 
Intemalionnl Tables every time that helshe wants to draw or do calculations on a structure 
(which we hope is often), we usually give explicitly the coordinates of special and general 
positions of a space group when reporting a structure. Especially for cubic groups it is 
desirable to have some concise way of doing this. We use the following conventions. 

1. The origin is always taken at acenter of symmetry if present 

2 f means plus and mnus 
i (x,y,z) means xg,z and 5 9 , f  
+;i,y,z means x,y,z andX,y,z 
i (b,y,z) means x . ? , ~  ; f,?,z , lg , i ;  x9,T 

3. Centering is expressed as a letter followed by + or + 
I refers to (0,0,0 ; 112,112J12) 
Frefers to (0,0,0 ; 0,112,112; 1/2,0,112; 1/2,1/2,0) 
A refers to (0,O.O ; 0,112,112) 
B refers to (0,0,0 ; 1/2,0,1/2) 
C refers to (0,0,0 : 112,1/2,0) 
R refers to (0,O.O ; 113,213,213 ; 2/3,113,113) 

4. Cyclic permutation is expressed as (...)K 
(x,y,z)r means x,y,z ; z,xg :?,z,x 
(This corresponds to the operation of a threefold axis through the origin and along 

[ l l l l . )  

We now give examples (crystal structure information is usually given in this format 
subsequently): 1 

l ~ h e  fint line always ha the space group and lattice puametcr(s). 
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Oin  96 h: I + ( x g , r ;  If.-x,l/Z+y ,z :x,ll2-y,llZ+z; 1/2w,y 112-z 
114+x,114+i,114+y ; 314+x.1/4-~,3/4-y : 314-x.314fz.114-v : 

Ca3Al~Si3012 is one of a large group of natural and synthetic materials known as 
garners. Note that although this is a complex structure with 160 atoms in the unit cell, most 
of the smctural information is contained in the s y m m e y  and only four numbers (a, x, y, 
z) are necessary to specify the structure. For the 0 atoms in the structure we get 96  
coordinate triplets. Any one of these could be given as the coordinates of the typical atom. 
Which to choose? Often the choice is that which corresponds to a minimum of ~2+~2+z2 .  
In a cubic crystal this is an atom closest to the ongin. In the case of Ca3AlzSi3012 all six 0 
atoms closest to an A1 atom at the origin (A1 has six equidistant 0 neighbors) have at least 
one negative coordinate, and the coordinates given Gbave for 0 are the coordinates of one 
of them. It might be venfied that x, y, z = 0.0381,0.0449,0.6514 are also coordinates of 
one of the 0 atoms obtained from the first by I + (112-x,I/Z+y,z) and could equally have 
been given (and often are: some authors avoid negative coordinates and use the smallest set 
of positive coordinates) as the 0 coordinates to generate the other 95. Remember that you 
can always add an integer to, or subtract an integer from any coordinate. 

3.5 Sub- a n d  super-groups of space groups 

A subgroup H of a group G is one that contains some, but not all, of the elements of G. 
Conversely G is a supergroup of H. The number of elements in the supergroup is always 
an integer (n) times that of the subgroup. In the jargon, n is the index of H in G .  If n is 
prime then H is a maximal subgroup of G.  

The International Tables give information on subgroups and supergroups of the space 
groups that is of intenst in many contexts. For example a small distortion of a symmetrical 
crystal structure may result in a lower symmetry which is a subgroup of the parent 
structure. Knowing the possible symmetries can be an invaluable aid to determining the 
structure. 

The full symbol for Pnma is P21/n21/m21ia and the point group is 2im2im21m with 
order 8. Systematically removing half of the symmeuyelements will result in a space group 
with point group of order 4 that is a subrrour, of 2/m2/m2/m (i.e. mm2, 222 or 2Im). 
 herea are eight possibilities which are given in ;he Tables. We give first the symbol for the 
axes labeled as for Pnma and in varentheses the svmbol in the standard settine. - 

These are the maximal subgroups of Pnma. In this instance each point group has an 
order (4) half that of the parent so the index is 2. Lower order subgroups are subgroups of 
the maximal subgroups and so on until finally P I ,  which is a subgroup of every space 
group, 1s reached. 

In the above example, the subgroups retain the same lattice translation symmetly; such . . 
subgroups are called translationengleiche ("translationally equivalent"-gleich means 
"esual" or "same" in German) or t suberou~s. t, is used to denote a translationengleiche - .  . - 
subgroup of index n. 

Another kind of suberouo is nossible for SDaCe erouos with centered lattices in which . - .  
thr. ~cntcriny is loit hut thc p.,int 2 r . u ~  cry,ml rcrnau~s I ~ C  ~ . tn~~- thcsc  ,ubgr,>up\ 
3 I d  k l l l  ( 'satn.- sl.t,i" or 1 ;ubsrsrun,. Thui for Cnts.,n u c  iind li\r~..l ~i - .  
maximal subgroups, eight r subgroups with a C lattice and eight k subgroups with a P 
lattice. An example of the latter is Pbnm (standard setting Pnma). That Pbnm is a 
subgroup of Cmcm is by no means obvious unless it is known that Cmcm has b glide . . 
plmc.; narm.tl to 8. :~nd ,, g . ~ J e  plane> norms1 lo L n J  i t>  could :iI-.) b: aritten Ch,z,rr 2.; 

c~vl.tm.-d tn 4 3.33. D. 72 . l ' ru \~J i r~~  \UCII ~niorrn~tion 1s \et .,nuther in\,;.luah:e *crvicr. . . - 
provided by the International Tables. k,, is used to denote a klassengleiche subgroup of 
index n. 

The reader is urged to use Fig. 3.10 (p. 69) to see that the t2 subgroups of CZ/m are CZ, 
Cm and Ci. In the last case the symmetry is triclinic and with the conventional (primitive) 
cell the symbol is P i .  

Similarly it should be apparent that the kz subgroups of C2/n1 are P2/m, P21Im (C2Im 
contains 21 axes), P2/a  (C2lm contains a glide), and P211a. In the last two cases 
interchanging the labels of the a and c axes gives the "standars' symbols P2/c andP21lc 
respective1y.l 

A special kind of k subgroup is an isomorphic subgroup (or i subgroup for short). This 
is one that has the same space group as its parent, but because some of the translational 
symmevy has been lost, the unit cell is enlarged. An example is given below. 

In Chapter 6 we discuss how symmelrical, low-density sphere packings can he 
smoothly distorted into denser, lower-symmetq forms. The space group of the latter will 
be a subgroup of that of the low-density parent. An example is the distortion of an 
Il-coordinated sphere packing (described in 4 6.3.1) with symmetry P42lmnm (Full 
symbol P421m21/n2/m) to a denser version with symmetry Pnnm. The International 
Tables lists as a t  subgroup of P42/m21/n2/m the non-standard space group P21m21lnl. 
l'hls symbol is to he interpreted as  if it referred to tetragonal symmeVy (the symbol is 
called the "tetragonal version"): thus parallel to z we have 2/m, and parallel to x and y we 
have 21/n. We see that in fact there are 2-fold axes along x ,  y and z and the symmetry is 

'For a detailed discussion of the subgroups of C 2 h  (including isomorphic rubgroups with a doubled e 
axis) see 9 7.13 of Geometrical and Srruilcrurol Crystallography by J. V. Smith (Book List). 



actually orthorhombic. The "orthorhombic version" of this space group symbol is 
P21ln21ln2Im (short symbol Pnnm). The symmetry of the distorted structure is thus 
shown to be indeed a subgroup of the parent structure. 

The symmeuies of the struchlres of rutile (TiOz) and CaCl2 are the same as in the ahove 
example, and indeed the anion arrangements are related in much the same way as the two 
sphere packings. 

Another stmcture related to that of mtile is the triruiile suuctwe such as that of tapiolite, 
TazFeO6. In this compound the Ta and Fe atoms order in layers along c in a sequence 
FeTaTa ..., compared with TiTiTi ... in rutile, thus Wipling c. The space group remains the 
same so this is an example of ordering producing an isomorphic subgroup. The space 
group of trirutile is a subgroup of that of mtile because 213 of the translations (along c) 
have been lost; accordingly the index of the subgroup is 3 (it is an i3 subgroup). 

Another example of a parent stmcture being reduced in symmetry is provided by the 
sfructure of sodalite, Na4A13Si3012CI. We consider just the (AI,Si)O2 part of the structure 
which consists of a framework of (AI,Si}04 tetrahedra sharing comers, and for the 
moment we consider the (AI,Si) atoms to be disordered in a random manner. In its most 
symmetrical arrangement the 0 paclcing is as described in B 6.8.5 with symmetry ImTm, 
but as discussed in that sectio?, can distort to a denser arrangement with symmetry Iz3m 
which is a t2 subgroup of im3m. In both cases the tetrahedron centers (disordered Si,AI) 
are at the same positions: If (1/4,0,112)~. Ordering of the Si and A1 atoms into two sets 
k(l/4,0,1/2)~ for one atom and f(1/4,1/2,0)~ for the other removes the body centering and 
reduces the symmetry further to Pz3n: a kz subgroup of Iz3m. 

A phase transition in KHzP04 has been intensively studied.' The room temperature 
phase (with disordered H atoms) has symmetry l a d  and the low-temperature phase (in 
which the H atoms are ordered) has symmetry Fdd2. If the high temperature phase is 
described by a doubled cell as shown in Fig. 3.15, the space group symbol beconxs Fzd2 
and the unit cells of both phases have very nearly equal d i ~ e n s i o n s . ~  The H ordering 
reduces the a axis to a 2 axis and removes the 2 axes normal to c. The space group symbol 
written as if the system were still tetragonal (it is actually orthorhombic) is now F2dl  
rtetragonal version") which becomes Fdd2 ("orthorhombic version"). Note that both the 
last two symbols imply that the 2-fold axis is parallel to c. Note also that the translations of 
142d are retained in Fdd2 so the latter is a translationengleiche subgroup of the former. For 
comments on coordinates in these structures see 5 3.7.4. 

There is something apparently paradoxical in the observation that ordering reduces 
symmetry and disordering increases it. One's intuitive idea is surely that high symmetry is 
associated with "orderly" patterns. The solution to the paradox lies in recognizing that the 

 h he interest i n  this material stenls in part from the fact that at low temperatures i t  has a spontaneous 
polarization which can be reversed by an electric field (i.e it is ferroeiectric). The elucidation of the role 
of ordering of H atoms in producing the ferraelectric phase was one of the early big successes of neutron 
crystallography [G. E. Bacon & R. S .  Pease, Proc. Roy Soc. (London), Ser A 220,397 (1953) and 230, 
359 (1955)). 

 or the mom temperature phase with the Fzd2 cell o = 10.54. c = 6.98 A. At 77 K the Fdd2 structure 
ha .  o = 10.54, b = 10.46, c c 6.92 A. 
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symmevy we talk about in crystals is the average symmetry as revealed, for example, by 
diffraction of radiation from a large volume (many unit cells) of the crystal. Thus in 
disordered sodalite the tetrahedral sites aJ.e occupied on average by one half A1 and one half 
Si and thus are considered equivalent and related by symmetry.' In the ordered version 
there are two sets of sites, one occupied by Al and the other by Si, and there cannot be a 
symmetry operation relating the two sets. 

There is some interest in knowing which cubic groups have non-intersecting 3-fold 
axes. These will be the symmetry groups of cubic structures constructed of non- 
intersecting rods of atoms aligned parallel to the cube body diagonals (§ 6.7.3). In the table 
below the groups in each column are subgroups of the ones ahove them. In addition the 
emum in the center column are subgroups of the ones in the left and right columns of the - .  . 
row ahove. 

3.6 Symmetry and the quartz structure-a case study 

The a-quartz form of SiOz is an important mineral (comprising about 15% of the 
continental crust of the earth), it also has valuable physical properties (for example it is 
piezoelectric) that are a consequence of its symmetry. The structure is based on a 
framework of corner-sharing [Si)04 tetrahedra and has occasioned a great deal of 
discussion, here we just focus on the symmetry aspects. The discussion illustrates several 
topics: the use of non-standard origins, subgroup-supergroup relationships, twinning, and 
the relationship between the hand of euantiomorphs and symmetry. 

We st& with a description of the stmchlre of the high-temperature or P q u m z  form. 

We recognize the symmetry to be hexagonal and the crystal class (622) to be one of the 
enantiomorphous classes so that quartz exists a .  left- and right-handed forms (in essentially 

'only ~~ystdlog~aphers really believe in fractional atoms. In a disordered crystal there may be no 
symmetry at all on an atomic level 1i.e. on a specific as opposed to overage site). In particular the 
microscopic translational symmetry is lost (if a translation is from a Si atom to un A1 atom it is nor a 
symmetry operation). 
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equal amounts as the a -  form in nature). As discussed below, the form we have described 
is called right-handed.l The left-handed enantiomorph has symmetry P6422. The 
description of that structure is: 

The only difference from the right-handed form is that we have replaced all the t 
coordinates by 1-2. This corresponds to reflection in an imaginary mirror plane at z = 112, 
so that the two enantiomorphs are related as mirror images as expected. 

Fig. 3.17. The location of some of the symmetry elements of P6222 and P3221. e is vertical out of the 
plane of the paper, and numbers represent elevations in fractions of c. The locations of 21 axes 
perpendicular to  e are not shown. Note that the origin chosen for P3221 in nor the same as that in the 
Inlernotionol Tables. 

As well as the 62 axis (represented by a hexagon with three anns) at 0.0.~. P6222 
contains 32 axes (represented by triangles with three arms) at 113,213,~ and 213,113,~ as 
shown in Fig. 3.17. In the structure of right-handed quartz the (Si lo4 tetrahedra spiral 
around the 32 axes as shown in Fig. 3.18. We earlier described a 32 axis as "left-handed" 
and indeed the P6222 (right-handed) enantiomorph of quartz is sometimes described as 
"structurally left-handed." On the other hand, the 62 axis was described as "right-handed" 
and if we focus instead on the helix of tetrahedra around that axis we would say that we 
have a right-handed structural unit; so it is not appropriate to refer to a structural "hand." 
Why then do we call the P6222 form of Pquartz "right-handed"? The answer lies in the 
fact that the hand of a crystal is determined from its optical activity (rotation of the plane of 
polarization of light); clockwise rotation (when viewed looking towards the light source, 
i.e. light coming to the viewer) being called right handed (this is the Biot convention) or 

'1t is sometimes said that X-ray diffraction cannot distinguish between envntiomorphs of a crystal. This 
is not true when anomalous dispersion (absorption) is taken into account, and the absolute configuration of 
a number of enantiomorphic crystals has been determined by this technique. Far an evaluation of the 
literature see A. M. Glazer & K. Sladnicka. J. Appl Crysrallogr 19. 108 (1986). 
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dextrorotatory (+). Tius is the sense of the rotation of the plane of polarization of light 
when passing through a slice of P6222 quartz in a directioiparallel ;o e. (Recall though 
that in a right-handed screw the rotation is anticlockwise when the translation is in a 

u 

direction towards the viewer.) The opposite of "dextrorotatory" is "levorotatory" (-).I 

Below ahout 573 'C,  the Pform transforms to a-quartz, the main difference in the low- 
temuerature structure (Fig. 3.18) being that the Si-O-Si angle is decreased by rotating the 
{ s i j o 4  tetrahedra in a concerted wayabout 2-fold axes to c. In the P6222 
enantiomomh this destrovs the 2-fold rotatlon axis contained in the %-axis at 0 . 0 ~  and the 
latter is degraded to a 32 axis. The symmetry of the crystal becomes P3221. Reference to 
Fig. 3.17 shows that the 32 axes at 113,213,~ and 213,113,~ remain. P3221 is a t2 subgroup 
of P6222. A description of right-handed a-quartz often seen is (note that we do not give 
the Wyckoff symbols for the positions for reasons to become apparent later): 

Fig. 3.18. Top: the oxygen atom positions in 8-quartz (P6222). Bottom: on the left oxygen atom 
 sitio ions in a1 and on the right @ twins of a-quanr (P3221). The projection is along c and 0 4  tetrahedra 
are outlined. Silicon atoms (not shown1 center the tetrahedra. In order of increasing depth of shading the 
tetrahedron centers are at r = 0, 113 and Z3. 

lsee the discussion by Glazer & Srdnika (op. cii previous footnote). The sign of the optical activity 
associated with a helix of polarizable atoms depends on the orientation of the axis of maximum 
p~lariz~bility with respect to the helix. If the polariaability of the atoms were to be isotropic there would be 
no optical activity. For an account of the confusing history of the description of the quartz structure see P. 
I. Heaney in Silica [Reviews in Minemlogy 29 (1994). p. 1-40]. According to Heaney dentrorotary quartz 
is morphologically right-handed (ie u macroscopic crystal of de~troroury quartz is tight handed). 
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It should be apparent that if xsi = 0.5 in a-quartz, the silicon atoms in the a- and p 
forms would then be in the same positions. InTable 3.5 below, the oxygen atom positions 
(rounded off for simplicity) in & q u a  are listed in the first column, and those given above 
for a-quartz are listed in the second column. These differ only slightly. The oxygen 
positions in the two structures would be exactly the same if x,y,z in the P3221 f o m  were 
0.416,0.208,0.167. 

Rotating the a structure (by 180") around a 2-fold axis (now nonexistent in the crystal) 
along O,O,z will change the sign of the x and y coordinates to give the coordinates in the 
third column of the table. They correspond to substituting x = 0.585, y = 0.784, z = 0.1 19 
for the oxygen positions given above for P3221. We have of course exactly the same 
structure. but in a different orientation. 

~~~~~ 

As &qu& is cwled to transform it to the a f o m ,  these two orientations (which we call 
a1 and a ~ )  nucleate at random points in the crystal. In the region of the interface where 
domains of a* and a2 eventunlly meet, presumably there is an-average structure, which is 
just a stranded element of P. When a crystal is composed of two pans related by a 
symmetry operation that is not a part of the structure (in this case a 2-fold rotation axis 
along 0,0,z), we say that it is composed of twins and the phenomenon is known as 
twinning. Quartz can be twinned in a number of different ways, the example we have just 
discussed is known as Dauphin6 twinning. The situation where left- and right-handed 
forms are intergrown is known as Brazil twinning-here the twins are related by reflection 
(which again is not a symmeuy element of the structure). 

Table 3.5. Oxygen atom positions (x,y,r) in right-handed quanr. 
Replacing all lhe r oordinates by I-z will give coordinales for lcft-handed quartz. 

P at a 2  
0.21. 0.42, 0.50 0.27. 0.42, 0.55 0.15, 0.42. 0.45 
0.58, 0.19, 0.17 0.58, 0.85. 0.21 0.58, 0.73, 0.12 
0.21. 0.79. 0.83 0.15. 0.73, 0.88 0.27, 0.85. 0.79 
0.79, 0.58, 0.50 0.85, 0.58. 0.45 0.73, 0.58, 0.55 
0.42, 0.21, 0.17 0.42. 0.27, 0.12 0.42, 0.15, 0.21 
0.79, 0.21, 0.83 0.73, 0.15. 0.79 0.85, 0.27, 0.88 

We haven't finished our story. For inscrutable reasons the origin of coordinates in 
P3221 is chosen differently in the Internarional Tables-it is displaced by 0,0,113 from 
the position used above to describe a-quartz. Thus the 2-fold axis in the x direction runs 
along x.0.0 in P6222 but, with the origin chosen for P3221 in the International Tables 
the same axis mns along x.0,-113. The "non-standard" origin is almost invariably chosen 
by quartz aficionados (who are legion) as it makes the relation between the a- and p f o m  
transparent. Unfortunately they do not always make this clear to outsiders. 

In the International Tables the relevant positions in P3221 are given as: 

Si in  3 a: (x,0.215 : 0~,113 ; f1.0) 
0 in 6 c: (*,Y.L : F.x-y.z+Zi3 : Y-x.F.L+II~ ; YJ.? ; ~-y,~.113-z ; Y.y-U3-z) 

To describe right-handed a-quartz using this origin we can use the same values of x and 
y and subtract 113 from (or add 213 to) the value of z given above (0.1 19). Specifically for 
a1 we have for Si: x = 0.470 and for 0: x = 0.415, y = 0.266, z = 0.786. For a2  we have 
for Si: x = 0.530 and for 0: x = 0.585, y = 0.734, z = 0.786. 

To describe left-handed a-quartz using the origin given in the hternational Tables for 
P3,21 use the coordinates in the previous paragraph but with z replaced by 1-2. 

Many framework silicates have analogs in which 2Si are replaced, in an ordered fashion, 
by Al and P. The analog of qu&z is the berlinite form of Alp04 in which Al and P alternate 
along the three-fold helices of the quartz stmcture. If the helices in the parent structure were 
3> the symmetry along the helix of ordered atoms becomes 31 (with a doubled c )  as 
illustrated in Fig. 3.19. 

Fig. 3.19. Ordering on a 32 helix (shown on the left) produces a structure with a 31 axis (on the right) 
and with doubled repeat distance. 

In right-handed a-quartz the silicon atoms are in positions 3 a of P3221: li,Y,O; 0,x,113: 
20,213 with x = 0.47. If the c axis repeat is doubled these positions become: 

The Ai positions are in fact 3 a of P3121 and the P positions are 3 b of P3121. In AlPOq 
x ~ i  E ~p = 0.46. 

P3121 is seen to be an isomorphic subgroup of index 2 of P3221 (and vice versa). 
Note that as P3221 quartz is optically right handed, P3121 berlinite is also right handed. 

One of the major uses of quartz is as a piezoelectric oscillator in watches and other 
timing devices. It would be ironic if digital clocks using quartz oscillators entirely replaced 
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traditional clocks with their analog display of time, so that future generations lost sight of 
the meaning of the term "clockwise."l 

3.7 Notes 

3.7.1 Additional symmetry elements in the unit cell 

Let there be an inversion center at xo,yo,zo. A point at x,y,z will be transformed to 
2xo-x,2ya-y,2zo-z by the inversion operation. Inversion centers with coordinates obtained 
by adding 112 to xo andlor yo andlor zo will produce points with the same coordinates with 
1 added on to the new values of x andlor y andlor z (i.e. in adjacent unit cells). In particular 
if there is an inversion center at 0.0.0 there will also be centers at 1/2,0,0 ; 0,112,O ; 
0.0.112 ; 0,112,112 ; 112,0,112 ; 112,112,O ; 112,112,112. These operating on a given point 
will always produce points identical with respect to a lattice translation. Thus the spacing of 
inversion centers is always one-half that of the primitive lattice translations and there a x  
always exactly 8 perprimitive cell. 

Similar reasoning shows that mirror and glide planes are always spaced at intervals of 
one half the shortest lattice translation normal to the mirror and that the spacing between 
2-fold axes is one-half of a lattice translation vector. 

When elevations are given for centers, 2-fold axes, and symmetry planes in the 
International Tables, 112 should always be added to these elevations. Note that when no 
elevation is given it is implied to be zero and 112. 

Trigonal and hexagonal space groups will always have a 3- or 6-fold axis along 
113,213,~ and 213,113~. in addition to the one at 0.0,~. 

lu tetr3y~nsl < p x e  groups thclc drc .lI\ia!, 1-IOU xxcs oirllc same kind (4. 41. Tci;., 
\ v ~ t l i  :IACS .ii,plaxd hy lrZ.li?.O. I k  ~ > s : u c  i11,tt the o n . 2 ~  I; not alu.;tv, choccn o n  ;I 4-folJ 
axis in tetrqonal space groups 

3.7.2 General and special positions and lattice complexes 

General positions are points at which there is no symmetry. The coordinates of general 
positions completely specify the space group. If T is a point group then the general 
positions of the space group PT also provide the coordinate symbols for the point group 
operations. The number of general positions in the primitive cell is the order of the point 
group. The maximum number of general positions will therefore be 4 x 48 = 192 for a 

l~eizaelectriciry is the production of electric polarization by an applied mechanical stress. It can occur 
far all non-cenrrosymrnetric crystal classes other than 432. In elvrr 321 (thar of a-quartz) the a and b 
directions are polar and reversing their directions reverses the sign of the piezoelectric coefficenu. Recall 
that the forms that we have called a1 and q are related in  just this way (replacingxand y in one by rand 
9' in the other) SO that a crystal compared of equal amounts of each form would not be pieroelecrric. To 
exploit the piezoelectric properties of quartz one must therefore avoid having both forms present (i.e. 
Dauphin6 twinning-often called electrical twinning in this consxt). By convention the piezocleciric 
coefficients are referred to the at form. 

face-centered cubic cell in class mgm. 
Points lying on mirror planes, but otherwise unrestricted, will have two degrees of 

freedom (will be bivariant) and will thus have coordinates of the sort x,yzo, where zo is 0 
or a simple fraction (the mirror plane is z = zo), or x4.z (the minor plane is x = y ) ,  etc. 
The site symmetry at such a point will be m and there will be only one-half as many such 
points as general positions. 

Points lying on rotation axes win have only one degree of freedom (univariant) and will 
thus have coordinates such as x.0.0 or XTJ, etc. There will be at most one-half as many as 
there are general positions, but there may be less if the axis also coincides with the 
intersections of mirmr planes andlor the order o i  the rotation axis is greater than 2. The site 
symmetry will now be N orNm(m). As univariant points lie on a rotation axis the 
coordinates can be construed as specifying the line of intersection of two planes. Thus 
x,0,0 is the line of intersection of the planes y = 0 and z = 0; likewise x , r ~  represents the 
intersection of the planes x = y and y = z. 

Points lying on centers, or at the intersections of rotation axes, or the intersection of a 
rotation axis and a mirror, will have no free parameters (invariant). The site symmetry at 
such points will be one of the crystallographic point groups (it must of course be the same 
as. or a suberouo of, the crvstal point group). - .  . . . .  

The fact that a point lies on a glide plane or a screw axis does not on the other hand 
reduce the number of ooints as the translational comoonent will always take a given point to ~~~~ - - 
a new position. Thus (to take a random example) there are no special positions for Pca21 
hr.cause it ;onlain; no pain1 .,pcntidnr ith,>sc tIt.11 le.1\c . ~ t  ledst one point in\ an;ilt I .  

Set, of wmmct~s-rclsie.1 @oiilt~ dc. rumellinus c:~llcJ Iattlit cumplexe; (hur the tern1 is 
sometimes used differently, so beware). 

There is special interest in the cubic invariant lattice complexes which crop up in many 
different contexts, and they have been given symbols in the International Tables although 
these have not yet achieved wide currency (they are given in 5 6.8.7). As an example, the 
positions 8 a of F d h  (symbol D) are the positions of the atoms in the diamond form of 
carbon, silicon etc. as well as in a large number of compounds (Mg in MgA1204 cited 
above). The positions 16 d of the same space group (symbol T), which are the Al positions 
in MgA1204, are also the Cn positions in the important structure type MgCuz (8 6.6.3). 
Many other examples of the recurrence of common motifs will be adduced in later chapters. 

3.7.3 Matrix representations of symmetry operations1 

A  symmetry operation acting on a point x,y,z produces another point at x',y',z'. Using 
the conventional coordinate systems, the set of new points in a unit cell resulting from all 
the symmetry operations in a space group are given as the general positions in the 
International Tables. Let x be the column vector (x I y I z) and x' be the column vector 
(x ' l  y'lz'), then x' = A x  + t where A is the matnx corresponding to a point symmetry 
operation about the origin and t is another column vector (t, I ty 1 t,). i.e.: 

lThis note is not for hose who are uneasy with matrix manipulation; as we do not use the rrsults Inter 
it mey be omitted. See 5 4.6.5 for some help with matrices. 
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This equation is sometimes expressed in terms of a four-dimensional matrix: 

A compact symbol for the above matrix is (Alt] such that x' = (Altlx. (Alt] is known 
as the Seiiz Operator. 

With conventional choices of bases all the elements of A are +1 or 0. The nature of the 
symmetry operation can be found as follows [H. Wondratschek & 1. Neubuser, Acfa 
Crystallogr. 23, 349-352 (196711: Let T be the trace (sum of the diagonal elements) of A 
and A the determinant of A, then the point symmetry element is determined as shown 
below: 

The space group operation is identified as follows: 
If A = 1 there is an N-fold rotation or screw axis along axis q given by the solutions of 

(A - E)q = 0 (E is the identity matrix) 

with translation d (parallel to q)  given by 

points x on the axis are the solutions of 

(A - E)x = (BIN - E)t 

If A = -1 then there is: 
(a) TA = 3 an inversion center. 
(b) TA = -1 a mirror or glide w ~ t h  translation d given by 

and the points x on the plane are the solutions of 

(c) r A  = 0, 1 or 2 there is a?, 7 or 6 axis along q given by 

and the inversion point x is given by the solution of: 

It will be found that working through one or two examples (see e.g. Exercise 2) will 
make the above clear. 

The inverse problem of finding the matrix corresponding to a given space group 
operation is easily solved from the above equations. For a clear and thorough exposition 
see M. B. Boisen & G. V. Gibbs, Canadian Mineralogisf, 16, 293 (1978). 

3.7.4 Alternative origins and unir cells 

There are advantages to taking the origin at a center of symmetry in space groups that 
h w e  them. Computer programs that generate space group coordinates often do it for a 
centric space group by adding a center to an acentric space group by also reversing the sign 
of all the coordinates (in getting Pmmm from P222 for example). They then require that 
vou use such an origin. Pro~erties such as the electron density distribution [p(x,y,z)l of a.' " 

cenrrosyrnmetru c g s t ~ l  hcc.?nlr. 3n <\en fun~tron [pix.).,:) = pl-1.-v.-:)I ii rhc origin is 
taken ~1 a ientcr. Exprcsiion of p(.r.~,:l .I\ s Fouricr wries rcquLrc9 only idsinc rcrnls In 
this case. 

Why then ever take an alternative origin? Consider the diamond structure. The symmetry 
is ~ d % m  and with origin at the center (half way between two neighboring C atoms, site 
symmetry %m) the C atom positions % 8 a: F 2 (118,1/8,1/8); however if the origin is 
taken on an atom (with site symmetry 43m) the coordinates are (again 8 a )  F + (0,0,0 ; 
114,114,114). Now consider the cubic form of Sic. The structure is derived from that of 
diamond by replacing half the C atoms by Si destroying the inversion center and the 
symmztry is now F43m (an acentric subgroup of FdTrn). The point t h g  was the old 
inversion center now has symmetry 3m and the natural origin is the site of 43m symmetry 
where the atoms are located, and which is chosen as the standard origin for F43m. The 
description of the structure is: Si in 4 o: F + (0,O.O) and C in 4 c: F + (1/4,1/4,1/4). The 
relationships between the two structures are more readily apparent if the origin is chosen at 
the site with z3m symmetry in both cases. 

When alternative origins are given, the first choice used in the Infemafional Tables is at 
xo,yo,zo from an inversion center (the second choice is on the center). To convert 
coordinates appropriate for the first choice to those appropriate for the second choice, 
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Xo,yo,zo must be added to the first set. Values of xo,yo,zo are given in Table 3.6 below. x+y, z' = I. You may still have to be careful about choice of origin! 
See § 3.6 (p. 86) for choice of origin in P3]21 and P3221. Occasionally a primitive tetragonal crystal is described by a similar doubled cell which is 

now Ccentered. The same mle applies. Table 3.6. Coordinates ~ O J O , Z O  tc add to conven from origin ''choice 1" to "choice 2" in the 
lntemationoi Tobler 

3.7.5 Standardized description of crystal structures 

Pnnn 
Pbon, Pmmn 
Ccco 
Fddd Fdj, Fdjm 
P4/n, P41nrnm. P41ncc 
P4~ln. P41nnc. Pn?, PnJn, PnTm 
141Irr 
14lIamd, Mllocd 
P4lnbm 
Pwnbc, P4zInnrn. P42lnmc, P4~lncm 
PFmc 

A more subtle (and maddening) cause of confusion can arise in some polar space groups 
(i.e. those belonging to one of the polar crystal classes-see § 2.5.4). The general 
positions of Fdd2 (class mm2) are given in the International Tables as: 

The second position is generated from the fmt  by rotation about the 2-fold axis parallel 
to c and passing through the origin. The next hvo positions are generated from the first two 
by diamond glide: reflection in the plane y = 118 followed by translation by d4+d4.  

One of the most studied of all crystals with this symmetry is the low-temperature phase 
of KHzP04. For reasons of their own, people who work with this material reverse the c 
component of the glide (so that it is d 4  - d4)  and the general positions become (with -114 
replaced by 314): 

To use their coordinates with the positions given in the International Tables the sign of 
all values of z must be reversed This is simple enough to do  if you are told, but 
compilations of s t ~ c t u r a l  data often neglect to make clear the choice of direction of z. The 
same problem can arise in 14tmd and 141cd which are polar supergroups of Fdd2. 

The high-temperature phase of w P 0 4  is often described as having space group F a  
which is I42d using with a doubled cell (see Fig. 3.15).1 Your computer program quite 
possibly does not recognize ~ z d 2  either! We explain in Chapter 4 how to transform 
coordinates when a unit cell is transformed. To transform coordinates x,y,z for a face- 
centered tetragonal cell to x',y',z' for a body-centered tetragonal cell use x' = x-y, y' = 

l ~ h e  reason for this is that the unit cells and coordinates of both phases are h n  very nearly the same. 
See 8 3.5. 

Frequently crystal structures are determined and not recogn~zed as the same as one 
previously determined for a different compound (for an example see Exercise I I). Among 
the reasons for this are cho~ces of different settings of axes and choice of different origins 
as described in 3 3.7.4, or (less frequently) assignment of a wrong space group. 

Even if the "standard" settings of the Internarronal Tables are chosen there can still be 
freedom of choice of axes; for example space group Pmmm has the same symbol for any 
oermntation of the axes. There can also be freedom of choice in assigning atoms to 
wyckoff positions: for example in the StNcture of PIS with symmetry ~ 4 2 1 i m c .  the Pt 
atoms occupy the pos~tions 2 c. The S atoms can be placed in either 2 e or 2 f resulting in 
identical stluctures but described with different orig~ns (in both cases on a center). 

With an increasine number of structures beme ~ublished and entered into comouter - u. 

databases, it is important that they be reported in as "standard" as possible a way. Sensible 
proposals for this and a computer program to implement them have been described 
[E. Partht & L. M. Gelato, Acta Crysfallogr. ,440, 169, (1984); L. M. Gelato & 
E. Partht, J. Appl. Crysmllogr. 20, 139 (1987)l. Unfortunately relationships between 
structures of dtfferent symmetries are sometimes obscured if standard descriptions are 
used. In those cases it would seem appropriate to use two descriptions. 

To  illustrate that this is not a trivial ~ rob lem for non-crvstallograohers we recount an - .  
anecdote about the crystal structure of zircon (ZrSi04). Two structure determinations in 
essential agreement were reported, but with different choices of origin (see Exercise 10). A 
structure simulation was subsequently camed out (by a third patty) to determine which was 
correct! The reader is urged to do Exercise I I (taken from PmhC & Gelato) which provides 
a more subtle example. 

3.7.6 Other symmetry groups with translations 

The enumeration of the classical space groups was performed 100 years ago. Most of 
the credit goes to E. S. Fedorov (Russia) and A. M. Schoenflies (Germany) who worked 
independently, but it should be noted that the final correct tally was only achieved by cross- 
checkine each other's work. We should also mention in this connection the remarkable 
work at the same time of W. Barlow (England) who a (possibly apocryphal) tale has 
arranging hundreds of gloves (asymmetric objects!) on racks to simulate the space groups.l 

The symmetry groups of three-dimensional objects with only two-dimensional 

 barl low (who has been called "one of the last great amateurs of science") also contributed greatly to our 
knowledge of sphere packings and invented some simple crystal structures, such as those of NvCl and CsCI. 
This last work was just what W. H. & W. L. Bragg needed for their early invosiigations of crystal 
structures (thatoENaCl was the tirsideremined). The proof in 8 1.4 is attributed lo Badow. 
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periodicity (layers) or one-dimensional periodicity (rods) are sometimes of interest. The 
restriction to 1-, 2-, 3-, 4- or 6-fold rotations does not apply with one-dimensional 
periodicity, so the rod groups subject to that restriction are called crystalloaraphic (as for 
the point groups). As the crystallographic one-dimensional and two-dimensionai groups are 
also subg~oups of soace moups, information about them is imnlicit in the International 
.Tables. Appindix ll ists ihesLgroups and gives some hints fo rk ing  the Tables to obtain 
the general and special positions for these groups and to locate their symmetry elements. 
Layer groups are of special interest to electron microscopy and we use the rod groups in the 
discussion of cylinder packings in Chapter 6. 

3.7.7 The Occurrence of symmetry groups 

Experienced crystallographers often have a knack of knowing what kind of structure to 
expect once they know the s - m e t r y  and unit cell parameters. 1Cis useful therefore to have 
some ideas about the factors determining the occurrence of symmetry groups. 

Organic and many inorganic molecules are often assembled with great slull piecewise 
and are generallv of low svmmetrv (and metastable). The crvstals thev form have 
symmet&s su~table for efficient pa'king of such molecules; generally this. requires the 
absence of pure rotation axes and mirror planes, hut allows a low density of screw axes 
and glide planes. Thus in a survey' of about 40,000 organic crystal structures it was 
observed that about one thrd have symmetry PZ11c but there was not a single example of a 
structure with symmetry P2/m. Only 64_examples of cubic symmetry were found and 
almost a third of these had symmetry Pa3 which is a favorable symmetry for packing of 
molecules [like COz and "congressane" (3  5.1.10)l with large quadrupole moments. The 
same symmetry is found for pyrite, FeS2, which contains S2 groups. 

The inorganic crystals with which we are largely concerned in this book are very often 
the stable configurations (at a given temperature and pressure) of combinations of atoms in 
predcrermlneJ rdtior and gsncr.~ll! h;,vr. hogher rvnlmctrltr. Prursl?n's tl,r<zdh.,,>k tsec 
B w k  I.lrt, :drhln\ :th.)u~ lv.000 inorrarllc rtNC1UrL.r ind about ?iUO itructuru rsr,e.s. Thc . .. 
distribution of symmetries among the latter and the more common space groups (in percent) 
are: 

(riclinic 2.8 
monoclinlc 20.1 CZlni 6.1 PZlIc 5.5 
orthorhomblc 29.7 Pnnw 6.1 Cmcm 3.1 
ietrvgonal 15.1 
trigonal 10.7 R?m 3.7 
hexagonal 12.1 P63lmmc 4.3 
cubic 9.5 

About three-quarters of the structure types are centrosymmetric. Of course some 
structure types have hundreds of representatives (they are usually of high symmetry) and 
many others have just one. With reference to the above table, note that Cmcm is a maximal 
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subgroup of index 3 of P63Immc and that Pnma and Cum are maximal subgroups of order 
2 of Cmcm. Likewise P211c is a maximal subgroup of index 2 of Pnma and C2/m is a 
maximal subgroup of index 3 of RTm. The most common cubic symmetries are FmTm and 
~ d T m  (both supergroups of R3m). 

The presence of high symmetry means that apparently complex structures (such as 
spinel and garnet ;  see 5 3.4) can often be described by just a few parameters and 
appreciation of possible reasons for adoption of a particular symmetry can be a great aid to 
understanding such structures. For this reason we spend some time on the symmetries of 
sphere and cylinder packings in Chapter 6 (see especially 5 6.8.1 and 6.8.10). For the 
symmetries of certain types of layer structure see 5 5.6.14. 

3.7.8 Incommensurate (modulated) crystals, quasicrystals a n d  non-classical 
symmetries' 

We should mention that in this hook we are only concerned with structures that have 
symmetries described by one of the classical symmetry groups, in particular for "infinite" 
solids the svmmetri is one of the 230 srrace erouvs. Comesoondine to the lattice of these . - .  - 
structures there is a reciprocal lattice (5 4.5.1) in the space (reciprocal space or Fourier 
soace) of the diffraction uattem of the structure. The diffraction Dattern is convenientlv . . 
indexed in terns of three non-coplanar reciprocal lattice vectors. The reader should know 
however, that the diffraction patterns of many solid materials (incommensurate crystals and 
quasicrystals) cannot be so indexed, but require more then three (sometimes as many as 
six) vectors to be indexed. 

A simple kind of incommensurate crystal structure can arise as in the following example. 
Consider a structure of Na2C03 composed of Na atoms and C03 groups in well-defined 
positions in a unit cell and described by a conventional space symmetry group. Now 
imagine the structure to be modulated by rotations of the C03  groups by an angle whose 
magnitude depends on distance along an axis and with a periodicity different from, and 
incommensurate with, the basic lattice periodicity. In addition to the basic unit cell and its 
contents, we have also to specify the modulation function to describe the stmcture.z The 
diffraction pattern will have main diffraction spots at positions specified in terms of three 
reciprocal lattice vectors corresponding to the underlying lattice and satellite reflections 
whose positions relative to the main reflections are specified in terms of a fourth vector, 
and four numbers will be required to index the spots of the diffraction pattern. In this sense 
it may be considered "fourdimensional." 

We mention quasicrystals briefly in 8 5.5. The diffraction patterns of these have "non- 
crvstalloeraohic" svmmetries. The first to be discovered (and m a w  others subsesuentlv) - .  . .. 
have icosahedral diffraction palterns that require six digits for indexing. 

For crystallographic purposes it is sometimes convenient to consider such structures as 
projections onto three dimensions of higher dimensional structures with symmetries of 

I~ome acquaintance with X-ray diffraction is required to fully appreciare the content of this Note. 
Z N ~ ~ C O ~  was one of the fint incommensurateiy-modulated crystals discovered. The situation in the real 

crystal is a litlle more complicaled than we have desclibed. 
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higher dimensional space groups (see Appendix 2). 
A recent interesting development is the recognition chat the symmetries of diffraction 

patterns are not restricted to "crystallographic" symmetries (I-, 2-, 3.. 4- and &fold) axes. 
That restriction in real space came about (3 1.4) because we restricted ourselves to lattices 
in which lattice points could not come arbitrarily close to each other-this is an eminently 
sensible restriction in real space, as atoms (which must he related to identical atoms by a 
lattice translation) can not approach arbitrarily close to each other. In reciprocal space, 
however, there is no physical reason for such a restriction and if it is lifted, axial symmetry 
groups with an N-fold axis with arbitrary N, and icosahedral groups are allowed. It turns 
out that the derivation of symmetry groups stming from reciprocal space is in many ways 
much more simple and elegant than the traditional way hinted at in this chapter, and it is 
quite possible that future texts will adopt the reciprocal space approach when the details are 
fully worked out. Key references are D. A. Rabson et  al., Rev. Mod. Phys. 63, 699 
(1991) and N. D. Memin, Rev. Mod. Phys. 64, 3 (1992). In these papers the 230 space 
groups are derived very elegantly, as are the 11 icosahedral space groups of reciprocal 
space. Note that there are no real space Lattices corresponding to the icosahedral cases, so 
the term "reciprocal" lattice is unfornmate. 

Despite the above remarks, we emphasize that in this book we are interested primarily in 
real space structures (arrangements of atoms in space) and that we use the language of 
space groups simply for a convenient, and succinct, method of describing such structures; 
and for this purpose a real space description is most intuitive. We also recognize that, 
unless one is completely familiar with Fourier transforms and their properties, working in 
reciprocal space can be somewhat daunting. Finally we observe that although the 
occurrence of incommensurate and quasi-crystals is being found to be quite common, at 
present structural details, on the level available for conventional crystals, are available in 
only a few cases. 

3.8 Exercises 

1. By choosing new axes P21lc (5 3.4, p. 77) becomes PZlln. The coordinates of 
general positions now are (verify from the International Tables): 

2. The general positions of Pnma (full symbol P21/n21/m21la) are 

From these the locations of the 21 axes parallel to x,y and z and the locations of the 
mirror and glide planes can be found. For example, x,y,z + Y,l/2+y,T corresponds to 
operation of a 21 axis passing through the origin and parallel toy. 

The special positions can be generated by appropriate substitutions for the general 

po,ir~ont. 7'tw y = I,I (or y c 3/q1 w ~ l l  :encrd; pu,ir~un< 4 c o n  the nnrcur p l ~ n c r .  Thcre 
x c  cuh t  Invercn,n ccntcri in rhc cell , s c  Fip 3.11. ir. 72,; ~.!h\l~tulc' ~helr ;<rurJln:~ru\ for 
the general positions to generate 4 a a id  4 b.. 

3. The symmetries of the Bravais lattices are (identiiy each lattice): 

p i ,  P 2 / m ,  C21m, P m m n ~ ,  Cmmm,  Immm,  F m m m ,  P4lmmm. J4lmmm, RSm, 
P6lmmm, ~ m T m ,  Imfm, Fm3m. 

4. For the following space groups determine (a) the Bravais lattice, (b) the crystal 
system, (c) the crystal class, (d) whether there is a center of symmetry. (Use the 
International Tables to check your answers). 

la ,  Ccca, Amm2,141/a, P4nc, I41lacd, R3c, P31c, P63mc, I a f ,  F ~ T C  

5.  Draw a projection down c of the rntile Structure (8 3.4, p. 78). Show that Ti has six 
near 0 atoms and 0 has three near Ti atoms. Shade m the {Ti106 polyhedra to see how 
they are connected. You should draw at  least 4 unit cells. (Hint: see Chapter 4 for advice 
on drawing structures.l 

6. Show that the following sets of points in a cubic unit cell all describe a face-centered 
lattice with a different choice of origin: 

(a) 0.0.0 : 0,1/2,1/2 ; 1/2,0,1/2 ; 1/2.1/2.0 . . 
(b) 0,0,1/2 ; 0,112.0 ; 1/2,0,0 ; 1/2,1/2,1/2 
(c) 1/4.1/4.1/4 : 1/4,3/4,3/4 ; 3/4.1/4,3/4 ; 3/4,3/4,1/4 . , 
(d) 3/4,3/4.3/4 ; 3/4,1/4,1/4 ; 1/4,3/4,1/4 ; 1/4,1/4,3/4 

7. Show that the A1 atoms in the structure of Ca3A12Si3OI2 Structure (5 3.4, p. 80) lie 
on points of a body-centered lattice described by a cell with doubled edge (so the cell 
contains 16 lattice points rather than 2). 

8. The crystal structure of CuzO (cuprite) is cubic with: 

Cuat 0,O.O ; 0,1/2,1/2 ; 1/2,0,112 ; 1/2,1/2,0 
0 at 1/4,1/4,114 ; 314,314,314 

The Cu atoms fall on the points of a face-centered lattice, and the 0 atoms fall on the 
points of a body-centered lattice. The lattice of the strncture is primitive (in fact the space 
group is P d m ) .  What is the coordination of Cu by 0 and of 0 by Cu (i.e. how many 
nearest neighbors and how are they arranged)? 

9. Tbe crystal structure of cuprite was one of the first determined. From the unit cell 



parameter (a  = 4.26 A) and the density ( p  = 6.1 g ~ m - ~ )  show that there must be 4 Cu and 
2 0 atoms in the unit cell. Now get a copy of the International Tables and show, by 
elimination, that the only possible cubic symmetry is Pn3m (in which case the structure 
must be that given in Exercise 8) or PX3m.l fWhv can P23. P4732 and PB be ruled . - 
out?). [Hint: begin by eliminating all space groups.in which positions a (which have the 
lowest multiplicity) consist of more than 2 points]. 

10. The StrucNre of zircon, ZrSiOs, has been described as: 

I4tlomd. o = 6.607, c = 5.982 A. Origin at z2m 
Zr in 4 a: I + (0,O.O ; 0,1/2,1/4). Si in 4 b: I + (0.0,1/2 : 0,1/2,3/4) 
0 in 16 h: I + (0.b.z : b.0. i  0,1/2h.1/4-~ ; D,1/2,1/4+~), x = 0.1839, L = 0.3203 

Transforming to an origin at a center (see 5 3.7.4, p.91): 

11. An important stmcture type is that of CeCu2; KHgz has been described as having the 
same symmetry: 

KHg2 Immo, o = 8.10, b = 5.16, c = 8.77 A 
Kin 4 c: 1 f (0,114.r), i = 0.703 
Hg in 8 i: I f  (i~,114.r), x = 0.190, z = 0.087 

Plot both structures in projection down the shortest axis and thus show that they are 
essentially the same (except for a change of ~ c a l e ) . ~  An exactly equivalent description of the 
structure of KHg2 is (compare with that given for CeCuz): a = 5.16, b = 8.10, c = 8.77 A. 
K i n  4 a ,  z = 0.457; Hg in 8 h, y = 0.060, z = 0.163. [Hints: for some help with drawing 
stmctures see Chapter 4. These structures are nicely illust~ated if the four sholtest Cu-Cu or 
Hg-Hg bonds u e  drawn in (two of these superimpose in projection)--see 4 7.3.51 

12. U y  the International Tables A to find the maximal non-polar t subgroups ( H )  of 
G = Pm3m. [Hint: they will be found as maximal subgroups of maximal subgroups; the 
two highest symmetries have index 6 and 8 in G respectively. For the polar crystal classes, 
seep. 50.1 These are the possible symmetries of the polar structures formed when a cubic 
perovskite (such as BaTi03 or SrTi03) deforms to polar structures at low temperature. 

'Systematic absences in the powder pattern immediately point to P n h .  Specifically, reflections with 
indices hM) are absent for h + k odd (100,210 etc.). 

2This example is taken horn Elemenrs oflnorgonic Srruciurol Chemisriy by E. Parthe (available from 
K. Sutter Parthe, 49 Chemin du Gu6, CH-1213 Petit-Lancy, Switzedund). 

CHAPTER 4 

LATTICE GEOMETRY 

In this chapter we explain how the direct~ons of lines and the orientations of planes in a 
:1y,131 are ipcciiteJ. Thc des~rlplian neici~arily involve, rcicrencc lo tllc rourdtnate 
>\,slern a d  if sltenurive untt ccll Jc\crip~tr)n, XC useJ the dcscripta)n oidircc't~oni 3nd >u , ~ ~-~ 

on. will change, so we next discuss unit cell transformations. Next we give a compendium 
of formulas useful for crystallographic calculations. Finally we present some comments 
and hints on drawing crystal structures. 

4.1 Directions in a crystal 

4.1.1 General 

A direction in a crystal is specified by three integers u,v,w and is written [uvw]. The 
direction is then that of the vector ua + vb + wc where a, b and c are the unit cell (lattice) 
vectors. Normally u, v and w are integers that have no common factors other than 1 (i.e. 
they are coprime). Thus the direction of thex-axis is [100], that of the y-axis is [0101 and 
that of the z-axis is [001]. Note that [i00] refers to the -x direction. Fig. 4.1 illustrates 
these and some other principal directions. In the figure the shape of the unit cell is to be 
consiJerrJ q ~ i w  gen:r~iI ( i  c ncx IIICCZII:+~~\Y ii cube) mi 111~. h.-a\) Itnc, mccr JI the origi~l, 
thc filled ar i l r .  ir :I pdtnt 31 0.112.1. In cnctlllsgraphy the s)mhol l u , ~ ]  i~ ollen iaid s, 
represent a zone mrs and all planes pdrallel to [ u w ]  are said to fall in that zone. 

Fig. 4.1 Directions in a crystal. 
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The set of equivalent (symmetry-related) directions in a crystal is represented <uvw>. 
Thus in a centrosymmetric cubic crystal < I l l >  represents the family of specific directions 
along the body diagonals: 

[ ~ i i ] ,  [ i l l ] ,  [ i i i ] ,  [ i ~ i ] ,  [ i i l ] ,  [ i l i ] ,  [ i i i ]  and [ i i i ]  

For the same synlmetry, <100> is similarly the set: 

[IOO], [OIO], [OOI], [ioo], [oio] and [coil. 

In the jargon cuvw> is a form of zone axes. 
Often [uvwl is used to represent not only a direction but is considered to have a 

magnitude associated with it. Usually the context makes this clear. Thus a vector of 
magnitude aR along the x direction is written 112[1001, and 112[11i] refers to 
(a + b - c)/2. Vector sums can be expressed as (e.g.) 1/6[i12) + 116[ilO] = 113[ill] 
which is shorthand for (-a + b + 2c)/6 + (-a + b)l6 = (-a + b + c)/3. 

4.1.2 Directions in hexagonal crystals 

In the hexagonal system two systems are used for specifying directions. The first uses a 
four index symbol which we write [UVJ'JW]. The corresponding direction is that of the 
vector Ual + Vaz + J a j  + Wc where a, is the x direction, a2 is they direction (at 120" to 
each other) and a j  = -(a1 + a 3  is the equivalent direction at 12V to both a1 and a2 (and at 
9V to c) as shown in Fig. 4.2. An important point is that as a l ,  a2 and a3  are not 
independent there are many choices of U, V and J that correspond to the same direction. 
The choice made is such that J = -(U + V). Although, as we will see, there are 
advantages to this system, it is not intuitive. Thus (see again Fig. 4.2) the y direction 
(parallel to q )  is [i2i0] and the vectoraz = 1/3[i2i01. 

Fig. 4.2. Directions in hexugonul crystals. 

Three-index symbols [uvwl can also be used for directions in hexagonal crystals. These 
are also sometimes written as [uv.wl or [uvOw] which can be confusing and definitely 
should be avoided. The four-index symbols are easily obtained from three-index symbols 
based on a cell with dimensions al ,  a?, c as follows: 

Note that U, V. J and W should be converted to the smallest possible integers by 
multiplying or dividing by a constant factor if necessary. Our recommendation is to use 
three-index symbols for all calculations (see e.g. sections 4.3 and 4.4) and to convelt at the 
end to fow-index symbols (to avoid ambiguity) for commnnicat~on. 

4.2 Planes and  Miller indices 

e 1 0  = 1 1 0  (0 top (001). side (010) 
front (100) 

Fig. 4.3. Miller indices for planes 

The orientation of planes relative to a coordinate system defined by translation vectors a,  
band  c is given by three integers h, k, 1 (known as Miller indices) and written (hko. The 
significance of these numbers is that the intercepts of the plane with the reference axes (in 
units of a ,  b and c respectively) are in the ratio llh : Ilk : Ill. Again (as for the indices 
representing directions).h, k and 1 are integers with no factor common to all three. Note that 
h, k and 1 specify only the orientation of the plane, not its location. Thus all parallel planes 
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have the same Miller indices.1 Planes which intersect lattice points are referred to as lanice 
planer ur ,,er planes. The equuion oiihc plane in the lattice coord~ndtc sy tem is L r  + ky r 
I: = con,txnt. (kkl) specifier the o r i rn lo t i~ ,~~  of the planc and the anstant  ~ o c ~ i f i r . s  its 
position relative to the origin. 

Figure 4.3 provides a number of examples of low-index planes with respect to aunit cell 
which may be triclinic. In (a) the plane intercepu the axes at 111, 111, 111 so its indices are 
(1 11). In (b) the intercepts are 112, 112, I n  so after factoring out a common 2, the indices 
are again ( I  l I). In (c) the intercepts are 111, 112, 112 so now the indices are (122). In (d) 
the plane is parallel to c so the intercept with that axis is at infinity (11- = 0). The plane 
shown is in fact (110). Part (e) of the figure shows a plane with intercepts either at 111, 
11.1, 110 or 11-1, 111, 110 according to whether the origin is taken at one or other of the two 
filled circles shown. These planes are ofcourse :he same and thus should have the same 
indices which we could write either as (110) or (110). Part (Q shows planes (loo), (010) 
and (001); they are parallel to the faces of the unit cell. 

A form of planes (a set of planes related by symmetry) is represented by braces as in 
[hklJ; thus the faces of a cubic unit cell are { 1001. 

Hexagonal crystals 

As for directions, four-index symbols are usually used for the orientation of planes in 
the hexagonal system. There is little chance for confusion now as a plane that intercepts a1 
at llh and a2 at Ilk will inevitably intercept as at i l i  where i = -(k+k). Accordingly the 
three-index symbol (hkl) becomes the four-index symbol (hkin with i = -(h+k). The 
superfluous i is sometimes replaced by a point as in (hk.0. 

4.3 Relations between zones (directions) a n d  planes 

(a) T l ~ e  zone low: A plane (hk0 lies in the zone [uvw] if: 

h u + k v + i w = O  (4.2) 

thus both ( ~ i o )  and ( ~ o i )  lie in the [ I I I ]  zone. 

(b) The zone [uvwl corresponding to the intersectton of planes (hlklll) and (hzkzlz) 1s 
given by: 

thus the intersection of ( l i0 )  and (10i) is [I 111 [compare (a) above] 

' ~ ~ t h o r s  of elementary texts often seem to us to get this point wrong. confusing Miller indices with 
Bragg indices which are discussed below ( 5  4.7.2). Explicitly for example: no distinction should be made 
between a (222) and a (I 11) plane. 

(c) Some perpendicularity conditions in different systems: 

or thorhombic:  [loo], 10101 and [0011 axe perpendicular to (100). (010) and (001) 
respectively. 

tetragonal: [0011 is perpendicular to (001) and ipq01 is perpendicular to @go). 

hexagonal: [00011 is perpendicular to (0001) and [pqiO] is perpendicular to @qiO).l In 
the three-index system one has [2p+q p+2q 01 perpendicular to @qO) or equivalently, [pqOl 
perpendicular to (2p-q 2q-p 0). 
More generally (four-index system) [p q i (3a212c2)1] is normal to @qil). 

rhombohedral :  111 11 is perpendtcular to (1 11) (but if a hexagonal cell is used, see 
above). 

cubic: [pqi] is perpendicular to @qr). 

4.4 Unit cell transformations 

4.4. I General 

There are many reasons why it would be desirable to describe a crystal strncture with a 
unit cell other than the one provided. For example the original investigator may have 
chosen a "non-standard" setting of the axes. or a rhombohedral crvstal might he more 
conveniently described using a hexagonal cell rather than a rhombohidral one. sometimes 
strnctural relationshios are made more evident usine unconventional cells (such as a 
hexagonal cell for a cubic ~mystd). 

Let a "new" unit cell defined by translation vectors a', b', c' be derived for a stwcture 
with an " o l d  cell defined by a, b, c. The relationship between the new and old cells is 
given by (using the notation of the 1965 International Tables, Vol I): 

Let S be the matrix of coefficients sij and T the matrix tG.Z Then S and T are the 

l ~ h i s  is one of the advantages of the 4-index system. 
2 ~ o t e  that Boise* & Gibbs (Mothematical C~sysfollogroph~ in Book List) use S and T matrices that 

are the transposes of ours. The newer inlernational Tables (volume A )  uses P and Q that are also lhe 
uansposes of our S and T. These authors consider (more logically) the set of lattice vectors to be a 1 x 3 
(row) vector rather than as a 3 x 1 (column) vector. The system and notation we use appems to us to be 
simpler and is also lo be found in most ten&. This point is addressed in g 4.75 Cp. 128). 



104 Chapter 4 Lattice Geometry 105 

inverses of each other (i.e. S T  = TS = El. As the new and old cells are both unit cells the 
elements of the matrices will be rational numbers. 

The ratio of the volumes of the new and old unit cells is det(S) and likewise the ratio of 
the volumes of the old and new unit cells is det(T). Should the determinants be negative, 
the hand of the coordinate system has been changed in the transformation. . 

When ihc i ,mritn~te i, changed llte indlscs rcprss~,nring th: orir.nt:a~on vf plancz 
and Jircitionc will alio tr3n,iorm. 35 will !he cc,ordinnte, of oointi In rhe unir cell. The 

~ ~ ~~ - ~~ 

rules for the transformations are as given below (TI, S' are the transposes of T and S 
respec1ively):l 

The table shows that axes and indices of planes transform the same way as each other, 
and that coordinates of points and indices for lines also transform the same wav as each 
other but using the transposed reciprocal matrix. The bottom row shows for completeness 
how reciprocal lattice vectors (discussed below) transform. 

In calculating coordinates of points (e.g. atom positions), it must be taken into account 
that if the new and old unit cells have different volumes, the number of points in the cell 
will change accordingly. How this is handled should be clear from the examples below. To 
calculate the length of the new axes, note that e.g. a '  =sf la  + s12b + Sl3C so that a ' i s  the 
distance from 0.0.0 to SI I .S~Z,SI~  in the old coordinate system. Likewise a' is the angle 
between 1 ~ 2 ,  s22 sZ3] and Is31 ~ 3 2  ~ 3 3 1  (again in the old coordinate system). Calculating 
distances and angles is discussed in g 4.5.2 and 3 4.5.3 and a general expression for unit 
cell parameters of transformed cells is given in B 4.5.4 (p. 112). 

4.4.2 Rhombohedral to hexagonal and vice versa 

Rhombohedral crystals are often referred to hexagonal axes and the hexagonal cell is 
three times the volume of the rhombohedral one. Fig. 4.4 shows the relationship of the 
rhombohedral cell to the hexagonal one. The filled circles in the figure are at 0,0,0 ; 1.0.0 ; 
1,1,0 and 0,O.l in the rhombohedral cell and at cell corners (0.0.0 ; 1,0,0 ; etc.) ; 
U3,1/3,1/3 ; 113,U3,U3 in the hexagonal cell (see also Fig. 4.5). The open circles are the 
remaining comers of the rhombohedral cell that are in adjacent hexagonal cells. It may be 
seen that if the rhombohedra1 cell is rotated by 6V about ch the hexagonal cell contains 

'A simple derivation (using the same notatton) of these rules is given by A. Kelly & G .  Groves 
Cwrallography and Cvrtol Defecrs, Addison-Wesley (1970). 

points at 1/3,2/3,1/3 and 2/3,1/3,2/3; this is the so-called reverse setting which is not used. 
The setting used here (Fig. 4.4) is the "standard" one and is called the obverse setting. 

Hig. 4.4. The ielationship baween centered and primitive rhombohedral cells. 

Xh 

Fig. 4.5. The poinu of Fig. 4.4 projected down eh (the rh direction). 

Figure 4.5 shows the same rhombohedral and hexagonal unit cells in projection along 
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the 3-fold axis. It should be observed that: 

The transformation matrix is therefore S = (1 i 0 I 0 1 i I 1 1 1) (rhombohedral + 
hexagonal). Likewise: 

so T = (213 l f i  113 1-113 113 113 1-113 -2/3 1/3) is the corresponding inverse matrix. 

The relations between the unit cell parameters in the two cells are: 

a,, = 2a,sin(a/2) 

c, = .,,I- 

As we use T '  to transform coordinates, a point with coordinates x,y,z in the 
rhombohedral cell will have coordinates (2x-y-2113, (x+y-2~113, (x+y+z)A in the 
hexagonal cell. Note that 1,0,0 transforms to 213,113,113; 0,I.O transforms to -113,113,113 
5 213,113,113 and 0.0.1 transforms to -113,-213,113 2 213,113,113. 1,1,0 transforms to 
113,213,213 and so on. Examination of all the possibilities shows that the rhombohedral 
lattice points correspond to 0,0,0 or 213,113,113 or 113,213,213 in the hexagonal cell. 
Accordingly, these quantities must be added to the new coordinates of each point calculated 
from the original x,y,z (recall that the hexagonal cell volume is three times that of the 
rhombohedral cell). The transformations may be summarized (note that we use three-index 
symbols for hexagonal): 

rhombohedra1 + hexagonal 

[uvwl -t (113)[2u-v-w u+v-2w U+V+W] 
(thus [I Il1r becomes 1/3[003]h = [001]h) 

(kkl) -t (h-k, k-1 h+k+l) 
[thus (1 1 I), becomes (003)h - (001)h etc.] 

hexagonal + rhombohedral  

[uvwl + [u+w v+w-u w-v] 
(thus [M)l]h becomes [I 1113 

(Ml) + (1/3)(2h+k+l -h+k+l -h-2k+O 
[thus (001)h becomes (113 113 113), - (11 I), etc.] 

When transforming from hexagonal cell to a rhombohedral one, and the new coordinates 
are expressed modulo 1, it will be found that sets of three poinu in the hexagonal cell 
reduce to one point in the rhombohedral cell. 

4.4.3 Cubic to hexagonal 

Cubic crystals may be considered as special cases of rhomhohedral symmetry, the P, I, 
and F cells having primitive rhombohedral cells with a = 9V, 109.47~, and 6V 
respectively. They can also be transformed to hexagonal cells (among other things this is 
very useful for drawing cubic structures projected down a 3-fold axis). 

For the primitive cubic cell the transformation is exactly the same as outlined above. The 
centered cells should first be transformed to primitive cells before being converted to 
hexagonal ones. It should be clear that the final hexagonal cell will con& 312 times as 
many atoms as a body-centered cell, and 314 times as many atoms as the face-centered cell. 
For convenience the 5 and T matrices are: 

face-centered -+ primitive S = (0 112 112 1 112 0 112 I 112 112 0) 
T = ( i l l / ~ i ~ l l l i )  

face-centered + hexagonal S = (-112 112 0 1 0  -112 112 I 1 1 1) 
T = (-413 -213 113 1213 -213 ln I 213 413 ~ n )  

body-centered + primitive S = (-112 112 112 I 112 -112 112 1 112 112 -112) 
T = ( 0 1 1 1 1 0 1 / 1 1 0 )  

hody-centered + hexagonal S = (i 1 0 I 0  i 1 1 112 112 112) 
T = (-213 -113 213 1 113 -ID 213 I 113 213 213) 



In the hexagonal description of cubic cells the axes are (with subscript c for cubic and h 
for hexagonal): 

primitive ah = d2a, ch/ah = d(312) = 1.225 

body-centered ah = d2a, chlah = d(318) = 0.614 

face-centered ah = a,/d2 chlah = 46 = 2.449 

4.4.4 Hexagonal to orthohexagonal 

Hexagonal crystal structures are sometimes conveniently illustrated in projection normal 
to C. A eood way to do this is to transform to an orthohexaaonal cell a s  shown in Fin. 4.6 - - 
(old cell in light lines, new cell in heavier lines). As a'  = a  + b, b' = -a + b, c' = c, the 
transformation matrices are S = (1 1 0 I i 1 0 1 0 0 I), T = (112 -112 0 I 112 112 0 1 0 0 1). 
The unit cell parameters are a '  = a ,  b' = d3b and c' = c. Notice that the new cell is C 
centered (Fig. 4.6) so that 0,0,0 and 112,112,O must be added to each x',y',z'. 

Fig. 4.6. Illustrating derivation of an orthohenagonat cell (heavy lines) from a hexagonal cell 

To plot normal to c usually project down a '  (the sholt axis) of the orthohexagonal cell . .  . 
[this is on , I  120, u i  the hcunpon31 ;ell1 SO~L. 111.11 ittc <>me tr.miib,rln.+rton ir ;l.;ciul h r  
plotting 4 whit  or t~.tr~eun:d i1ru:tttrc on I IIJ,  <i.c. alone [ I  I01 

If thk original cell were rhombohedral; it should firs& cinverted to a hexagonal cell 
and then to an orthohexaeonal cell. The combined operation rhombohedral 3 
orthohexagonal is described by S = (1 0 i I i 2 i I 1 1 I), T= (112 -116 113 1 0  113 113 1 
-112 -116 113). Now the new unit cell is six times larger and (0.0.0 ; 112,1/2,0 ; 0,113,113 ; 
112,516,113 ; 0,213,213 ; 112,116,213) must be added to the new coordinates. 

See 3 4.6.3 for some worked examples and for a transformation from face-centered 
cubic to orthohexagonal. 

4.5 Crystallographic calculations 

4.5.1 Unit cell volume and reciprocal lattice unit cell parameters 

The volume of a unit cell is given by 
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Special cases are: 
Monoclinic V = abcsinp 
Orthorhombic V =  abc 
Hexagonal V= d3aZc12 

For many reasons it is convenient to define a lattice reciprocal to the lattice of a crystal. 
Let a lattice be defined by vectors a, b and c; then we define reciprocal lattice vectors a*, 
b* and c* such that a* is nannal to the bc plane (i.e. the plane containing b and c), b* is 
perpendicular to the ac plane and c" is perpendicular to the ab plane.' The defining 
relationships are: 

From these equations it follows that the dimensions of the reciprocal lattice vectors are 
lldistance (units e.g. A-'1. 

The volume of the reciprocal lattlce unit cell is V* = 11V. 
The magnitudes of the reciprocal lattice vectors and the angles between Ulem (a*, 

and y*) are 

a* = bcsindV 
b* = ocsmplv 
c* = absinflV 

cosa* = (coskosy- cosa)lsinpsiny 
caspb = (cosacosy- c0sp)lsinasiny 
cosy* = (cosacosp- cosy)lsinasinfi (4 .7)  

There is a set of equations analogous to Eq. 4.7 obtained by interchanging starred and 
unstarred quantities. Note the simplification if a = P = y= 9V; when a* = 110, b* = llb, 
c* = llc, a* = p* = y* = 9V. Other useful special cases are: 

Monoclinic: a* = ll(asinp), b* = Ilb, c* = ll(csin/3), PI = 18V-P 

Hexagonal: a* = 2l(d3a), c' = llc, .ji = 6V 

The lattice reciprocal to bcc isfcc and vice versa. This may readily be confirmed by 
finding the reciprocal unit cell parameters of the primitive cells.2 

is virtuaily impossible to do practical crystallography without reference to the reciprocal lattice. The 
diiect lattice and reciprocal lattice are related as Fourier transforms. 

ZThus find the reciprocal lattice parameters if a = b = c, a = 0 = y=  60'. 
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4.5.4 The G matrix and unit cell parameters for transformed cells 

Let a new unit cell (primed quantities) be obtained from an old one using the 
transformation matrix S as described in 5 4.4. The new G' matrix is given in terms of the 
old by (seep. 128 for a derivation): 

AS g l l '  = a'z, gz2'  = b'Z,g33' = ctZ, and g 2 1 1  = arb'cos*/, g31' = ~ ' c ' c o s ~ ~ ,  gz3' = 
b'c'cosa' the new unit cell parameters are readily obtained from the elements of the G' 
matrix. The elements of G' are: 

4.5.5 Cartesian coordinates 

Sometimes it is convenient to transform from crystal coordinates to Cartesian 
coordinates; for example, for drawing smch~res, for calculating volumes of polyhedra, etc. 
We take the Cartesian axis x, to be along the crystal x direction (i.e. parallel to a). They, 
axis (perpendicular to x,) is in the a b  plane and the zc axis normal to x, and y,. Then: 

A useful special case is for a monoclinic crystal for which a= y= 90". The matrix then 
becomes (a 0 ccos/3lO b 0 I 0  0 csinp). Writing out Eq. 4.17 for this case: 

It may be convenient to change the relative orientations of the Cartesian and crystal axes 
according to the task at hand as described in 5 4.6.1. The following table gives six choices 
that we find useful. To use the table, notice that each quantity on the right in Eq. 4.17 
appears on the top row of the table. For the indicated orientation of Cartesian axes replace 
that quantity by the corresponding e n y  underneath in the appropriate row. 

x~along a, y,  in ab plane o b s c* a* P y x y r 
x, along a. y ,  in ae plane a c b, b* a* y P x r -) 
X ,  along b, y, in be plane b c a. a* P y a y r x 
x, along b, y,  in ba plane b n c. c* $ a y y x -z 
X ,  along e, y, in ca plane c o b. b* p a P r r 
x,  along e, y ,  in cb plane c 6 a, a* r* 6 a z y -x 

Some expressions valid in Cartesian coordinates follow. 
The plane through three points X I , Y I , Z I  ; x2,y2,zz ; X3.Y3,Z3 is given by: 

This can be written 

A x + B y + C z = D  (4.20) 

with 

Equation 4.20 can be written in the form (the perpendicular equation): 

I x + m y + n z = p  (4.22) 

Here p is the length of the perpendicular from the plane to the origin and I, m and n are the 
cosines of the angles of this line with the x, y and z axes respectively. If s is the sign (&I) 
of D in Eq. 4.21 and Q is (AZ + B2 + @)-In then: 

The dihedral angle between two planes l lx + mly + niz = 0 and lzx + m o  + n2z = 0 is 

The volume of a tetrahedron with vertices xi,y;,z; (i = 1.2.3.4) is: 

In Eq. 4.25 the double lines indicate that the absolute value of the determinant is to be 



taken. Note that Eq. 4.19 follows from Eq. 4.25. 

4.5.6 Distances between planes 

Let h be the column vector (h I k / 1) where llh, Ilk and 111 are the intercepts of a plane 
with the crystal axes in units of a,  b and c respectively. The equation of the plane in the 
lattice coordinate system is hx + ky + 12 = 1. The perpendicular distance from the origin to 
the plane is then dhkl which is given by 

This also gives the interplanar spacing between families of planes with Bragg indices 
hkl (see 9 4.7.2). As such it is useful to have the simplified forms for the more symmetrical 
unit cells: 

cubic dhkl = ald(h2 + kZ + P )  

tetragonal dhkl = lld[(hZ + k2)laz + Plc2] 

orthorhomhic dhk~ = ll\j(hZla2 + kZib2 + Nc2) 

hexagonal dnk~ = 11d[4(h2 + hk + k2)/3az + PlcZ] 

4.6 Drawing crystal structures and using cell transformations 

4.6.1 Orthographic and clinographicprojections 

By far the best way to "learn" a structure is by building a model; failing that it is good to 
draw it oneself. Many complex crystal structures can only be appreciated if a good model 
or drawing is available. 

If a structure is to be communicated, at least one good drawing is essential, and this 
requires that a three-dimensional structure be projectedonto the two dimensions of a page. 
Finding the best way to do this is a major problem. We have no patience at all with the 
crystallographer who determines a beautiful structure and then presents it as a projection of 
a unit cell with circles of different sizes representing the positions of different kinds of 
atoms. For some simple low-coordination structures "ball-and-stick" drawings may be 
satisfactory, hut it is always almost always better to outline coordination polyhedra and to 
shade them in. It is a rare structure that does not profit from being drawn in more than one 
way; for example many "ionic" structures are usefully illustrated separately in terms of both 
anion coordination and cation coordination polyhedra. It is better to draw too many unit 
cells than too few. 

Computer programs for drawing structures automatically are available. These will satisfy 

many people, but we have yet to find one that does all that we want. Particularly if it is 
wanted to present a structure in a novel way it will be found useful to be able to draw 
structures oneself using a drawing program, and the rest of this section is devoted to 
providing some guidance in this respect. It will be found essential to use a program that 
allows translation of duplicated objects by precise amounts to simulate plotting.' 

Many complex structures are most readily (and often best) shown as a projection down a 
principle axis (olthographic projection). Usually if there is more than one such axis (as e.g. 
for an orthorhombic crystal), the shortest axis is most appropriate. Sometimes all atoms are 
on a set of mirror planes so a proiection normal to those planes is appropriate-the atoms . . 
will be at one of fwo heights separated by half the repeat distance along that axis. Some 
hexaeonal structures with l a r ~ e  cla are best drawn in oroiection normal to c. In that case ~~- - . - 
transfqrm to an orthohexagonal cell using the transformation for axes described in 9 4.4.4 
(p. IOS), and project along the new a axis (equal in length to the old a). Other unit cell 
transformations that are useful in preparing drawings are described in 8 4.6.3. 

Sometimes, particularly when dealing with c u b ~ c  structures, it may be found that 
proiections along a principal axis are confusing, as atoms in a unit cell are superimposed. . . 
R e n  it is best tomake a ciinographic projection in which the view point is tilted away from 
a orincioal axis. The way to do this is first to obtain Cartesian coordinates as in Eq. 4.17. . . 
This involves just a simple scaling if the crystal is cubic, tetragonal or otthofhombic. 

Now imagine the Cartesian coordinates so that x, is horizontal on the paper (the H . . - - ~ - ~ ~  . . 
direction) and y, is vertical on the paper (the Vdirection); the zc axis is coming out of the 
paper (the 0 direction). The view is now along zc; we want to tilt away from this. First tilt 
the coordinate system by an angle 0clockwise about they, axis and then by an amount $ 
anticlockwise about an axis normal toy, but in the plane of the paper (Fig. 4.7). Good 
choices of tilt angles are 0 = 2W and $ = 1W.2 The new coordinates for plotting the 
structure on paper are now H horizontal and V vertical on the paper. The points projected 
on the paper are redly a distance 0 above that plane. H,  V and 0 are given by: 

IMost modern comouter eraohics proerams have far loo many "bells and whistles" to be useful in this . - .  . -  
content. All that is needed is the capability to draw (and duplicate) in black and white, simple objects such 
as lines, circles and polygononr aid to add shading and to control which objects an infront of which. All the 
drswines in this book were made "sine the oiirinal (1988) Cricket Draws on a ~ a c i n t o s h ~  computer ~~~ U~ 

ming coordinates generated by EUTAX. The drawing inst~ctions that follow assume that the wader has 
such a progrvm vvvilable. 

21magine that we are looking at the coordinate axes in a three-dimensional world with the view along 2, 

and with y, vertical. The rotations are equivalent to moving our point of view to the right and up. Long 
ago many authors chose 8= tan-l(113) ;. 18.5' and $ = tan-l(li6) = 9.S as a 'standaxd." For a discussion of 
drawing crystals (atill an important aspect of mineralogy) see Smith (Book List). Another 
good discussion is given by de Jong (Book List). The brain soon gets used to clinogivphic projecuons at a 
certain anele. You have reached this stage when it is found that such illustrations lmk airnost 
incomprehensible when viewed upside dawn 
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Some authors prefer a perspective drawing with parallel lines not parallel on the page: 
except for very simple structures or stereo pairs this tends to make the illustration less clear 
(in contrast to e.g. architectural drawings) and, except in stereo pairs, we use drawings in 
which parallel lines in the structure are parallel on the page ("view from infinity"). Notice 
although parallel edges are parallel on the paper in the projection of a cube (Fig. 4.7) none 
of the angles between edges is 90'; most drawings in the older literature incorrectly show 
the front face of a cube seen in clinographic projection as a rectangle, indeed commonly as 
a square.1 

-. 
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to get Cartesian coordinates we simply have to multiply all the atomic coordinates by a. To 
make a clinographic projection we will take a horizontal and b vertical and then rotate by 8 
= 2V and @ = 10'. Coordinates (H, V, and 0 )  for plotting are then calculated as described 
in the previous section (Eq. 4.27).1 For simplicity we take a scale of 1 cm = 1 A for 
plotting (the drawings shownbelow havebeen subsequently shrunk to fit the page). 

The first thing to do is to calculate the unit cell dimensions on the scale of the plot. The 
point at 1,O.O has Cartesian coordinates (in A) 5.409,0,0. We then calculate H = 
5 .409~0~20 '  = 5.083 cm, V = -5.409sin20'sin10" = 4.321 cm. Although not needed for 

Fig 4.7. Obtainmg a ctinognphlc projection of a cube by rotation fmm a symmetry axis. Middle: # = 
10'. B= 17' ; Right: $ = 10'. tJ= 23'. The filled circle is at the cube body center. 

plotting it is useful to record the "out" coordinate 0 = 5.409sin20'cos10' = 1.822 to keep 
track of what is in front of what in the drawing. The coordinates of this point and the points 
0,1,0 and 0.0.1 are listed below. It should he clear that adding the three sets of coordinates 
will give the plotting coordinates far 1,1,1 and so on. The calculation of S atom plotting 
coordinates from those (112,112.0 etc.) in the unit cell proceeds similarly and they are also 
listed. 

Approximations to stereo pairs can be made by using two different values of 8 (the pair 
of cubes in Fig. 4.7 have 8 = 17' on the left and 0 = 23. on the right), but many people 
have difficulty merging the images.2 Io our experience, stereo paits are most effective for 
stick models. Some stereo pairs of this sort are presented in 9 7.1 1.8; if only one of each 
pair shown there is viewed it will be found to be rather uninformative. 

For non-cubic crystals, it is necessary fnst to decide the point of view. Thus it must be 
decided which crystal plane will be parallel to the plane of the paper and which axis will be 
horizontal in that plane before tilting by 8 and @. In practice this means choosing one of 
the six orientations of Cartesian axes with respect to the crystal axes discussed in § 4.5.5. 

4.6.2 Examples of clinographic drawings (ZnS and CaF2) 

We now go through the steps of drawing a simple structure, that of sphalerite ZnS. The 
procedure is more complicated to describe than to  implement,?^ readers who york through 
the example will find. The structure is cubic with symmetly F43rn, a = 5.436 A. Zn atoms 
are in 4 c: F +  (114,114,114) and S atoms in 4 a: F + (0,O.O). In this case (a cubic structure) 

'we have erred several times in the past in this respect. But we are in ve? distinguished company. 
2 ~ a k i n g  a m e  stereo pair is rather subtle. The reader is invited lo merge the two images on the right of 

Fig. 4.7 (holding a piece of opaque pnper perpendicular to the page so that each eye can only view one 
image helps). Most viewers will see the back face and circles of the cube m~rch larv-r rhsn the frnnr nn-r - ~ ~ .........s.. ...-.. 
even though they are drawn exactly the same size-the brain is adding perspective &at i s  absent in the 
drawings. For references to dmwing true stereo images see C. K. Johnson in C~stollogmphic Comprrting 
(E R. Ahmed. ed.), Munksgaard, Copenhagen (1970). 

The top row in Fig. 4.8 shows some stages in the drawing of the StNctUre. On the left, 
the S and Zn atoms are shown as open or filled circles plotted with the appropriate values 
of H and Vrelative to the origin of coordinates. Notice that S atoms are at the corners and 
face centers of the cell so we actually show 14 atoms. In the middle, Zn-S bonds are drawn 
in to make a hall and stick drawing. Notice the use of broken lines as depth cues.Z On the 
right the same pattern is shown as jZn)S4 tetrahedra sharing comers. The "tetrahedra" of 
the drawine are actually two Uianeles corresponding to the two visible (front) faces of each " - . 
tetrahedron. It is generally best to consider coordination polyhedra to be opaque so the 
centerine Zn atom and the back faces are omitted. We often (as here) shade the visible faces - - - ~ ~ - ~ . ~ ~  
of polyhedra with a density that varies from one side to the other as this allows overlapping 
polyhedra to be more easily differentiated. 

Notice that the structure is the same if the Zn and S positions ire interchanged (this just 
corresponds to a shift of origin by 1/4,1/4,1/4) so the figure on the right could equally be 
illustrating ( S ] Z u  tetrahedra. 

IEUTAX will calculate H. V and 0 for a specified oiienrarion and scale. However this program 
recognizes that most computer drawing programs consider the positive direction of vertical coordinates as 
dawn the page, and repons Vcoordinvtes ar the negative of those given here. 

the drawings shown , we actually have slightly thicker opaque white lines immediately behind black 
lines, so the white liner occlude black lines that are in turn behind them. All computer drawing programs 
that we have examined keep track afwhich objects are behind which, and usually allow changing the order. 
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The stlucture of fluorite CaF2 can be illustrated similarly. The structure is cubic: FmTm, 
a = 5.463 A. Ca atoms are in 4 a: F + (0,0,0) and F in 8 c: F f (1/4,1/4,1/4). Agnin we 
show metal atoms as filled circles. A ball and stick drawing on the bottom left of Fig. 4.8 
shows that F atoms are in (FICa4 tetrahedra. These polyhedra are shown in the center 
where it may be seen that tetrahedra now share edges. 

AS there are twice as many F atoms as Ca atoms, the latter must be in eight coordination. 
This is not immediately apparent from the ball and stick drawing, so parts of adjacent unit 
cells need to be added as shown in the figure on the bottom right, which shows that the Ca 
atoms are. in ICaIF8 cubes (shown here as three differently shaded quadrilaterals). The 
question of how much to include is always tricky-too little does not show all aspects of 
the stlucture, and too much leads to too great an overlap of the component parts. 

Fig. 4.5 Aspects of the structures of sphalerite, ZnS (top) and fluorite. CaF2 (bottom). See the text for 
discussion. 

4.6.3. Projections of some structures with octahedral coordination: NaCI, NiAs and 
Tip. Using orthohexagonal cells for cubic and hexagonal structures 

In this section we consider three structure types of composition AX in which metal 
atoms are (AlX6 octahedra. For the purpose of illustration we use idealized versions of 
NaCI, NiAs and Tip  (recall that bold face formulas refer to structures not compounds) 
with regular octahedra of unit edge. The structures then are: 

NaCl Fmxm. a = 1.414 ; Na in 4 6 :  F + (0.0.112) ; CI in 4 o :  F + (0.0.0) 

NiAs  P63/mrnc, a s 1.0, c = 1.633 ; Ni in 2 a: (0,O.O : 0.0,IR) ; A s  in 2 d: +(113,213,114) 

In these structures there are layers of octahedra sharing edges. In NaCl the layers are 
normal to [I1 11, in NiAs and TIP they are normal to c. To compare the three stluctures 
we will project them in a similar way in each case. For the hexagonal structures we project 
normal to c; specifically along a of the oahohexagonal cell described in 3 4.4.4. 

For NaCl we convert from fcc to hexagonal by 51 = (-112 112 0 1 0  -112 112 I 1 1 1) 
(p. 107) and then from hexagonal to orthohexagonal by S2 = (1 1 0 I i 1 0 1 0  0 1). In fact 
we do not need to $0 each transformation individually, byt instead transform by S = SzSl 
= (-112 0 112 1 112 1 112 I 1 1 1); the inverse matrix, T = (1 113,113 1 0  -213 113 I 1 113 113). 
The final cell has 312 the volume of the original and contains 6 Na and 6 CI. 

Fig. 4.9. Top: projection of NaCl normal to [ I l l ]  (vertical on the page) showing (NaJC16 octahedra. 
Bottom: NiAs (left) and TIP (tight) as (NilAsg or (TijPs octahedra projected on (1 120). See tent. 



The hexagonal cell has ah = a142 = 1.000, and ch = d6an = 2.450: and the 
orthohexagonal cell has a,  = an = 1.000. b, = d3ah = 1.732 and c, = rh = 2.450 (see pp 
107- 108). We get the C1 coordinates using (x' I y' Iz') = Tt(x 1 y 12). (specifically, in this 
case, x' = -x+z, Y' = x13-2yl3+z13, z' =xl3+yl3+zr3.) The set (112,0,0 ; 0,112,O ; 0,0,1/2 
; 112,112,1/2) in the cubic cell transform to (112,116,116 ; 0,213,116 ; 112,116,116 ; 0,0,112) 
with due allowance for the equivalence of -112 and 112, -113 and 213 etc. Thus we have 
three distinct new coordinate triplets. Recalling that the olthohexagonal cell is C centered, 
we find the other three CI atoms in the cell by adding (112,1/2,0) to the coordinates of the 
fust three. These, and the transformed Na coordinates, are listed below (notice that the new 
Na and CI coordinates differ by 0,0,112). Also listed are plotting coordinates using the 
scale b = 5 cm; these are simply obtained as H = 5y, V z  5zclb = 7.0712. 

Transformed coordinates and Hand V for the other two structures are obtained in a 
similar way using first a transformation from hexagonal to orthohexagonal. 

In Fig. 4.9 we show, at top left, a transformed unit cell of NaCl with b horizontal and c 
vertical. Also shown are the positions of the Na atoms (large circles) and C1 atoms (small 
circles). The elevations of all atoms are eitherx = 0 (open circles) or x = It2 (filled circles). 
On the right of that we show a little more of the structure with the (Na)Cls octahedra 
outlined. Those with centers at x = 0 are lighter shaded than those at x = 112. On the top 
right just the (NaJCl6 octahedra are shown. In the bottom half of the figure NiAs and 
Tip  are similarly depicted. 

Notice that NaCl is the same if Na and CI are interchanged, so Fig. 4.9 also depicts the 
arrangement of {CljNag octahedra. In contrast in NiAs there are [AslNig trigonal 
prisms and in T ip  there are both [PITig octahedra and triangular prisms. These aspects of 
these structures are met again in Chapter 6. 

4.6.4. Further example of projections of crystal structures. ZnS again 

ZnS occurs in two forms known as sphalerite and wurtzite. Sphalerite was discussed 
and the structure given in 5 4.6.2. Wurtzite is hexagonal, space group P63mc. a = 3.823, 
c = 6.261 A. Zn atoms are in 2 b: (113,213.z ; 2/3,1/3,1/2+z) with z = 0.0 ; S atoms are in 2 
b with z = 0.375.I In both structures there are [Zn)Sq tetrahedra linked by sharing 
corners, but the topology of linkage is different. We will illustrate the difference by 

'~otice that this is sn example o i  a polar structure. In particular r only enters as +r so the position of 
the origin on the r axis is arbitrary and it has been chosen so that the Zn atoms are at r = 0 and r = I/?. 

projecting wurtzite down c and sphalerite down [ I l l ]  of the cubic cell. 
To calculate coordinates for plotting a hexagonal structure down c we take a scale for a 

(say a = s cm). Then plotting coordinates are horizontal H = s(y - x12) and vertical V = 
d3sx12 (see Fig. 4.10). In wurtzite, Zn a$ S atoms with the same x and y coordinates 
differ in elevation by &c = 0 . 3 7 5 ~  = 2.35 A (Zn below S) so we just plot the S atoms and 
make a mental note that the Zn atoms are underneath them. The plotting coordinates for the 
unit cell comers and S atoms are given below. 

Fig. 4.10. Plotting coordinates Hand V for a point (x,y,r) in a hexagonal cell with scaled = s 

Now the sphalerite structure is transformed to a hexagonal cell (9 4.4.3, p. 107) for 
which it is found that a = 3.825, c = 9.369 A. The atom coordinates in this new cell are for 
Zn: R + (0,0,114) and for S: R + (0,0,0). Notica that Zn and S atoms with the same x and y 
coordinates differ in elevation by 6z = c14 = 2.34 A but now with S below Zn. In order to 
compare with wurtzite we would like to have Zn below S (cf. the previous paragraph) 
accordingly we reverse the direction of z and, to avoid changing hand of the axes, 
interchange x and y. The S coordinates are now (0,0,0 : 213,113,213 : 113,213, 113) with Zn 
underneath by & = 114) The S coordinates are also given in the table below. 

The plotting coordinates (Hand V) in the two structures are (with s = 5 cm) are: 

wumite aphaletitte 
atom x y r H V atom x y r H V 

0 1 -2.500 4.330 0 1 -2.500 4.330 
I 0  5.000 0.000 I 0  5.000 0.0W 
1 1  2.500 4.330 I 1  2.500 4.330 

s 113 213 0.375 2.500 1.433 s 0 0 0 0.000 0.000 
S 2 3  113 0.875 0.000 2.887 S 113 U3 113 2.500 1.433 

S U3 113 213 0.000 2.887 

When the wumite structure is fxst plotted (Fig. 4.11, top left) the unit cell is outlined 
and the positions of two S atoms in the cell are plotted with a filled circle for the atom w ~ t h  
z = 0.875 and an open circle for the atom at z = 0.375. The Zn atoms below these two S 
atoms are m tetrahedra pointing up (see e.g. Fig. 2.19) and their other three neighbors form 



122 Chapter 4 Lanice Geometry 123 

a triangle at a lower elevation. The two tetrahedra are drawn in the figure. Notice that the 
darker tetrahedron around the Zn atom with z = 0 has three S atoms at the base with 
elevation 0.875-1 = -0.125. More of the structure is drawn on a smaller scale at the bonom 
left of the figure. 

Fig. 4.11. The wundte (left) and sphalerite (right) foms of ZnS as (ZnISq tetrahedra. \ 
The drawing of sphalerite proceeds similarly. Now there are three S atoms in the cell at z 

= 0, 113 and 2 3  and these are shown as open, shaded and filled circles respectively in the 
top right of Fig 4.1 1. The tetrahedra about the three Zn atoms in the unit cell are also 
drawn. A larger poltion of the structure is shown on a reduced scale underneath. 

We will discuss these structures again in Chapters 6 and 7. 

4.6.5 Drawing monoclinic structures 

Often monoclinic struchlres an drawn in projection down b (which is normal to a and c) 
-see Exercises 6 and 7 at the end of this chapter. Canesian coordinates are given in 
equation 4.18 (p. 112). All that is necessary to da is to scale by a suitable amount: Thus if 
the scale chosen is a = s, the plotting coordinates for a horizontal are H =  (sla)x, and V= 
(sla)z,. If it is wanted to have c horizontal on the page (Fig. 4.12) then the roles of a and c 
and of x and z must be interchanged in the formulas for H and V. Explicitly: 

a horizontal: H = sx + (szc1a)cosp V = (szc/a)sinp 
c horizontal: H = (szcla) + sxcosp V = s x i n p  

Fig. 4.12. Two orienrvlionr of a monoclinic cell projected down b (the positive sense of b is up our of 
the page in both cases). In the otiemaIion on the left the coordinates Hand V arc to the right and down the 
page. In the orientation on the tight the coordinates Hand Vare lo the right and up the page. 

For a prqealon ,,i .t monoclln~, structure un (100) ur ( U O I J ,  Cartcs~m -oordinatuc 
cll,,ulJ bc calcul:,red, hut w l t l t  the tilts U m d  0 re1 cqudl to 0 in islculatrng H a r ~ J  V. .\n 
example of such a projection is to be found in Fig. 7.28 (p. 314). 

Occasionally a projection down a or c [note: this is nor the same as projection on (100) 
or (OUl)] is required. Such projections should be carried out just like clinographic 
projections. The cell in projection is rectangular: for a projection down a it has projected 
dimensions (i.e. on the page) b and csinp and for a projection down c it has projected 
dimensions b and asinp. The following table of tilts (Band $) may be useful (as always 
we assume that a,  b and c form a right-handed coordinate system): 

Projection down a b horizontal 8 = 0 @ = 9 0 . - p  
b vertical 8 = 90"-fl @ = 0 

Projection down c b horizontal 8 = 0 $ = p - 9 0 .  
b vertical 8 = 90'-fl $ = 0 

To illustrate some of these points we use the structure of MnB4 which was reported as: 

First we project down b, i.e. on (010). with c horizontal and a scale a = 5 cm. We 
calculate plotting coordinates H and Vusing the expressions given above. Thus far Mn at 
0.0.0 we have H=0.000, V=0.000 and for Mu at 11,2,1/2,0H=-1.350, V =  2.104. For 
B at 0.200,0.343,0.197 we find H = -0.013, V = 0.841 and so on (the reader may wish to 
verifv these numbers and continue the calculation). In Fig 4.13 we have plotted the atoms 
in rhe untt cell dnd ,ume in s d j a x n ~  untt celli. For thu Itoms in rhe unit cell. elcvalloni in 
m u l t ~ n l ~ r  o i  I,, 1Ci)ar~ ~nlkated tnouc: 11u1 pair, of B vom., iupenmpoic in prujeclionl. ..~~~... r ~~ 

The B atoms form a network in which each isbonded to four neighbors; three of the bonds 
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are drawn in, the fourth joins pairs of atoms at y = 0.34 and y = 0.66 (open circles labeled 
f34) or pairs of atoms at y = M.16 (filled circles). Thus we see that the B atoms are on 
puckered 63 2-dimensional nets that are linked by bonds "up" or "down" to similar nets to 
form the three-dimensional network. Mu atoms (shown as larger circles) are in the cavities 
of the B Bamework. 

Fig. 4.13. The structure of MnB4 (large circles are Mn). Left projected down b. Middle: showing a bady- 
centered (IZlm) cell. Right: projected down e. See tho text for funher details. 

Just a quick glance at Fig. 4.13 shows that the structure appears to be close to 
orthorhombic symmetry. In the middle of the figure a body-centered cell obtained by the 
transformation S = (1 0 1 1 0  1 0 1 0  0 1) is indicated. T = (1 0 i I 0  I 0 I 0  0 1) is the 
inverse matrix. The description of the st~ucture using this cell is: 

MnB4 12/m,n'=4.630.b '=5.367,c '=2.949.&,Pr90.31~ 
Mn in 2 a: I + (0.0.0) ; B in 8 7: I -t (x',W.r'), x' = 0.200, y' = o ! N ~ =  -0.003 

Actually the atoms are less than 0.01 A away from positions with symmetry immm; all 
that is needed is for /? to be 90' and z' to be 0. The description would then be: 

M a 4  Irnmrn, o' = 4.630, b' = 5.367, c' = 2.949 h 
Mn in 2 a: 1 + (0.0.0) ; B in 8 n: 19 (x',+y'.O). x' = 0.200, y' = 0.343 

With this description of the structure, it is seen that the short axis (c') is a symmetry axis 
and a projection of the real structure down the c'orresponding c' axis should be rewarding. 
This is made on the same scale (a = 5 cm) as the original drawing. The unit cell edges in 
the drawing are b = 4.876 cm and asinp = 4.207 cm. The height of c out of the page is 
2.679 cm. B atoms (in the original unit cell) have elevations -0.013, -0.010, 1.341 and 
-1.363 cm. These correspond closely to elevations of z = 0 and +I12 (i1.34 cm), and they 
are shown as open and tilled circles in the drawing on the right side of the figure. 

The B arrangement is a 4-connected net that we discuss in Chapter 7 (see 5 7.3.3). In its 
most symmetrical form the net is tetragonal; it is named for CrB4 which is reported to be 

oahorhombic, and it does seem likely that MnB4 is really orthorhombic a1so.l 

4.7 Notes 

4.7.1 Orientation of direct and reciprocal lattices 

For crystals with orthogonal axes (cubic, tetragonal and orthorhombic) the reciprocal 
lattice vectors a*, b* and c* are parallel to the direct lattice vectors a, b and c. For 
hexagonal crystals c* is parallel to c and now a* and b* are not parallel to a and b 
(although these Last four vectors are in the same plane) as shown in Fig. 4.14. Note that a* 
is perpendicular to b and that b' is perpendicular to a. In monoclinic crystals b* is parallel 
to b and normal to a and c. 

Fig. 4.14. The relative orientations of direct and reciprocal lattice vectors for a hexagonal lattice. f = 
60'. 

4.7.2 Bragg and Miller indices 

Many text hooks do not distinguish between Miller indices of a plane and Bragg indices 
of a family of planes. In the Bragg condition for diffraction, which we write (A is the 
wavelength and 28is the diffraction angle): 

dhkl is the spacing between a family of parallel planes. It is the perpendicular distance from 
the origin to a plane that intercepts the axes at llh, Ilk, 111, where now h, k and I may have 
a common divisor and are written without parentheses as in 222. lldhkl is better thought of 
as the distance from the origin in reciprocal space to a reciprocal lattice point ha*+kb*+lc* 
(i.e. the length of a reciprocal lattice vector). Thus dl11 = 2d222. On the other hand Miller 
indices only give the orientation of a plane, and (222) 1 (1 11). 

1st appears that many more structures than might be expected are reported with the wrong symmetry. 
For some tvoicvl corrections and a discussion of the imoortance of knowing correct mace erouos xe R E. ~ ~ ~~ .. ~~ ~ 

. - .  
\l.wsh & 1 Hern.21, .1~.ru .'r);r>Il,>;r B51, 31% 09951 Thi, p ~ p e r  ,hduld he r:.!utrcd re~J in2 tor 040- 

cq sdlo:!rlpnrr\ n h l  AISII lo inletprd cnc ir.l.lilr honJ Icn;!l~~. .tni.lc\. arc ui.'r!rul ~ m ; l u r : 5  
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4.7.3 More equations for triangles and tetrahedra 

Some occasionally useful results for tnian~les and tetrahedra include: 
The medians of a.triangle join the vertices to the midpoints of the opposite edges. They 

all intersect at a ~o in t .  the centroid. which divides them in the ratio 2: 1. 
For a triangle with edges a ,  b and c,  and opposite angles A, B and C, and with 

s = (a+b+c)lZ: 
The diameter of the cimumscribed circle is: 

The perpendicular from C to AB is: 

The area is given by: 

area = hc12 = d[s(s - a)(s - b)(s - c)] 

The medians of a tetrahedron join the vertices and the centroids of opposite faces. They 
all intersect at a point, also called the centroid, which divides them in the ratio 3:l. The 
bimedians join the midpoints of opposite edges. They also pass through the centroid 
which bisects them. 

For a tetrahedron of sides a ,  b, c, d ,  e and f with a ,  b, and c meeting at a common 
vertex P the length 1 of the median from P is given by: 

A circurnscriptible tetrahedron is one defined by the centers of four spheres, each in 
contact with the other three. If the radii of the spheres are lip, I lq, l l r  and lls, the volume 
is: 

V =  [(p+q+r+~)2-2(p2+q2+r~+~~)]1/2/3pqrs 

Consider a tetrahedral unit AXlX2X$4 (i.e. {AJXd), There are six angles 0~ between 
the vectors AXi and AX, (i z j  = 1.2.3.4). These are related by: 
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(a) Z2m ( D z ~ )  012 = 034 = P ; 013 = 014 = 023 = 024 = 01. cosp = -(I + 2cosa) 

For a square-pyramidal group A X I X ~ X ~ X ~ X ~  with XI at the apex and with 4-fold 
symmetry 4mm (C4,) SO that 012 = 013 = 014 = 015 = a and 023 = 034 = 845 = 025 = p; 
s ina = d2sin(pl2). 

4.7.4. Some mafrir expressions wrinen out explicitly 

Our experience is that many people (such as ourselves) like to have matrix expressions 
written out explicitly in a handy place. Here are some involving the 3 x 3 matrices used in 
this chapter. 

I. Ax gives another vector [here x is the column (XI 1x2 Ix3)l: 

2. det A (the determinant of A which is scalar): 

3. A-1 (the inverse of A, another 3 x 3 matrix): 

4. At(the transpose of A): interchange rows and columns. In particular the column x = 
(xl I x z  Ix3) becomes the row xt = (XI x2 q). 

5. x'Gy (a scalar; here G is a symmetric matrix with g;, = gji): 

Special cases that often arise (with symmetry) are: 6. AB = C (multiplication of two matrices gives a third). The elements cc of C are: 
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cij = aitbtj + aizbzj + ai3b3,. 

7. (AB)t = BtAt. 

To derive Eq. 4.16 relating the G' matrix for a new cell to the G maUix for an old cell, 
we start with Eq. 4.8a for a distance between two points: 

Now to express old coordinates in terms of new we use St so that 6 =St@ and, using 
7 above, S t =  6''s. Substituting in Eq. 4.8a we get: 

but as the distance between two points is independent of the coordinate system, we must 
have: 

Comparing Eqs. 4.8b and 4.8c, we see that G' = SGSt  which is Eq. 4.16. The 
elements of G' were given in Eq. 4.16a (p. 112). 

4.7.5 Unit cell transfornations in International Tables Vol. A 

For good reasons that we won't go into, in the International Tables volume A, the 
triplet of lattice vectors is written as a I x 3 row matrix (a b c) and the transformation to a 
new cell expressed as (a' b' c') = (a b c)P. This means explicitly (with p j w l e m e n t s  
of P )  that a '  =p l la+~zib+p31c ,  b'  =plza+pzzb+p32c, c' =p13a+p+p23b+p?3c. In Eq. 
4.4 we write (a '  / b '  1 c ' )  = S i a  l b I c )  so that a '  = s t t a + s l z b + s t 3 c .  b '  = 
szla+szzb+sZ3c. c' = ~3~a+s3~b+s33c. It should be clear that the matrix P i s  the transpose 
of S.  With this convention G' = PtGP. The inverse transformation is written as (a b c) 
= (a' b' c')Q and likewise Q is the transpose of our matrix T. 

As there are two systems current, it is advisable, when specifying transformation 
matrices, always to specify also whether the transformation is effected by multiplying the 
column of lattice vectors by the matrix (i.e. using S), or whether it is effected by 
multiplying the matrix by a row of lattice vectors (i.e. using P). In this book, as in virtually 
all the literature up to the present time, we use the first system. 

4.8 Exercises 

1. A good way to check computer programs for crystallographic calculations is to take a 
simple cubic structure and transform to a triclinic cell. 

The transformation S = (2 i 0 / 1 3 1 / i i 1) applied to a cubic cell with a = a, will 
produce a ten-times larger unit cell with a = d5n,, b = d l l a c ,  c = d3a,, a = 
c0s-~[-d(3/11)1, @= cos-I(-11415) and y= co~-~(-l/d55). Interatomic distances, angles etc. 
in the new cell can be calculated and compared with the known values in the cubic cell. 

[The inverse matrix is T = (0.4 0.1 -0.1 i -0.2 0.2 -0.2 / 0.2 0.3 0.7).] 
Show that the coordinates of original lattice points 0,0,0 ; 0,0,1 : etc. (referred to the old 

cell) are in the new cell (there must be ten such points): 

Show that the old [I 111 and (111) become [2321 and (151) respectively in the new cell. 

2. The general and special positions of space group Cmc21 are 

As the z coordinate appears only as +z or as 1/2+z in each case the position of the origin 
on the z axis is arbitrary. 

Si2N20 has this space group: 

Plot the structure as a projection on (001). It is made up of vertex-sharing (SiJN30 
tetrahedra which should be sketched in (cf. Fig. 4.1 1). 

Calculate the Si-0 and Si-N bond lengths. What are the coordinations of N and 0 by Si? 
The high-pressure phase of B203 was reported to have space group Con21: 

B203 (HP) ConZl, n = 4.613, b =7.803 and c = 4.129 A. 
B i n  8 b,r  =O.l61,y =0.165,i=0.436 
0(1)in4a,x=0.248,~=0.5.0(2)in8b,x=O.370,y =O.Z9t,r=0.580 

By appropriate transformation of axes (and coordinates) and shift of the origin show that 
these two structures are essentially the sanle. pransform from Ccm21 first.] 

3. The structure of Ago is given in 9 3.4 (p. 77). Show that if the cell is transformed 
according to S = (112 0 -112 / 112 -1 112~1-112 -1 -112) the new cell is "almost" metrically 
cubic with a = 4.58 A, b = c = 4.84 A, a = 87.9~,  P = 92.6' and y = 87.4." The Ag 
atoms are arranged in a face-centered array if no distinction is made between the two,kinds 
of Ag atom, but the new cell is not a tme unit cell as it does not contain the same kind of Ag 
atom at every comer of the unit cell. 

For comparison note that in Ag2O (which has the Cu2O structure Exercise 3.6) Ag is 
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exactly on the points of a face-centered cubic lattice with a = 4.74 A. The change in volume 
in adding two 0 atoms to the unit cell in going from A m 0  -t A g o  is only 0.6 A]. . . -- 

~ h o ~ t h a t  in Ago, Ag(1) is bonded to two 0 atoms in a linear arrangement and that 
Aef2) is bonded to four 0 atoms in an aooroximatelv sauare olanar arranwment. (Calculate . . 
A~:O bond lengths and O-Ag-0 anglesj. i1t is helpf;l to recognize that the Ag atoms are on 
inversion centers]. 

4. The zircon (ZrSiOa) structure was given in Chapter 3, Exercise 8, and that of rutile 
('I'iOz) was given in $3.4. 

Zr is 8-coordinated in zircon. Draw the coordination polyhedron in clinographic 
projection 

Bragg, Claringbull & Taylor (Book List) state: "The structure of zircon ... was first 
wrongly interpreted ... as being similar to [that ofj  tile" and "there is no relation between 
the two structures." Plot the cation positions in rutile in a projection on (1 10) and compare 
with a projection on (100) (on the same scale) of the cation positions in zircon. Be sure to 
draw several unit cells. 

When you have finished read Hyde & Andersson (Book L~st)  p. 285-288. 

5. Data for MgU2 are: 

Show that Mg has six CI neighbors at the vertices of an octahedron. Calculate all the 
edge lengths of the octahedron. 

Transform to a hexagonal cell and plot the structure projected on (1120). The MgC16 
octahedra share edges to form layers normal to c. Outline these layers (cf. NaCl p. 119). 

6.  Here are two monoclinic structures to draw in projection down b. 
< 

@Ga203 n l m ,  a = 12.23, b = 3.04, c = 5.80 A, fl= 103.7' 
All atoms are in 4 i: C f (x.0,~) with: 

Determine the coordination of all the atoms and illustrate as cation-centered polyhedra. 
[Hints: See 9 4.6.5 for a discussion of how to draw monoclinic structures. In Ga203 one 
Ga is in octahedral coordination and the other is in tetrahedral coordination by oxygen (i.e. 
(Ga l06  and (GaJ04). In NaCuOz, Cu is in square planar (CuJOd groups and Na is in 
(Na]06 octahedra.] 

These structures are examples of an interesting phenomenon: surprisingly many 
monoclinic crystals can be described by an almost (metrically) orthorhombic cell. 
Transform the P-gallia cell by S = (2 0 1 I 0  1 0 I 0  0 1) and find the new unit cell 
parameters [you should find a' = ./ = 90' and @ = 89.98~ (= 9V within the precision of 
the unit cell parameters given)]. Your drawing should also convince you, however. that the 
srructurc ir nor orrhorhombic. If it uerc onhirhombic there would k mirmriglidc planer 
andlor 2-iuld aqc parallcl tu n snrl c. (Cdntr;l\l the silualion i n  .\lnB~. d 4.6.5) .. " 

Repeat with theappropriate S for NaCuO2. Compare your structure drawi;lg with that 
forMgCIZ (Exercise 5). You should have similar layers of {MgjC16 and [Na]06 octahedra 
sharing edges. 

7. Another monoclinic structure that is nice to plot in projection down b is that of 
LiqAlg. All atoms lie at y = 0 and y = 112. A good way to illustrate the structure is to use 
large and small circles for Li and Al and to use open and filled circles for y = 0 and y = 112. 

The P-brass structure of alloys AB has symmetry PmSm with A at 0,0,0 and B at 
1/2,1/2,112. Transform this structure by S = (4 4 1 I i 1 0 1-0.5 -0.5 312) using a = 3.25 
A for the cubic cell and plot down the new b axis using a similar convention to illustrate 
atoms. You should discover that the LiqAlg structure is closely related to that of &brass. 

8. A triclinic structure to test computer programs for transformations is that of kyanite, 
A12Si05, which has symmetry P I  with a = 7.126, b = 7.852, c = 5.572 A, a = 89.99~, 
p = 101.1 l', y= 106.03'. The unit cell volume is 293.56 A3. 

It is claimed that the sUucture is based on a cuhic packing of 0 atoms. 
Show that the transformation S = (0.4 0.1 -0.4 I 0  0.5 0 10.4 0.1 0.6) indeed gives~a 

suhcell (not a unit cell!) of 115 the volume with a' = 3.8627, b' = 3.9260, c' = 3.8744 A, 
a' = 90.02'. @ = 92.14'. = 90.03~ that is "nearly cubic." 

The inverse matrix S-1 is T = (1.5 -0.5 1 1 0  2 0 I i 0 1). 

9. Cartesian coordinates for a regular tetrahedron are 1,1,1 (-1,-1.1)~. Calculate: 
(a) the edge length 
(h) the volume 
(c) the dihedral angle 
(d) the solid angle at a vertex 
(e) the distance from a vertex to the centroid (at 0,O.O) 
(f) the angle subtended at the centroid by an edge. 

Repeat for an octahedron. Cartesian coordinates for the vertices are: (+1,0,0)~. 
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CHAPTER 5 

POLYHEDRA AND TILINGS 

Chapters 5-7 are devoted to a description of simple geometsical structures that are 
frequently important components of crystal structures. They often arise in a purely 
mathematical context and we generally consider them from this point of view, deferring 
most of the crystallographic aspects until later. We believe that "knowing" these basic 
structures is essential to understanding crystal structures and structural relationships. 

We s t m  with a description of some simple polyhedra, most of which are encountered in 
crystal chemistry. Finite polyhedra are closed figures with polygonal faces. The polygons 
are in general not regular and in fact only a very small subset of all polyhedra can be made . . . 
with regular polygonal faces. In crystal chemistry the interest in polyhedra arises mainly 
(but not entirely) because their vertices represent the positions of atoms in the coordination 
sphere of a central atom. For this reason we generally place small spheres (which appear as 
circles in the drawings) at the vertices for emphasis. We use the terms "large" and "small" - .  - 
polyhedra in a relative sense to mean those having many or few veaices respectively. 

There is a sense in which a tiling of the plane by polygons is a special case (with an 
infinite number of vertices) of a polyhedron so we consider such patterns in this chapter 
also. The vertices of such tilings often correspond to the positions of atoms in a plane of a 
crystal StrucNre. 

5.1 Polyhedra 

A number of polyhedra have been met already in Chapter 2. A more s y s t ~ l i s t i n g  of 
common convex polyhedra is now given. Convex polyhedra are those for which all 
dihedral angles (angles between faces) are less than 180' when viewed from inside. The 
discussion is by no means complete; other (coordination) polyhedra will be met 
subsequently. Some large polyhedra have attracted interest as molecular fonns of carbon 
('Tullerenes") and as the shapes of viruses; these polyhedra are discussed in Appendix 4. 

5.1.1 Regularpolyhedra 

Most important and well known are the regular polyhedra. These are polyhedra with all 
vertices related by symmetry and with all faces congruent regular polygons.' It is trivial to 
show that there are at most five of these and that all possibilities can be realized. The faces 
must have fewer than six edges, as three regular hexagons meeting at a point must all lie in 
the same plane. In fact if n regular N-gons meet at a point the angles of the polygons must 
be less than 360"ln. The possibilities are given in Table 5.1. In the table the symbol N" is 

'we restrict the discussion to convex polyhedra and thus exclude the four beautiful Kepler-Poinsot 
polyhedra which are consmcted wilh intersecting faces. 

the Schlafli symbol for the polyhedron. The regular polyhedra are also known as the 
Platonic solids. 

Table 5.1 The regular convex polyhedra 
n is the number of faces meeting at a vertex and V, E and Fvre the numbers of vertices, edges and faces. 

We have already met the tetrahedron, cube and octahedron but they are illustrated again 
in Fig. 5.1. In the figure a cube is shown on the left. Next an octahedron is shown 
inscribed in a cube; the vertices of the octahedron center the faces of the cube. A second 
polyhedron obtained by centering the faces of a polyhedron Is said to be the dual of the fin1 
so the octahedron is the dual of the cube. It should be apparent that the polyhedron with 
vertices centering the faces of the octahedron is a cube (now smaller) so the cube (43) and 
octahedron (34) are the duals of each other. In general pq is the dual of qp. The right half of 
Fig. 5.1 shows a tetrahedron inscribed in a cube in two different ways. It should be 
apparent that the dual of the tetrahedron on the left is a (smaller) tetrahedron with the same 
orientation as the one on the right so that the tetrahedron (33) is selfdual. 

Fig. 5.1. Fom lefl to right: a cube, an octahedron and tcrrahedra in  two different orientations. Broken 
lines are edges obscured by the f m n t  faces, and dotted Iines outline a cube. 

faces 

triangles 
triangles 
triangles 
squares 

pentagons 

The relationship to a cube allows an easy determination of some useful metrical 
nrouerties of the octahedron and tetrahedron. Recall first that for a cube of unit edge. the 

n 

3 
4 
5 
3 
3 

name 

tetrahedron 
octahedron 
icosahedron 

cube 
dodecahedron 

iength of a face diagonal is d2 and the length of a body diagonal is d3. The reader should 
verify that for a tetrahedron of unit edge, the distance from the center to a vertex is d(318). 
The distance from a vertex to the center is 314 of the distance from a vertex to the center of 
[he uppustv hce. \u the pvrpendlcul~r dist*n~.e f r ~ m  a venet lo 11s oppus~rc idcc ( l l x  
"hc.irh1"oi thc tstrattcJron, i, \ 1 2  3. =0.8165. Thi5 la>r rcrulr ir ~urtiiicnrl\ ustiul r l~s t  i l  

symbol 

33 
34 
35 
43 
53 

. . .  
(including the numerical value) is worth committing to memory. The volume of a 

.- ~- - - - .- -- 

V E F 

4 6 4 
6 12 8 
12 30 20 
8 12 6 
20 30 12 

symmetry 

z3m - 
m e  
,7235 
mTm 
m75 
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tetrahedron of unit edge is ll(642). 
For an octahedron of unit edge, the distance from the center to a vertex is 1/42, and the 

distance between opposite vertices is twice that, i.e. 32. Less obvious is that the 
perpendicular distance between opposite faces is the same as the height of a tetrahedron 
with unit edge which, we repeat, is d(213) = 0.8165. The octahedron volume is 4213, four 
times that of a tetrahedron with the same (unit) edge length. 

The angle between the faces of a tetrahedron (the dihedral angle) is corl(lL3) = 70.53' 
and that between adjacent faces of an octahedron is the supplementary angle cos-l(-1/3) = . . ~ ~ 

109.47'. Oppus~le fazes of an octahedron xv pnrallel. 
An icosahedron and a dorlec~hcdron are illusrr~ied in Fig 5.2. Both h ~ v e  thc sante - 

symmetty: m?? = I,,. We already remarked that m5 is a cubic subgroup of m55 and 
illustrated that point using the icosahedron in Fig. 2.25. In the illustration of the 
dodecahedron, eight of the twenty vertices are shown as tilled circles-these lie on the 
vertices of a cube. Of course all the vertices are equivalent, and four other sets of eight 
vertices forming a cube could have been picked out. Note an important distinction. The 
operations of m5 relate all the vertices of an icosahedron to eacd other, hut only sets of 
eight of the twenty vertices of the dodecahedron are so related. This is is because the 
vertices of the icosahedron are on 5-fold axes, but in the dodecahedron the 5-fold axes run 
thmueh the centers of  airs of woasite faces and vertices on a riven face are related by a 5- 
fold &is which does not exist ink?. In the dodecahedron the iertices are on 5 axes. . 

Fig. 5.2. An ieosnhedmn, 35 (left), and a dodecahedron, 53 (right). Broken lines are edges obscured by the 
front faces. 

Figure 5.2 should also make it apparent that the icosahedron (35) is the dual of the 
dodecahedron (53). Likewise the dual of the icosahedron is a (smaller) dodecahedron. For 
an icosahedron of unit edge, the distance from the center to a vertex is 51'44[(1 + 45)/81= 
0.9511: i.e. sliehtly less than the edge length. 

A note on tLnology: The tern-"tetrahedron" refers to any polyhedron with four faces 
(which are trianeles but not necessarilv equilateral ones). Sometimes the term is used to - . . 
refer specifically to a regular tetrahedron; this is particularly the case in such usage as 
"tetrahedral symmetry" which usually refers to the point group 43m ( T d )  which is the 

symmetry of a regular tetrahedron, but strictly refers also to 23 (1) and m3 (Th).' 
Similarly, the term "octahedron" sUictly refers to any solid with eight faces, of which 

there are 257 (!) distinct examples, but it is often used only for the polyhedron with all 
triangular faces2 "Octahedral symmetry" likewise usually refers to m3m (Oh) which is the 
symmetry of a regular octahedron, but strictly should refer also to 432 (0) .  We will 
sometimes use terms such as "distorted octahedron" when we wish to emphasize the 
departure from regularity of the polyhedron with all triangular faces (34). 

For many chemists the tern dodecahedron refers, not to the regular dodecahedron, but 
to a polyhedron with twelve triangular faces (for which we prefer the term 
"bisdisphenoid").3 The dodecahedron with twelve rhombic faces appears conspicuously 
later (we call it the rhombic dodecahedron). A regular dodecahedron is often called the 
pentagonal dodecahedron to distinguish it from the millions of other dodecahedra. 

5.1.2 combinations of octahedra and tetrahedra 

Capping two opposite f a c s  of a regular octahedron with two tetrahedra with equal edge 
lengths will produce a rhombohedron as shown in Fig. 5.3. The angles of the faces are 60' 
and 12V and three angles of 60' meet at two of the vertices. We note that a rhombohedron 
has >)mniet~y 5t1t utd ihat [he Ittu oppusilc !cn~ccs where three cqud angle, n meet 3lr on - 
thu 3 axis  fi u < 90' the rhon~huhedron tr i;illerl ocrrrr for nrul~~rer.  and i f  a > '10' the ~. ~ ~~ 

rhombohedron is termed obtuse (or oblate). If a = 90' the rhombohedron is a cube of 
course. The rhombohedron with a= 60' will he met many times; it is the primitive cell of 
the face-centered cubic lattice. 

Fig. 5.3. Left: a 60' rhombohedron produccd by capping two opporire facer of  an octahedron with 
tetrahedra (compare with Fig. 5.1). Middle: a stella actangula produced by capping ail the faces of an 
octahedron with tolrahedra-fitledcirclcs are the octahedron venicer. Right: a slella quadrangulv oblained by 
capping all the faces of a teuahedron-tilled circles arc the vertices of the central tetrahedron. 

'please note that Td refers to a symmetry gmup and is nor shorthand for the word "tetrahedral". Thus an 
atom ar a site with T,j symmetry may, or may not, be four-cwrdinatd, and convemely an atom with four 
neighbors atthe venices of a tetrahedron may. or may not, be at a site of Td ryrnmefq. 

'some readers will be familiar with "Dlirer's octahedron" which is a conspicuous feature of the 
celebrated engraving Meleneolia f(1514). This polyhedron i s  an acute rhombohedron with the two acute 
vertices Vuncated and har two Viangular faces and sir pentagonal ones. Truncated tevahedra and hexagonal 
prisms, discussed below, am other familiar examples of octahedra in this general sense. 

3~nother  polyhedron with twelve triangular faces is the hexagonal bipyramid (see B 5.1.5). 
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Similarly capping all the faces of an octahedron with tetrahedra will produce the 
polyhedron known as a stella octangula shown in the middle of Fig. 5.3.' As the shading 
in the figure suggests, the stella octangula can also be considered as two interpenetrating 
larger tel.ahedra.- 

Also shown in Fie. 5.3 is the ~olvhedron obtained bv cauuing the four faces of a - . . . .. - 
tetrahedron with tetrahedra. By analogy it is called a stella quadrangula; it is of some 
interest in crystal chemistry.2 See 5 5.2.4 and 5 5.6.8 for some examples of its occurrence. 

Other combinations of tetrahedra and/or octahedra will be met subsequently (8 5.2). Of 
great importance in crystal chemistry is the fact that regular octahedra and tetrahedra with 
equal edges and in the number ratio of 1:2 can be packed together to fill space; this is a 
topic covered in Chapter 6 

5.1.3 Archimedsaan polyhedra 

Table 5.2. The Archimedean polyhedra other than prisms and antiprisms. 
V, E and F are the numbers dvenieos, faces and edges. The numbrn N in the SchlZifli symbol represent in 

cyclic order be polygons (N-gons) meeting at a vertex. 

Polyhedra with equivalent (i.e. symmetry-related) vertices but with more than one kind 
of regular polygonal face are referred to as semi-regular or Archimedean. These consist of 
the infinite families of regular prisms and antiprisms together with thirteen others. Prisms 
and antiprisms are discussed in the next section; the remaining polyhedra, all of which have 
either cubic or icosahedral symmetry, are listed in Table 5.2, together with the number of 
vertices (V), edges (E) and faces (F). These quantities are related by the Euler condition for 

christened by the great geometer, astronomer and mystic, Johannes Kepler (1571-1630). 
2 ~ c e  Hyde & Anderssan (Bwk List) p. 342. 

Schl2fli symbol 

3.62 
3.4.3.4 

4.62 
3.82 
3.43 
34.4 

3.5.3.5 
4.6.8 
3.102 
5.62 

3.4.5.4 
34.5 

4.6.10 

finite polyhedra V - E  + F = 2. Of the polyhedra in the table, the cubic ones are the most 
important in crystal chemistry, hut some of the others are also met. Some are conveniently 
derived by cutting off (truncating) vertices of simpler polyhedra in a symmetrical way and 
hence their names. 

The rhombicuboctahedron (3.43) is sometimes called the small rhombicuboctahedron 
and the truncated cuboctahedron (4.6.8) is sometimes called the g r e a t  
rhombicuboctahedron. We find it easier to remember, and to recall mentally, these 
polyhedra from their Schlatli symbols rather than from theu often cumbersome names.1 

The cuboctahedron (3.4.3.4) was introduced in Fig. 2.25 (p. 54) where we saw that it 
was simply related to the regular icosahedron. It is illustrated again in Fig. 5.4 together 
with its dual, the rhombic dodecahedron, which we will describe in 5 5.1.5 below. The 
cuboctahedron and its relative the '?twinned cuboctahedron" are discussed fulther when we 
consider sphere packings in Chapter 6. An important property of the cuboctahedron is that 
distance from the center to a vertex is equal to the edge length. It is also an example of a 
quasiregular polyhedron, which is one in which all edges and vertices (but not faces) are 
equivalent. (3.5.3.5 is the other quasiregular polyhedron.) As the edges are all equivalent, 
there is only one dihedral angle which is ~os -~( - lh i3 )  = 126.26.. 

V E F 

12 18 8 
12 24 14 
24 36 14 
24 36 14 
24 48 26 
24 60 38 
30 60 32 
48 72 26 
60 90 32 
60 90 32 
60 120 62 
60 150 92 
120 180 62 

name 

tmncated tetrahedron 
cuboctahedron 

truncated octahedron 
truncated cube 

rhombicuboctahedron 
snub cube 

icosidodecahedron 
truncated cuboctahedron 
truncated dodecahedron 
truncated icosahedron 

rhombicosidodecahedron 
snub dodecahedron 

truncated icosidodecahedron 

Fig. 5.4. Right: a cuboctahedron (3.4.3.4). Left: a rhombic dodecahedron, the dual of the cuboctahedron. 
Broken lines are edges obscured by the fmnt faces. 

symmetry 

- 
43m 
mTm 
mTm 
mTm 
mTm 
432 

mT3 
rn35 
m% 
235 

mT3 

The remaining cubic Archimedean polyhedra are illustrated in Fig. 5.5. Thev are 

. . 
particularly in structures of intermetalliccompounds (see 5 5.2.5). The reader with 
polyhedra at hand may like to verify that four regular octahedra and seven reeular tetrahedra ~. - 
,311 with cqud vdgc lenplh, :a hs c.~mh~ncJ In mak; 3 tnlnc3tc.d lctr;dtsdr$on 

The %nub cuh: 13~ .4 ,  ac:urt in left and rtzht-h.inclcJ iortn;: I:t: 2.26 tr. 54. tllustr3tci - . . 
bulb 2nd Ihcir re.~tlon,h~p tu the rt~~imb~subxh.alxdron ( 5  43,. 

Tmnc~teJ  ouuhe.1r.t .I b-', hl \c  the intercjt~ng prnykny ihdt tl~cy :An he pa:krJ lugether 

'.\ r<m,nJ:: ~ c : u  [he ~ l ~ n l h c r ,  \ .#l 10. Sil#i.~% ,!nlhol rel,r<rc!u 81, :!.:#: r ~ c r  !he p,,t)pun\ \ '-g~,r.  
mccl8n: a x 5c:nsr icl~t.rl8 \/mi, ,Is ire ndr l  -,r.iut fur pol!n:Jz, s ~ t t t  J,I .,sc h8nJ or .r.nck ~ n k  uc JJ 
ir,c u-e il#..nl 5, pl! hc,m 311ri~ .. nc rtlornn8: .lulc,tc tr.,c Ft: 3 1 u8lcl l n o  ttiler:nl kwl ,  JI Y L ~ ~ Y  

(3) 2nd I', 



to fill space as discussed in Chapter 7. In such an array the centers of the polyhedra fall on 
a body-centered cubic lattice and the surface of a polyhedron encloses all points in space 
closer to the lattice point at its center than to any other lattice point, so it is the Voronoi 
polyhedron associated with the lattice point. In a terminology used by physicists, it is the 
Wigner-Seitz cell of the body-centered cubic lattice. The dihedral angles are cos-'(-113) = 
109.47' between square and hexagonal faces and cos-I(-1/43) = 125.2C between 
hexagonal faces. 
W; meet the truncated cuboctahedron (4.6.8) later also in connection with polyhedron 

~ackines  and in zeolite structures. It is the lareest ~olvhedron with eouivalent vertices and - - . .  
cubic symmetry (the number of vertices is 48-qua1 to the order of gruup d m ) .  

Fig. 5.5. Six of the cubic Archimedean polyhedra. Top left: rhombicuboctahedron (3.43). Top middle: 
snub cube (34.4). Top right: wncatcd octahedron (4.62). Bottom left: truncated tetrahedron (3.62). Bottom 
middle: truncated cube (3.a2). Bottom tight: truncated cuboctahedron (4.6.8). In each polyhedron faces 
related by symmetry have the same depth of shading. Far 3.62 (only) edgcs obscured by the front faces are 
shown as broken lines. 

The six beautiful icosahedral Archimedean polyhedra are illustrated in Fig. 5.6. It will be 
found that models of them are useful aids to appreciating icosahedral symmetry. Most 
familiar will be the truncated icosahedron (5.62) which represents the structure of Cm:' it 
may also be familiar as the structure of a soccer ball (balls based on 3.5.3.5 are also 
sometimes seen). It should be apparent that 34.5 is related to 3.4.5.4 in the same way as 
34.4 is related to 3.43. Note that 34.5 with symmetry 235 (= l) is enantiomoqhic. 

' ~ o t e  that there two distinct edges in the wncated icosahedron: one (66) that is common to hexagons 
and a second (65) common to a hexagon and a pentagon. In C60 the 66 band is significantly shorter than 
the65 bond. The symmetry remains icosahedral afcaune. 
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Fig. 5.6. The icosahedral Archimedean polyhedra. Top left: wncated dodecahedron (3.10~). Top middle: 
rhombicoridodeclhedron (3.4.5.4) Top right: snub dodecahedron (3?5). Bottom left: icosidodecahedron 
(3.5.3.5). Bottom middle: truncated icosahedron (5.62). Bottom right truncated icosidodecahedron (4.6.10). 
In eachpolyhedron, faces related by symmetry have thesamedepth of shading. 

5.1.4 Prisms, antiprisms and capped prisms 

The remaining semiregular solids are prisms and antiprisrns. The semiregular prisms are 
right prisms with two faces that are N-gons and N square faces (symbol 42.N). The 
triangular (or trigona2) prism should be familiar. It has Schlafli symbol 3.42. Note that the 
triangular prisms encountered as coordination figures in solids usually have rectangular 
faces that are not square (see the Note B 5.6.2 at the end of this chapter). A cube is a square 
prism. The term "prism" is almost invariably used by crystal chemists to mean "right 
prism" (i.e. that all the quadrangular faces are rectangles). 

Fig. 5.7. From left to right: a square antipiism (33.4j, a pentagonal antiprism (33.5) and a hexagonal 
antiprism (33.6). Edges obscured by the front faces are shown as bmken lines. 

Antiprisms conclude the enumeration of the semiregular solids. They have two N-gon 
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faces and 2N triangular ones (symbol 3 3 . ~ ) .  The regular octahedron is a triangular 
antiprism. The square antiprism (33.4), pentagonal antiprism (33.5) and hexagonal 
antiprism (33.6) are illustrated in Fig. 5.7. Note that they have non-crystallographic 
symmetries (see 5 2.5.6, p_. 52). The s y m m e q  of a square antiprism is Sm2 = D4d. that of 
a pentagonal antiprism is 521m (short symbol 5m) = Dsd and that of a hexagonal antiprism 
is E m 2  = D6d. 

Sometimes coordination figures (particularly for 6- or &coordination) are encountered 
that are intermediate between prisms and antiprisms. We refer to such solids as 
metaprisms. Fig. 5.8 illustrates the case of 6-coordination. Square metaprisms are also 
common coordination figures. The symmetry of metaprisms with ?&vertices is N2 f01N 
odd and N22 for N even. 

Fig. 5.8. Left: a trigonal antiprism (~ymmetry ?m) with h e  bottom face the same as the top one but 
rotated by 60.. Middle: a trigonal meraprism (symmetry 32) with bottom face the same as the lop one but 
rotated by 30'. Right a vigonal prism (symmeny 6 4 .  

The process of adding an extra vertex outside a polyhedron is usually known as 
capping. Examples of particular interest in chemistry are coordination figures obtained by 
capping the rectangular faces of trigonal prisms. According to whether there are one, two 
or three such extra vertices, the polyhedra are referred to as monocapped, hicapped or 
tricapped trigonal prisms respedveIy. A tricapped trigonal prism is illusuated in Fig. 5.9 in 
two ways; fvst as the full polyhedron and secondly with the "capping" b e e s  treated 
separately, as is often done for clarity in crystal sUuchlre drawings. As already remarke5 
the rectangular faces are generally not square, but elongated along the direction of the 6 
axis. The symmetry is 6m2. 

Fig. 5.9. Two illustrations of a uicvpped t~i:onul prism with all dismccs from the vertices to the center 
equal and with dl edges not parallel to the 6 sxis equal. 

Capping the two pentagonal faces of a pentagonal antiprism results in an icosahedron. 

5.1.5 Catalan polyhedra: the rhombic dodecahedron, bipyramids and pyramids 

The Catalan solids (named after the Belgian mathematician) are the duals of the 
Archimedean polyhedra. The Archimedean polyhedra have all vertices equivalent, so the 
Catalan polyhedra have all faces equivalent. The Archimedean polyhedra are generally of 
interest as symmetrical coordination polyhedra, whereas the Catalan polyhedra are more 
relevant to the external shapes of symmetrical crystals. As our interest is mainly in the 
internal structure of crystals we only mention here some Catalan polyhedra of special 
interest.' 

The most interesting to us is the dual of the cuboctahedron. This is the rhombic 
dodecahedron (Fig. 5.4, p. 137) which has twelve faces that are rhombuses with 
alternating angles of cos-'(-113) = 109.47 and c0s-~(1/3) = 70.53'. The cuboctahedron has 
14 faces and 12 vertices whereas the rhombic dodecahedron has 12 faces and 14 vertices. 
Both polyhedra have 24 edges that are all equivalent in each case. The dihedral angles of 
the rhombic dodecahedron are thus all the same (and equal to 1207, and it is another a 
space-filling polyhedron. When packed together to fill space, the polyhedron centers fall on 
the points of a face-centered cubic lattice. It is the Voronoi polyhedron (Wigner-Seitz cell) 
of the face-centered cubic lattice. 

The duals of the right prisms are the bipyramids. A cube is a special case of a square 
prism and an octahedron is a square bipyramid. A pyramid is of course half of a bipyramid. 
Pyramids are self dual (a tetrahedron is a triangular pyramid). The two distinct polyhedra 
with five vertices are the trigonal bipyramid and the square pyramid; Fig. 5.10. 

Fig. 5.10. The two polyhedm with five vertices. Left: a square pyramid. Right: a triangular bipyramid. 

5.1.6 Deltahedra and the bisdisphenoid 

Another class of polyhedra that we consider in this chapter is that of deltahedra. These 
are convex polyhedra in which all faces are equilateral triangles. Some have been met 
before. The maximum number of triangles meeting at a vertex is five and the minimum is 
three. The minimum number of vertices is four (in the regular tetrahedron) and the 
maximum number is twelve (in the icosahedron). In Table 5.3, V3, V4 and Vs are the 
numbers of vertices at which 3.4 or 5 triangles meet. 

l ~ h e  Catalan polyhedra are described in detail by Cundy & Rollett (Book List). A good account in the 
content ofcrystal shapes is given by I. Y. Smith (Book List). 



142 Chapter5 

Table 5.3. The eight convex deltahedra 

The rc~der  5hould ohserve the rcgulx~ty o i  the numbsrc o i  venices. edges and fasci. 
m d  tr invtred to oroyc the tm~os>~biliry oi [he Jeluhedron w~th  eleven Faces (not an entirely 
trivial task). The polyhedron w ~ t h  ten vertices is obtained by capping each of the two 
square faces of a square antiprism with a square pyramid. 

The boron atom skeletons of the closo borane anions B,Hn2- are close to ideal deltahedra 
for 6 > n > 12, except for n = 1 I: however BI  lH1 12- does exist, as a polyhedron with 
irregular triangular faces in which Vq = 2, V5 = 8, and Vg = 1. The isoelectronic carhoranes 
B.-2C2Hn are isostruch~ral. 

The bisdisohenoid is an interesting polyhedron with symmetry z2m that is illustrated in 

name 

tetrahedron 
higonal bipyramid 

octahedron 
pentagonal bipyramid 

bisdisphenoid 
tricapped higonal prism 

bicapped square antiprism 
impossible!l 
icosahedron 

.. . 
Fts. j I I  W; w~ll  use this tcnn for dodecahc.ira I =  I? faces!) will1 this ,yrlunetry e\,en 
when ihe face, vc n,>t eyrulrlarol mangler. It ir a rither (omnlon 8-coodinat~on figure. 

faces edges 

4 6 
6 9 
8 12 
10 15 
12 18 
14 21 
16 24 

181 27? 
20 30 

vertices 

4 
5 
6 
7 
8 
9 
10 

[ I I ?  
12 

- 
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V3 Vq V5 

4 0 0 
2 3 0  
0 6 0  
0 5 2 
0 4 4 .  
0 3 6  
0 2 8  
0 I? lo?  
o 0 12 

tetrahedra, one "elongated" and one "squashed" as indicated in Fig. 5.11. It should be 
apparent that the distance from the vertices of the squashed tetrahedron to the center is less 
than the distance from the vertices of the elongated tetrahedron to the center. In the 
b~\disphvn%~id\ uccurrlng ti1 cly\tal >lruculrec, thc rl~rrmces irom the verc1:ss to the :enter 
m oitcn ,approxinldv~yl cqud; the ii:s An no longer he euullaard trimcle~ In thk wse. - - ~~ ~~ 

If we remove the restriction to convex polyhedra, there are many other possibilities for 
deltahedra: one of them is the polyhedron constmcted from two inter-penetrating icosahedra 
(shown in Fig. 5.12) which has six triangles meeting at some of the vertices. 

Fig. 5.12. Frank-Kasper and related polyhedra. On the left is shown on the top a truncated tetrahedron and 
on the bottom the Frivuf polyhedron (V6 = 4) obtained by capping the hexagonal facer of the truncated 
tevahedmn. In the middle on top is shown the IS vertex polyhedron (V6 = 3) and underneath it is the I4 
vertex polyhedron iV6 = 2) obtained by capping the hexagonal faces of a hexagonal antipnsm. In theso four 
bwings, 6soordinated vertices are shown as 6lledcircIes and equilateral triangles are dmker shaded. On !he 
nght are shown top: intergrown icosahedra (capped pentagonal untiprisms) and bottom: intergrown capped 
hexaeanal antiorisrns. 

5.1.7 Frank-Kasper polyhedra and intergrown polyhedra 

If the restriction to equilateral triangles is lifted, there is an infinite number of polyhedra 
with triangular faces.These are often referred to as simplicia1 polyhedra. Of special 
interest are those in which either five or six triangles meet at a vertex. Let the number of 
such vertices be Vs and Vg. It is easy to show that Vs = 12 in every case. "Geodesic" 
domes are parts of such polyhedra. Their duals have faces that are either hexaeons or ~ - - -  ~ ~~ 

pig 5.11. ~ ~ f , :  A hisdisphenoid. ~h~ 4 anis is vertical and the faces are equilateral triangles. In the center pentagons, and three meecat every vertex; for these latter polyhedra there must be exactly 
and the right the two sets of four vertices on "elongated" and "squashed" tevahedra are indicated. twelve pentagonal faces-see Exercise 6 and Appendix 4. 

The Frank-Kasper polyhedra (Fig. 5.12) are the four simplest simplicia1 polyhedra with 
~h~ tern sphenoid (which comes from the Greek word for a wedge) refers to a figure Vs = 12; they are found as coordination iigures in dense intermetallic structures. V,j = 0 

with inclined planes meeting at an edge. A tetrahedron can be decomposed into two pairs of corresponds to the icosahedron (12 vertices). As a periodic structure cannot have 5-fold 
such sphenoids and is sometimes called a disphenoid. The origin of the term symmetry axes, icosahedra in crystal stmctures will not be strictly regular, but they often 
bisdisphenoid came from the fact that a bisdisphenoid can be decomposed into two come surprisingly close. The next case, V6 = 1 cannot be realized. The next three 



possibilities, V6 = 2, 3, and 4, can be realized and have 14, 15, and 16 vertices 
respectively. They are the only possibilities not having contiguous 6-coordinated vertices. 
The edges meeting at a 6-coordinated vertex must be longer than the other edges if the 
polyhedron is to be convex. 

The polyhedron with 14 vertices is made from a hexagonal antiprism by capping the 
hexagonal faces. The ~olvhedron with 16 vertices is similarlv derived from a truncated . . 
tetrzedron (3.62) and is often called a Friauf polyhedron (it is a conspicuous feature of the 
structures of the intermetallic phases known as Feauf-Laves phases-see 5 6.6.3). The 
polyhedron with 15 vertices (see Fig. 5.12) has 6m2 symmetry (the same as that of a 
trigonal prism) and is sometimes called the pphase polyhedron (after the structure in 
which it was first identified). The 16-, 1 5 ,  and ICcoordinated polyhedra are sometimes 
symbolized P, Q, and R respectively. 

"Ionic" crystal structures are typified by the fact that generally the coordination of cations 
is entirely by anions and vice versa. These structures can be described in t e m s  of 
catenated (vertex-, edge-, or face-sharing) coordination polyhedra. It may he recalled, for 
example, that we described the quartz structure in terms of corner-sharing (S i )04  
polyhedra in 5 3.6. These structures are characterized by generally low coordination 
numbers (average for all atoms < 8). 

On the other hand. in intemelallic structures, coordination numbers are generally higher - . - 
(2 12) and usually include coordination of like atoms by like. If they are to be described in 
terms of coordination nolvhedra such as the oolvhedra of this section. it will be found that . . . . 
the polyhedra must interpenetrate each other. Fig. 5.12 illustrates intergrowths of two 
icosahedra and also of two bicapped hexagonal antiprisms. The vertices in the i n t e r i o h  
the intergrowths are (approximately) at the centers of icosahedra and hicapped hexagonal 
antiprisms respectively, and thus serve as both the center of one polyhedron and as the 
vertex of another. In intemetallic crystal structures there is a continuous intergrowth 
(rather than just the pairs discussed here) which makes such structures particularly difficult 
to illustrate satisfactorily. In MgCuz ,  for example (5 6.6.3). there are intergrown 
( M g l C u l ~ M g 4  Friauf polyhedra which produce, mirabile dictu, for the C u  coordina- 
tion ( Cu)Mg6Cug icosahedra. 

Simplicia1 polyhedra can be considered as made up of (irregular) tetrahedra with one 
vertex at the center and the other three on a face of the polyhedron. In this way, the 
icosahedron can be decomposed into 20 tetrahedra and the Friauf polyhedron similarly 
decomposed into 28 tetrahedra. Structures which can be described as a packing of irregular 
tetrahedra are often described as "topologically close-packed." 

5.1.8 Relationships between polyhedra with eight vertices 

We mentioned earlier the fact that there are 257 topologically distinct octahedra. Their 
duals will be the 257 distinct ~olvhedra with eight vertices.' Some other symmetrical . . - 
arrangements that we have met and that often occur in crystal (and molecular) structures are 

'A ~omplete  catalog of polyhedra with L 8 vertices is given by D .  Britton &I. D.  Dunitz. Acro 
CryslaNogr. A29, 362 (1973). 

Polyhedra and Tilings 145 

the cube, square antiprism, bicapped trigonal prism and hexagonal bipyramid. Often in 
polyhedra representing coordination of a central atom, the distances from the vertex atoms 
to the central atom are approximately equal, so the vertices are approximately on the surface 
of a sphere. As the number of vertices increases, conversion from one polyhedron to 
another will generally involve smaller displacements of vertices. Because 8-coordination is 
rather common, and the possibilities large, the relationships between the possible 
coordination polyhedra have been the subject of some discussion.l We describe some 
important cases briefly here. 

The relationship between a cube (square prism) and square antiprism should be obvious. 
The intermediate case, a square metaprism, with point symmetry 422, is commonly 
encountered in crystals. 

The relationship between a cube and hexagonal bipyramid is also very simple. Fig. 
5.13 shows a cube viewed down a body diagonal. The six vertices not on the diagonal 
project as a hexagon; they are in fact on a skew hexagon with 90" angles. Converting these 
angles to 1 2 0 ~  will produce a planar hexagon and the vertices will correspond to a 
hexagonal bipyramid. The "waist" edges of the hexagonal bipyramids must be shorter than 
the other edges: if the edges were all equal, the polyhedron would collapse to a two- 
dimensional figure. The (Y)Os coordination in the structure of YzTiz07 is an example of 
coordination intermediate between a hexagonal bipyramid and a cube. 

Fig. 5.13. The relationship between a cube and a hexagonal bipyramid. 

Less obvious are the relationships between a square antiprism, a bisdisphenoid and a 
bicapped trigonal prism, hut in fact these three polyhedra are very closely related as shown 
in Fig. 5.14. Converting the two square faces of the antiprism to pairs of triangles 
produces the topology of the bisdisphenoid and only small displacements of the vertices are 
necessary to produce x2m symmetry. Note that the axis of the bisdisphenoid is parallel to 
one of the 2-fold axes of the antiprism. Similarly, convertine iust one of the faces of the -" 
square antiprism to a pair of triangles converts it into a bicapped trigonal prism. 

The conversion directly from a cube to a bisdis~henoid is also imDortant and should be 
obvious when it is recalled that the vertices of a cube are the same as the convex vertices of 
a stella quadrangula (Fig. 5.3) which can be considered as two interpenetrating regular 
tetrahedra. Converting one of these tetrahedra into a squashed tetrahedron and the other into 

lSee especially D. L. Kepen, Inorganic Slereochemisr~ [Sprinper-Verlag. Berlin (1982)l 



an elongated one will produce a bisdisphenoid (compare with Fig. 5.1 1). 

FIg._J.I1 'Tdp ihs rcl .l~onahlp bcturcn 2 rqurr.: mtlpilrm 1Icit1 .snJ 3 h8\J~,plunod inyhr h,,lc th.\, 
the J ~ l i l ,  of tlr hldi,phr.notd 1s h iri,ant.tI Rbllom. the rcIau.mship hcrscin 3 rq~arc  mtlpn.m Icfrl ,nd 
a hlcilpp4 Irlgond pnlm cnghl~ .  

It should be emphasized that, in the context of crystal or molecular structures, the use of 
polyhedra to describe the positions of atoms is purely for convenience. In a crystal them are 
only atoms and (less surely) bonds. On the other hand, the salient features of a polyhedron 
to the eye are its faces (hence the termpolyhedron) which are really of little importance in 
the crystal structure. 

In particular, to illustrate structural relationships, it is often fruitful to chose one or 
another polyhedron to describe a particular structure element, and even to describe the same 
coordination in more than one way. In the garnet structure, Ca is eight coordinated by 0 
and has a site symmetry 222. This symmetry is a subgroup of that of a cube (mSm), a 
square metaprism (4221, a bisdisphenoid (42m) and a bicapped trigonal prism (mm2). It is 
not surprising therefore, that different authors describe the coordination figure differently 
[as e.g. a "twisted cube," "distorted square antiprism," or "distorted dodecahedron" 
(meaning bisdisphenoid)]. 

5.1.9 Tammes'problem and coordinarionpolyhedra 

In his study of pollen grains (which are approximately spherical), the biologist P. M. L. 
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Tammes concluded that the orifices on their surfaces are arranged so that there is a 
maximum nnmber, subject to the constraint that the distance between them is not less than 
some minimum amount. It might be supposed that similar considerations also apply to 
packing coordinating atoms around a central atom. The mathematical expression of 
Tammes' problem is to find the arrangement of points on the surface of a sphere so  that the 
shortest distance between pairs of points is as large as possible. Solutions of Tammes' 
problem, particularly its generalization to arrangements of points in space, are here referred 
to as euractic arrangements.' 

The general problem is difficult and most results have been obtained numeri~ally.~ For 
four ooints the solution is provided by the vertices of a regular tetrahedron, and for six 
polnts by the vertices of a regular octahedron. 

The solution for five points is provided both by the vertices of a trigonal bipyramid and 
by the vertices of a square pyramid with all edges equal (i.e. half a regular octahedron). 
Note that in this case the shortest distance is d2r. where r is the radius of the sphere; the . . ~~ ~~~~~ 

same result is obtained for an octahedron, so there might as well be six points on the 
surface of the sphere rather than five.3 It is noteworthy that 4- and 6-coordination are much 
more commonly found than 5-coordination of cations in crystals. When 5-coordination is 
found, the square pyramid and tcigonal bipyramid occur with comparable f ~ u e n c i e s . ~  

For eieht uoints the solution to Tammes' problem is provided by the vertices of an - .  
Archimedean square antiprism (not, as is occasionally claimed, a cube). For nine points 
the figure obtained is that of a tricauued trigonal urism. We may note also that for twelve - . . - .  
points the solution to Tammes' problem is provided by the vertices of a regular icosahedron 
and for 24 points by the vertices of a snub cube (34.4). See also the Notes ( 5  5.6.2) for a 
discussion of related problems. 

F 5 1 10 Polyhedra with divalent verrice~ 

In the polyhedra considered so far at least three edges meet at a vertex and each pair of 
contiguous edges (an angle) is part of only one face. However for some purposes it is 
convenient to generalize the concept of polyhedra to include those in which only two edges 

l ~ m r n  the Greek for "well-armneed". We thouehl that we had invented rho word, or rather that it was .~.... ~ ~~~~~ 

coined for us by Marie Hyde who knows about such things, but subsequently we found chat it had been used 
earlier by SchlaVi in a mathemaiicai cootext [see H. S. M. Coxeter Regular Polytopes. 3rd Edition. Dover, 
New York (1973) p. 2511 and it is in the Oxford English Dicnionov. As the term has now gained some 
currency in the sense we use it, it is retained. 

2 ~ e c c n t  papers with extensive results are B. W. Clare & D. L. Kepen, Proc Roy. Soc. (London) 
A405, 329 (1986): D. A. Konwilz, Acro Crysioliogr A47, 158 (1991). 

3 ~ h e  distances between vertices expressed as multiple of r are: for the trigonal bipyramid. 4 2  (6X) 43 
( 3 4  and 2: for the square pyramid, 42  (8x) and 2 (Zx) and for the octahedron 42 (12x) and 2 (3x1. 

4~o l ecu lar  chemists are used to considering non-bonding valence electrons as well as ligands when 
discussin.. coordination figures. Compare PFs (trigonal bipyramid, no non-bonding valence electrons) with 
CIF? (souare evramid with the non-bonding electron pair completing an octahedron around CI). In .. 
crystalline PbO Pb has 4 0 atoms in a square on one ride of p b  with a lone pair completing a square 
pyramid. 
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meet at some vertices and the angles containing such vertices are part of two faces. We note 
two polnts about such polyhedra: (a) some of the faces are of necessity non-planar if angles 
of 180' are excluded, and (b) the number of vertices, edges and faces are still related by 
V -  E + F = 2. We just give some simple examples here. 

Polyhedra with divalent vertices can be derived in a formal way by inserting vertices in 
edges of conventional polyhedra. In Fig. 5.15 we show how polyhedra with six and eight 
vertices are derived in this way from a tetrahedron. The new polyhedra are fac~ally-regular . - 
d ~ d ,  a, thcrs arc foor ircs.;, t l ~ s y  arc :tlio ictrahcdra The Iirtt the lei[ tn Fig 5 IS, is 
cna)unrsrtJ a, a building unit in the tlbruu, zrolilc, r Z  7.J.7,: as i l  h.15 four 4.curncrsd 
faces we call it a tetragonal tetrahedron. The second polyhedron (on the right in Fig. 5.15) 
has four 5-cornered faces so we call it a pentagonal tetrahedron. It occurs in the molecule 
AsqSq (realgar) with 3-coordtnated As (1  AsJAsSz) and 2-coordinated S ({S}As2). 

Fig. 5.15. On the left are two drawings of a tetragonal tetrahedron and on the right two drawings of a 
pentagonal tetrahedron. In each case the righ-hand member of the pair shows only the polyhedron edges. 
Vertices shown us open circles are divalent. 

The next polyhedron in the series is a hexagonal tetrahedron with ten vertices shown in 
Fig. 5.16. This is an important geometly in structural chemistry. If CHz units are at the six 
2-coordinated vertices, and CH units at the four 3-coordinated vertices, the hydrocarbon 
adamantane, CloH16 results. If the CH groups are replaced by the isoelectronic N, 
hexamethylenetetramine, Nq(CH2)6 is produced. P406 has the same structure. 

Fig. 5.16. Prom the left are: two drawings of a hexagonai tetrahedron. two such polyhedra sharing a face. 
a cluster of five hexagonal tetrahedra. Compare Fig. 5.15. 

If a wire model of the hexagonal tetrahedron framework is dipped in a soap solution and 
withdrawn, the soap film will form a curved surface on the faces of the polyhedron. 
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Remarkablv, such a polyhedron with curved faces is a soace-filline solid.1 In Fie. 5.16 . . - - 
two such tetrahedra are shown sharing a face and also a cluster of five tetrahedra sharing 
faces.2 In fact the structure of vertices and edges obtained by filling space with hexagonal 
tetrahedra is just that of the atoms and bonds in the diamond form of carbon, and Fig. 5.16 
should be com~ared with Fie. 7.10 illustratine the diamond suucture. Much of the interest - ~~~ - 
in polyhedra with divalent vertices is as building units of three-dimensional nets. 

Another example of a tetragonal tetrahedron is shown in Fig. 5.17. Four 2-connected 
veltices are on a square of edged, and the 4-connected vertices are a distanced apart so that 
the edge lengths are d2d12. I f  all vertices were Cconnected the polyhedron would be a 
squashed octahedron. The fimre shows curved surfaces such as might be made by a soap 
iiln, on lhc iramu\v<~rk. Such 3 polyhc'drun 1.; 31,o .pace-f~ll~np . ths packing rcquir;s thrsc 
different orlcntatiunr o i  thc retr~hcdm,. Tllu vertlcc's *re on th: ~utnra of 1 bud\,-usntcr~.d 
cubic lattice and, as discussed in $ 6.2, the centers of the polyhedra are at the "octahedral" 
sites of a body+entered cubic sphere packing. 

Fig. 5.17. A spaceAlling tetragonal tclrahedron with curved faces 

5.2 Polyhedral clusters 

We are interested in polyhedra because their vertices often represent the positions of 
atoms coordinating a central one. In this way we can reduce a group, such as {MIX6 to a 
single entity such as an mtahedron or a trigonal prism. In many structures it is convenient 

packings is given by S. T. Hyde & S. Andeoson, Zeits. Kristailogr. 168,221 (1984). 
%"l'is topic provides an excuse for some free-association historical notes: Henamethylenetetrvmine was 

the first organic compound to have ia slructure determined by X-ray diffraction [R. G .  Dickenson & A .  L. 
Raymond, J.  Amen Chem. Soc. 45,22 (1923)l. Diekenson was the tint person to get a PhD. degree from 
the California Institute of Technology (in 1920); in 1922 he took an a graduate srudent named Linus 
Pauling who was 10 be a major forcoln structural chemislry for more than the next half century (Nobel 
prize in Chemistry, 1954). The hydrocarbon corresponding to the two face-sharing polyhedra (CtqH20) is 
known as onaressane as irs structure served us the emblem of the XIX conwess of the Internationvl Union 
of Purc and Applied ChomisUy (1963). 16 structure was solved "by insp&tions' from X-ray data by the 
famous team of I. L. Kale and 1. Kale in 1965. 1. Karle went on to share the Nobel prize in chemistry 
with H. Haupmatt in 1985 (for the development of "direct methods" of X-ray diffraction analysis). 
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to continue the process and consider the structural units to be groups (clusters) of 
polyhedra (which may or may not be centered). This approach allows us to describe the 
structures of complex crystals in a hierarchical way: we first describe how atoms form 
coordination polyhedra, then we describe how the polyhedra are assembled into clusters, 
and finally we describe how the clusters are linked in the crystal. A similar procedure is 
familiar to molecular chemists who are long used to replacing functional groups (clusters!) 
such as, for example, -CtiH5 by -Ph and CsH5 by Cp. 

In this section we describe some simple examples of clusters, that are often found in 
crystal struchms and give some examples of their occurrence. 

5.2.1 Clusters of tetrahedra 

In B 5.1.2 (Fig. 5.3) we introduced the stella quadrangula which may be derived by 
fusing tetrahedra to the faces of a central tetrahedron, and the stella octangula which is 
similarly derived by capping the faces of a central octahedron with tetrahedra. 

The composition of the stella octangula can be written AsBs with the six vertices A 
forming an octahedron and the eight capping vertices B at the comers of a cube. This is a 
configuration frequently found in clystal structures. A notable example is as the MogSe 
cluster in PbMotiSs (one of the so-called Chevrel phases). The same cluster is often found 
in Nb and Mo halides; in Nbs111, Nb6I8 clusters are linked by Nb-I-Nb bonds to produce 
overall stoichiometry NbdsI6i~ = Nb6111. 

If just four (non-adjacent) faces of an octahedron are capped with tetrahedra a 
"supertetrahedron" as shown in Fig. 5.18 is produced. If the small tetrahedra are centered 
by T and the octahedron vertices are X and the capping vertices Y, the stoichiometry is 
TdYgYq. A molecular example is provided by the molecule GeqSgBrq. These units are also 
familiar as P401o and P4Slo molecules, and as the complex anions [PqNl~llO- in Li5P2N5 
and [Si?SioI4- in Na2SizSg.t 

Fig. 5.18. A "supenetrahedron" cluster af four tetrahedra 

Joining supertetrahedra (with Y =X) into a three-dimensional network by sharing the 
four outer vertices results in stoichiometry T4X6X412 = TX2. This is the situation in 

' ~ o t e  that PqOio and I P ~ N I O I ~ ~ ~  ace isoelecfronic as ure PqSlo and [Siq~~01~-. In every case there are 
80 valence eleetons. 

compounds such as ZnI2 and Be(NH2)z. 
Clusters of condensed {T)X4 tetrahedra sharing vertices are very common in crystal 

structures. A pair of such tetrahedra with one common vertex has stoichiometry T2X7, and 
is found in oxide chemistry (especially, but by no means exclusively) with T =  Si, P and S 
(the compounds are often called pyrosilicates, pyrophosphates and pyrosulfates 
respectively). It is rare for the T-X-Tlinlc to be linear, but an example occurs in the mineral 
tbortveitite, Sc2Si207. Sip207 is an elegant example of a structure made of linked {Si)06 
octahedra and P207 double tetrahedra. C l f i  provides an example of a neutral cluster. 

Larger clusters of tetrahedra are also common and we give some examples of their 
occurrence in silicate minerals. Rings of n tetrahedra sharing vertices (Fig. 5.19) have 
stoichiomeUy TnX3n ; for silicates the cluster has formal charge [Si,03,Izn-. 

Common stoichiometries are n = 3 (as in benitoite, BaTiSi30g), 4 (as in kainosite, 
CazY~[Si4012](C03).H20) and 6 (as in dioptase, CuSiOyHzO = Cu6Si6018.6H20). 

Rings of corner-connected tetrahedra are "flexible" and the conformation found is 
determined in part by the T-X-Tangle which usually has a characteristic value for given T 
and X (about 145" for Si-0-Si and 128' far Ge-0-Ge). Fig. 5.19 illustrates some extreme 
configurations of three-membered and four-membered rings and gives the T-X-Tangles for 
regular tetrahedra. Not surprisingly, three-membered rings are more common for 
germanates than for silicates. A special case is the linear chain (n = -) which occurs in 
many important minerals (such as enstatite, MgSi03). 

131 2' 151.8~ 160 5~ 

Fig. 5.19 Symmeu~cal contigurations of nnga of iegulur [T)X4 tetrahedra Numbers are T-X T angles 

Double rings of tetrahedra are also common in silicates. These are made by further 
corner sharing to produce stoichiometry Tz,Xg,. The n = 4 member of this family is 
obtained by fusing tetrahedra to the eight triangular faces of a cuboctahedron (Fig. 5.20, 
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middle) so that the T8 array is a cube. For regular tetrahedra the maximum T ; x . T ~ ~ ~ ~  is - 1  Face-sharing in extended clusters of centered polyhedra is rather rare, but pairs of 
148.4 '. A nice example of the occurrence of this cluster is as [sigoZ0]8- units in steacyite, 
KNaCaThSigOZo. 'I 

octahedra sharing a common face are rather common as anions (e.g. [w2clg13- with two 
:I {WIClh octahedra sharing a face) and such pairs linked by comers are a conspicuous 

Fig. 5.20. Left: a T4T'4X17 cluster. Middle: a TgX2o cluster oblaincd by capping the tria~gulvr faces of 
a cuboctahddron with teuahedni. Right: a similar cluster with alternating tetnhedn of two different sizes. 

Many compounds with vertex-sharing tetrahedra have two (or more) kinds of tetrahedra 
of different sizes. For example, there known many analogs of silicates with a framework 
such as /d'04 with alternating (A1)04 and (PI04  tetrahedra. It is interesting that if the 
centers alternate in a TqT'qXzo cluster as shown on the right in Fig. 5.20, the maximum 
T-X-Tangle is still 148.4' for regular tetrahedra. 

A second kind of cluster ( T 4 T d 1 7 )  of eight vertex-sharing tetrahedra occurs in 
NaloBe4SiqOl7. This is shown on the left in Fig. 5.20; the (Be104 tetrahedra are the inner 
ones (darker shaded). With regular tetrahedra (which must be congruent) the T-X-Tangles 
are all 109.Y. 

With two six-membered rings of tetrahedra, the tetrahedmn centers are on the vertices of 
a hexagonal prism, the corresponding silicate anion is [SilZ030I12. which also is found in 
comolex minerals. 

Clusters of tetrahedra commonly occur in condensed structures such as zeolite 
frameworks with overall stoichiometry TX2. When describing the topology of such 
structures, it is common to omit the anions and to represent clusters such as TgXzo and 
T I Z X ~ O  as cubes and hexagonal prisms respectively, and to describe the structure as a 
linkage of such units. Examples will be found in Chapter 7. 

~ . "  
feature of many structures.~LJsnally in such a g;oup MzXg, the M atoms move "offcenter" 
to increase their mutual separation. Such displacements are only possible for pairs, so that 
longer chains of centered octahedra sharing faces aie less common unless the cluster is 
stabilized by metal-metal bonding through the shared face. The "anti-structure" (with the 
roles of metal and nonmetal reversed) is found in RbgO2 in which there are pairs of 
(0)Rb6 octahedra with metal-metal bonding between the clusters. 

The dihedral angle of a regular octahedron is cos-l(-ln) = 109.47' so that if three meet 
at a common edge, there will be a small gap between some of the faces. However three can 
meet at a common edee with three oairs of adiacent faces shared if the octahedra are ..--~~ ~~~ ~~ ~ - 
distorted to make the angle between shared faces 1ZV (Fig. 5.21). The stoichiometry is 
now M3XI1. Such clusters (linked by sharing edges) may be identified in the structure of 
Nb3Teq. The anti-structure cluster occurs in oxides such as Csl103 and Rb7Csll03. 

Edge-sharing pairs of (MIX6 octahedra have stoichiometry M2X10 and are rather 
common as discrete units (e.s. W I T  = Nb2Clln). . " - ~ . .  

With more than two octahedra joined by edges, the number of distinct topologies rapidly 
becomes rather large, hut generally it is the most condensed (minimum value of XIM) and 
symmetrical that are of greatest interest.' 

With three octahedrajoined by edges there are three possibilities as shown in Fig. 5.21. 
The first two have stoichiometry M3XI4 and the third (on the right in the figure) has 
stoichiometry M3X13. This last occurs as, for example, [Te3C113]- and (condensed by 
funher edge sharing) in Nb3Clg. 

5.2 2 Clusters of octahedra 
Fic. 5.21 Left three dlsiarred octahedra sharcng faces and n common edge Right the three dlrrinct ways 

Discrete and linked clusters of octahedra are found in great variety in the ,,fthe linking three octahedra by sharing edges only. 

oxides of the early transition elements (particularly Nb, MO and W) and we give only a few 
simple examples of them here. The discrete clusters are usually anionic referred to as For four octahedra joined by edges, there are eight possibilities with stoichiometries 

isopolyanions if they contain just one !&d of metal atom (i.e. one element) and ranging from M a l 8  (five cases), through M a 1 7  (one case), to M a 1 6  (two cases). Fig. 
heteropolyanions otherwise.1 5.22 illustrates the two MG16 isomers. In the first the centers are coplanar, and fall on the 

vertices of a 6 0 ~  rhombus, so we call it the rhombic isomer. In the second isomer the 
centers form a tetrahedron so we call it the tetrahedral isomer. The second cluster can also 

'For a review of such species see D. L. Kepert, Chapter 51 in conprehenriv. ~~~~~~~i~ cherninry, 
Val. 4. [Pergamon Press, oxford (1973)J. ]For a discussion see P. B. Maore, Amer Mineral. 55, 135 (1970). 



be described as consisting of four octahedra sharing faces with a central tetrahedron. It is 
interesting that TeqC116 has the tetrahedral structure but Te4116 has the structure of the 
rhombic isomer [in these clusters Te is "off center" in the octahedron to give a 3 + 3 
coordination often found for Te(IV) compounds]. The tetrahedral group is also found as 
the anion [W401a18-. 

Fig. 5.22. The two Tg16 clusters of four edge-sharing octahedra. Left the rhombic isomer. Cencer and 
right: two views of the tetrahedral isomer. 

The M&i6 unit may be linked by tetrahedra in three mutually perpendicular directions to 
give a cubic M4TjX16 framework as shown in Fig. 5.23. Examples of compounds with 
structures based on this framework are Cs3MoqP3012 (M = Mo, T = P) and minerals of 
the pbannacosiderite family such as BaMqAs3012(OH)q.5H20 (M = A1 or Fe, T =As), 
and K ~ G ~ ~ O I ~ ( O H ) . ~ H ~ O  (with M = ViGe and T =  ' vG~) .  

Fig. 5.23. A part of the M7X)h framework of pharmacosideiite. 

In Fig. 5.24 we illustrate the most symmetrical and condensed cluster of six edge- 
sharing octahedra with stoichiometry M a i s  which we call, for reasons that should be 
obvious, a "superoctahedron: This is found as the anion [Mo6OI9l2-. Also shown in the 
figure is a five octahedron cluster MsX18 which is also a common anion configuration. 
Two of the five-octahedron clusters can condense by sharing four vertices to produce the 
configuration found in the [W1o03zI4- ion. Clearly the possibilities are endless. 

I 
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Fig. 5.24. Left: A "superoctahedron" M6Xlg. Center: a cluster MsXI~. Right: a cluster M10X32. 

The structure of NbzF5 is a nice example of a three-dimensional structure built up from 
superoctahedra (for crystallographic data see Appendix 5). In this instance the central anion 
is missing so there are [Nb)F5 square pyramids and we really have a cluster of six square 
pyramids (Fig. 5.25). The cluster composition is Nb6FnF'h where F' is on the outer 
vertices of the superoctahedron. Sharing these outer vertices produces an open three 
dimensional network of corner-connected clusters with composition Nb6FlzF612 = 
NbhFt5. The formula is usually given as Nb6F15 (rather than Nb2F5) to emphasize the 
presence of Nbg groups in the structure 

To finish the description of this beautiful structure we note that the topology of the 
corner-connected network of (super) octahedra is that of Re03 (see p. 170) and in NbzF5, 
two such networks interpenetrate. Fig. 5.25 shows a fragment of one network. 

Three points concerning this structure might be might be noted: (a) the Nb atoms fonn 
an empty Nb6 octahedron, a verj  common feature of the chemistry of niobium in lower 
oxidation states, (b) we describe the Nb6F12 part of the cluster as an edge-capped 
octahedron cluster in $ 5.2.4, and (c) the F atoms and the sites (empty) at the center of the 
Nbg octahedra combine to form ccp (5 6.1.3). 

Fig. 5.25. Four of the corner-connected clusters of square pyramids in the NbdFl~  structure. 

Frameworks of vertex-sharing octahedra with sfoichiomet~y M X m  = MX3 are rather 
important, and some will be discussed in 5 5.3.4 and in Chapter 6. Here we call attention 
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identified in numerous anions, particularly with M = Mo or W and with T =  P, As or Si. 
The M atoms are at the vertices of a cuboctahedron. The complex mineral zunyite contains 
condensed A113040 units with the same structure, and the 040 arrangement also serves as 
smctural units in some complex intermetallic struchxes. 

Fig. 5.29. The Keggin cluster, Mi2TX4o. On the left only six of the twelve octahedra are shown. 
Compare Fig. 5.30. 

If the three-octahedron units of the Keggin structure are rotated by 60". they are then 
joined by edge sharing in the more compact cluster shown in Fig. 5.30. The M atoms are 
now at the vertices of a truncated tetrahedron. We call this structure, which has the same 
stoichiometry as the Keggin structure, a "spinel unit" because the important spinel 
(MgA1204) structure can be considered as made up of a condensation of such units. Partly 
hydrolyzed A1 salts have been found to contain [A11304(OH)z4(H20)12]7+ units with this 
structure. It is of interest that dehydration of hydrous alumina at low temperatures produces 
so-called "yalumina" (used as a polishing powder) which has a spinel-related structure. 

by edge-capping polyhedra (tetrahedra). 
Capping the six edges of an A4 tetrahedron with B produces a cluster A4Bg. This is 

shown in two ways in Fig. 5.31, first as an edge-capped tetrahedron, and second as a Bg 
octahedron with A centering four of the faces. The latter emphasizes the triangular 
coordination of A by B .  An example of its occurrence is as the C U ~ S ~ ,  grouping in complex 
anions such as [c~q(SPh)g]~- .  

Fig. 5.31 Two v!ews of an edge-capped tetrahedron 

Our second example is obtained by capping the edges of an Mg octahedron with X atoms 
to produce stoichiometry M&lz as shown in Fig. 5.32. In the figure, the capping vertices 
have been placed so that M is in square planar coordination by X. This grouping is vely 
common in the halides of early transition metals, both as neutral molecules (as in PtC12 = 
Pt6CI12) and as complex cations (as in [NbgCI121"+, n = 2,3,4). A similar cluster, hut with 
more nearly equilateral Mangles, fonns the basis of an elegant description of the MngSi3 
structure in which Mng octahedra share opposite faces to fonn columns and the non-shared 
edges (six per octahedron) are capped by further Mn. 

Fig. 5.30. The "spinel cluster? On the left only sin of twelve octahedra are shown. Compare Fig. 5.29. 

5.2.4 Edge-capped clusters 

Capping the edges of polyhedra with additional vertices produces what can be 
considered as clusters made of polyhedra and triangles. We can generate many useful 
groupings in this way. Recall that in 9 5.1.10 we derived polyhedra with divalent vertices 

Fig. 5.32. An edge-capped octahedra", 

As a final example of edge-capping we describe the build-up of the structural unit of 
ybrass (Cu5Zns). In Fig. 5.33 where we start (top left) with a Zna tetrahedron and cap its 
faces with Cu (at the vertices of an "outer tetrahedron'') to produce a CuqZnq stella 
quadrangula. Next (top right) we cap the six edges of the Zn4 tetrahedron with Cu (at the 
vertices of an octahedron) to produce the cluster CutgZn4. Finally (bottom left) we cap the 
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12 outer edges of the stella quadrangula with Zn aniving at a cluster C u l ~ Z n 1 6 .  The crystal icosahedron) and three of 0.95d (the distance from the center of the icosahedron to one of 
structure is made up of a body-centered cubic array of such discrete clusters. It might be its vertices). Perhaps less obvious is the fact that twenty truncated tetrahedra will fit around 
noted that the 12 outer Zn atoms are at the vertices of a distorted cuboctahedron (bottom a central icosahedron of edge d if nine of its eighteen edges are d and nine are 0.95d. Fig. 
right in the figure) with four small and four large equilateral triangle faces; the remaining 5.35 shows an icosahedron sharing a triangular face with a truncated tetrahedron. The 
faces are rectangular instead of square. Such a distorted cuboctahedron (with tetrahedral = longer edges of the truncated tetrahedron are those of the shared face and the opposite 
43m symmetry) is met in other intermetallic stmctures (see e.g. Fig. 6.77, 9 6.8.6). hexagon. 

Fig. 5.34. A pentagonal cluster of five truncated tetrahedra I 

I, 
I 
I 
i 

I 

Fig. 5.33. Build-up of the gamma brass structure (see text). 
I 
i 

I 
5.2.5 Clusters of truncated tetrahedra and icosahedra 1 

Some complex crystal structures (with over a thousand atoms per unit cell in some 
instances) can be decomposed into clusters of truncated tetrahedra andlor icosahedra.1 We i 

describe one relatively simple structure to illustrate the kind of groupings found. I Fig. 5.35. Left: a truncated tetrahedron and an icosahedron sharing a face. Right: twenty truncated 
tetrahedra vround a cenrral icosahedron. 

The dihedral angle between the hexagonal faces of a truncated tetrahedron is the same as 
that of a regular tetrahedron [coct(l/3) = 70.53'1 so with just a minor distortion a group of Figure 5.35 also shows the complete assembly of twenty truncated tetrahedra sharing 
five can share faces around a common edge (Fig. 5.34). We mentioned above that an 

i faces with a central icosahedron. The twenty hexagonal faces form a regular truncated 
icosahedron can be considered as made up of twenty tetrahedra with a common vertex (the 

I 
icosahedron. The pentagonal faces of the truncated icosahedron are capped on the inside 

center of the icosahedron). The tetrahedra have three edges of d (the edges of the 
I producing depressions that are pentagonal pyramids. The cluster so far described contains 

84 vertices (12 for the central icosahedron, 60 vertices of the truncated icosahedron and the 
I ~ o r  beautiftifully illustiated descriptions of these structures in terms of clusters of truncated tetrahedra and 

icosahedra, see S. Samson in (a) Developme,iir in the Srrztcturol Chemistry of Alloy Phases, B. C. , 
12 apices of the pentagonal pyramids. 

Giessen, ed. Plenum Press, New York (1969): (b) Srructurni Chemistry ond Molecular Bioiogy. W .  H .  This unit occurs in a number of intermetallic compounds (some approximate 
Freeman. San Francisco (1968). For alternative descriptions see also S. Andersson in Structure and compositions are L ~ ~ A I ~ C U ,  Na2Au3Sn and Li2Zn3Ga) with the icosahedron and the 20 
Bonding in Crystals, M .  O'Keeffe A. Nuvrotsky, eds. Voi 2. Academic Press. New Yark (1981) and B. i truncated tetrahedra centered, so the cluster now contains 105 atoms. To build up the 
Chabot, K. Cenzual E. Parthe, Aera Crystallogr A37, 6 (1981). 



crystal structure, the truncated icosahedron unit is put inside a truncated octahedron so that 
eight of the hexagonal faces of the truncated icosahedron are coplanar with the (larger) 
hexagonal faces of the truncated octahedron as shown on the left in Fig. 5.36. The 
resulting unit (shown on the right in the figure) can now be packed to fill space with their 
centers on a body-centered cubic lattice (see 9 7.3.10 for a discussion of space tilling by 
truncated octahedra). To count atoms in the unit cell, note that there two units per unit cell 
and that 48 atoms (those in the hexagonal faces of the truncated octahedron) of each 105 
atom cluster are common to two units. Accordingly the number of atoms in the unit cell is 
2 x (105 - 4812) = 162. 

Fig. 5.36. Illustrating how a truncated icosahedron fits into u mncated aclahedron with 48 of its vertices 
in the hexagonal faces of the mncated octahedron. 

Note that in increasing distance from the atom at the center of the cluster: this central 
atom has 12 neighbors at the vertices of the central icosahedron, 20 at the vertices of a 
pentagonal dodecahedron (these correspond to the centers of the truncated tetrahedra), 12 
more at the vertices of a larger icosahedron (the apices of the pentagonal pyramids), and 60 
at the vertices of the tmncated icosahedron: all fitted into a truncated octahedron which is a 
space filling solid.' 

Of course in analyzing this fascinating structure more completely we would have to 
inquire into the coordinations of all the atoms. It transpires that the near neighbors of each 
atom fall at the vertices of one of the Frank-Kasper polyhedra. 

The icosahedron is also a conspicuous feature of the s t ~ ~ c t u r e s  of elemental boron and 
boron-rich compounds. The most stable form of the element is the so called 
"~rhomhohedral boron" which contains 105 atoms in the primitive cell. The truncated 
icosahedron appears in this structure also. Fig 5.37 shows a central B I Z  icosahedral unit 
joined to twelve Bg pentagonal pyramids to give a B84 unit. 

I ~ o w  Kepler would have loved this slmcture! His concept of  nested polyhedra, which so deluded him 
about the sizes of planetary orbits, perhaps comes into iv. own here. We can't resist quoting [A. KoesUer'r 
translation in The Sleep Walkers. MacMillan, New York (1959)l from Keoier's Mvster ium 
t- ,~mo;ro, ,ht ,  twn "i s o n  ~cae ~ ! m ~ 1 ~ e ~ r 8 ~ ~ 1  3 ~ 1 1 ~ ~ 1  d i m  .too,h<c ti! :n \o pc::15el! hc(ueen ,he ippropr1at6 
orbet, *>:I 11 :I p:r>.int uirc <a  n*k !ou an u hal L . n l  o i  hook tnc l i c . ~ \ r . ~ ~ %  ae i?,tr.ncJ ;o chx 1142). don't 
i l l 1  .ION n. 8 ,  v l l l  b! cd*! lor v lu 10 lllracr I I A I I . . "  ~ b , l ~ l u i c  .%tl,rn," ihr 'hc~vens." 
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If an icosahedron is cut in half through, a plane normal to a five-fold axis, the six vertices 
of each half will form a pentagonal pyramid. In this sense a pentagonal pyramid is half of 
an icosahedron. In Prhombohedral boron each Bs4 cluster (one per primitive cell) is joined 
to six others by making additional icosahedra fmm a juxtaposition of pentagonal prisms of 
the neighboring Bs4 units. The other six pentagonal prisms (around a waist of the cluster) 
are united with Bzl units (also one per primitive cell) constructed from two sets of three 
face-sharing pentagonal pyramids (BIO groups-see Fig. 5.37) and one additional atom. 
The central icosahedron is therefore surrounded by an icosahedron of icosahedra. 

Fig. 5.37. Left: the By4 cluster in 0-rhombohedra1 boron. Top right a B I O  group made from three face- 
sharing pentagonal pyramids. The group in Prhombohedrvl boron is made from two BIO groups united 
by an atam at u center af symmeuy. Bouam right: a B28 cluster of three facesharing ieosahedra formed 
when theB10 gmup is capped by pentagonal pyramids (one from each of threedifferent B84clusters). 

Note that although the structure of P-rhombohedra1 boron is usually described in terms 
of linked and face-sharing icosahedra, the Bs4 cluster also contams 20 truncated tetrahedra 
as shown in Fig. 5.35. 

It is remarkable that so stable an element (its heat of atomization is second only to that of 
carbon among nan-metallic elements) should have so complex a stmcture--there are 15 
crystallographically-distinct B atoms. Boron also has a simpler structure (known as a- 
rhombohedra1 boron) in which all the atoms are at vertices of icosahedra. 

5.3 Circle packings and tilings of the plane 

An extremum problem of interest in clystal chemistry is related to the problem of "points 
on a sphere" mentioned above (3 5.1.9). It can be stated in the following way: What is the 
arrangement of non-overlapping equal circles on a plane such that the greatest possible 



fraction of the area of the plane is covered; i.e. what is the closest circle packing? 
The answer is familiar to anyone who has played with arranging coins on a table top. 

Each circle is in contact with six others and their centers are at the points of a hexagonal 
lattice. Equivalently we may say that the centers lie on a 36 net. If the circles have radius r, 
then their area is m2 per circle; the edge of the hexagonal cell is 2r  and its area is 
('/312)(2r)~. Thus the fraction of the plane covered is (area of circlelarea of unit cell) = 
d d 1 2  = 0.907. 

~ ~~~ 

In anticipation of similar questions in three dimensions we may also ask about circle 
packings in general. We define a stable circle packing to be one in which each circle has at 
least three neighbors, with the points of contact not all on the same semicircle. We direct 
attention first to arrangements of equivalent circles (i.e. related by a symmetry operation). 

By a tiling of the plane we mean a covering of the plane, by (not necessarily convex) 
pieces or tiles. Our interest is mainly in periodic tilings by convex polygons (i.e. polygons 
with all interior angles < 180'). In the context of crystal structures, the vertices of a tiling 
correspond to atoms and the edges (sometimes) correspond to bonds between atoms. The 
pattern of vertices and edges of a tiling is often called a net, especially when the emphasis 
is on the topology of the structure. We tend to use the t e r n  "net" and "tiling" (or 
"tessellation") interchangeably in referring to two-dimensional shuctures. We have earlier' 
given a comprehensive account of two-dimensional nets; in this chapter (only) we refer in 
several places to that work as OKH for brevity. 

5.3.1 Regular tilings 

The sequence 33, 34, 35 of regular polyhedra with equilateral triangles as faces leads to a 
consideration of the pattern 36. Six such triangles meeting at a vertex will lie in a plane (the 
sum of the vertex angles is 360") and in fact we arrive at the tiling of the plane with 
equilateral triangles discussed above. Thus a tiling of a plane can be considered a special 
case of a polyhedron In which the sum of the angles at each vertex is 360". 

Fig. 5.38. The regular tilings 36, 44 and 63. Broken lines outline a unit cell of 63. 

It should be apparent from a consideration of the possibilities that the only regular tilings , 
are 36, 44 and 63. These are illustrated in Fig. 5.38. Note that 36 corresponds to a 

'M. O'Keeffe & B. G. Hyde, Phil. Trans. Roy Soc. (Londoni A295.553 (1980) 
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hexasonal lattice, and that 44 corresponds to a square lattice. The vertices of 63, which we 
have called the honeycomb pattern, do not form a lattice as there are two points in a 
primitive cell (Fig. 5.38). The dual of z6 is 63 and vice versa and 44 is self dual. 

5.3.2 Archimedean tilinss 

Tilings with one kind of vertex, but more than one kind of regular polygon as tile, are 
called Archimedean, or semi-regular, by analogy with the names used for finite polyhedra. 
The eight possibilities are listed in Table 5.4 and illustrated in Fig. 5.39. In the table v,  e,  
andfare the number of vertices, edges and faces per unit cell (it is a good exercise to verify 
these numbers from the drawings). These quantities are related by v - c + f = 0. Also 
listed in the table is the density (fraction of the plane covered) of the circle packing obtained 
by placing equal circles in contact and with their centers at the vertices (another good 
exercise is to verify these also). 

Table 5.4. The Archimedean tilings. v, e and f are the numbers of vertices, edges and'faces (polygons) 
per unit cell. 

Some properties of these patterns that are of interest are mentioned here. 34.6 exists in 
enantiomorphic forms (recall the polyhedra 34.4 and 34.5 with the same property). 3.6.3.6 
has all edges equivalent so it is quasiregular (recall the quasiregular polyhedra 3.4.3.4 and 
3.5.3.5). The honeycomb, 63, can be derived from 36 by removing 113 of the vertices 
(centering the hexagons in 63 recovers 36). In a similar manner 3.6.3.6 can be derived 
from 36 by removing 114 of the vertices, and 34.6 can be derived from 36 by omitting 117 
of the vertices. 

The duals of the Archimedean tilings are tilings of the plane with one kind of (irregular) 
tile and more than one kind of vertex. 

Tilings with one kind of vertex and composed of polygons with equal edges correspond 
to packings of equivalent (i.e. symmetry-related) circles. As the above list (combined with 
the regular tilings) is complete, we can immediately answer questions such as "Which is the 
least dense such circle packing?" Answer: 3.122. Unfortunately Nature is not so kind in 

f 

9 
6 
6 
6 
3 
2 
3 
6 

e 

I5 
10 
10 
12 
6 
6 
9 
18 

density 

0.7773 
0.8418 
0.8418 
0.7290 
0.6802 
0.5390 
0.3907 
0.4860 

v 

6 
4 
4 
6 
3 
4 
6 
12 

symbol 

34.6 
33.42 

32.4.3.4 
3.4.6.4 
3.6.3.6 

4.82 
3.1Z2 
4.6.12 

symmetry 

~6 
c2mm 
p4gm 
p6mm 
p6mm 
p4mm 
p6mm 
p6mm 
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simply providing the answers to similar questions (now concerning sphere packings) in 
three dimensions. 

We will find 32.4.3.4, 3.6.3.6, 3.4.6.4, and 4.S2 paniculady useful in describing the 
patterns of layers of atoms in crystal structures and 4.S2 and 4.6.12 figure prominently in 
the derivation of three-dimensional nets in Chapter 7. We met 3.6.3.6 in Chapter I, where 
it was called the kagome pattern. 3.4.6.4 is often called HTB as explained in 8 5.3.4. 

Fig. 5.39. The Archimodean tilings Top row: 34.6. 33.42 and 32.4.3.4. Middle row: 3.4.6.4, 3.6.3.6 
and 4.a2. Bottom row: 3 . 1 2 ~  and 4.6.12 Unit cells an outlined with broken lines. 

5.3.3 Relationships between tilings 

Fig. 5.111 llluitrstnp h ~ u  I b 3 . b  (flllcd :#r;le,, .'m he iran,turmr.J inc., l6 (open c#r:lr.., anJ , ~ : r  
tzrco. N.,te huu 3h I* oht3.n:J b) mcail,n (by 3,) mJ 111~88un ih) l j ' l ,  .,f h e  s.dr.$ .,i the in:,nplcr JI 

3 0 . 3 6  t\h<mn i r  Iphll? sh.rdcJ :n 3(') TLle numhcr\ .,I ollen dnJ fill:J .ir;lc\ 1 1 ~  11,: deyr 1111 arc I ~ C  , I ~ L C  

Fig. 5.41. lllusvating how 32.4.3.4 (tilled circles) can be transformed into 44 (open circles) and vice 
verso. 44 is obtained by rotating (by 1 5 )  the squares of 32.4.3.4, or alternatively by convening pairs of 
hlangles (rhombuses) to squares. The numbers of open and filled circles in the diagram are the same. 

It is of interest that the arrangement 33.42(to take an example) can be continuously 
deformed to an arrangement with density arbitrarily close to that of 36 (which has the 
highest possible density) while keeping five neighbors.1 For this reason the int resting 
question is usually that of finding the least density for a given number of &ghbors 
(coordination number). It is a common mistake when considering the analogous problem of 

IWe will see other examples of these kinds of mnsformation later (Chapkr 6). The present one is 
accomplished by shearing every second layer of 33.42 $0 that the squares are trvnsfomed inro rhombuses. 
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packing spheres in three dimensions to ask for the maximum density for a given number of 
neighbors, whereas, for similar reasons, it is the least-dense arrangement that is of interest. 

Fig 5.40 shows, for example, how 3.6.3.6 (the least dense packing of equivalent circles 
with four neighbors, see Table 5.4, p. 165) which we met in Chapter 1, transforms to 36 
(the densest packing of equivalent circles). This transformation, which can he effected by 
rotating triangular groups of vertices, will be found to occur in sequences of related crystal 
structures. 

Another transformation of importance relates 44 and 32.4.3.4. Now square groups of 
vertices are rotated as shown in Fig. 5.41. 

We have seen (5 2.5.7, p. 53) that convening a square to a pair of triangles transforms 
the polyhedron 3.4.4.4 (i.e. 3.43) to 34.4. and transforms the polyhedron 3.4.5.4. to 34.5. 
The same operation converts the plane tiling 3.4.6.4 to 34.6. (see Fig. 5.72, p. 201). 
These three transformations can equally be described by rotations of a polygon (square, 
pentagon and hexagon respectively). We return to this topic in the Notes (8 5.6.12). 

5.3.4 Tilings includingpentagons, and "bronzes" 

The plane cannot be tiled with regular pentagons or with combinations of regular 
pentagons and other regular polygons. However it can almost be covered with regular 
pentagons, squares and triangles and this is good enough for nature, if not for 
mathematicians. Fig. 5.42 shows, at the top, two such packings that almost cover the plane 
(in the pattern on the left 96% of the plane is covered). At the bottom are tilings with 
irregular polygons derived in an obvious way from these arrangements. There are two 
kinds of vertex in each pattern. At the first, a 3-gon, a 4-gon and two 5-gons meet; if these 
were regular polygons the sum of the angles would be 366'. larger than 36V by six 
degrees. At the second kind of vertex, two 3-gons and two 5-gons meet and now the sum 
of angles for regular polygons is 336'. smaller than 360' by 24'. As the two kinds of 
vertex occur in the ratio 4: 1, the sum of the excesses for the first vertices equals the sum of 
the deficits for the second vertices. This is a useful general rule that allows us to see what 
combination of vertices, and in what proportion, might occur in a tiling. 

The tilings shown in Fig. 5.42 occur in a variety of contexts. The one on the left, which 
has symmetry c2mm, we call the b U 3 0 8  net because of its occurrence as an 0 net in that 

- .  - .  - 
8 10). The tiling on the right, which has symmetry p4gm. we call the M ~ Z H ~ ;  net as the 
Hg atoms in that compound fall on such a net. 

These tilings have four edges meeting at each vertex; when we refer to them as nets we 
say that they are Cconnected. In a Cconnected net with, per unit cell, n3 triangles, nq 
quadrangles and n5 pentagons, it is easy to show (see Notes, 5 5.6.1 1) that n4 can have 
any value and n3 = ng. In the two nets above n3 = n5 = 4 and nq = 2. 

We digress for a moment on the structure of MnzHgj (for crystallographic data see 
Appendix 5) which serves to illustrate some instructive points. Adding translations in the 
third direction and mirror planes (normal to this direction) to the two-dimensional space 

group p4gm generates the three-dimensional group P4lmbm. In M n ~ H g j ,  which has this 
symmetry, the Hg a t o m  lie on the mirror plane at z = 0 on the MnzHgs net; this is called 
the primary net of the structure. The Mn a t o m  are on the mirror plane at z = 112 and lie 
over the centers of the Hg pentagons. The net of the Mn atoms, is called the secondary net, 
and in this instance is 32.4.3.4 (which arso has symmetry p4gm). Thus the MnzHgs 
structure, and indeed many others, are succinctly described in terms of a stacking of 
alternating primary and secondary nets. In many instances, the secondary net is one of the 
regular or simpler semiregular ones. Care should be taken to distinguish a dual net (in 
which the centers of all  the polygons of the original net correspond to vertices of the 
derived net) from a secondary net (in which the centers of only the larger polygons of the 
original net correspond to vertices of the derived net). 

Fig. 5.42. Top: "almost" covering the plane with regular triangles, squares and pentagons of equal edge. 
Bottom: the derived tilings (nets). On the left is the B-U3o8 net and on the right the MnzHgg net. The 
secondary net of the MnzHg~ net is indicated with filled circles. 

A new 4-connected net can be derived from a given 4-connected net by plac~ng vertices 
in the middle of each edge of the old net, and joining them by edges to make a quadrangle 
surrounding the old vertices, which are then deleted. The reader is invlted to do this wlth 
the MnzHgs net illustrated in Fig. 5.42. The new net we call the TTB net for a reason 
given below. 



To most people, the term "bronze" refers to the beautiful copper-tin alloy, but solid state 
chemists also use the term to refer to compounds of variable composition involving 
(usually) alkali metal atoms combined with an early transition metal oxide. The tungsten 
bronzes, M,WO3 (here M is an alkali metal) have been known for nearly 200 years, and 
are so named for their striking colors and metallic luster. Their smctures also illustrate a 
use of plane nets in crystal chemistry, so we digress a little on this topic. 

Fig. 5.43. Top left: a clinographic projection of a fragment of a cubic array of corner-connected octahedra. 
On the tight of that the same structure (but with more octahedra) is shown in projection. Top tight: the 
hexagonal tungsten bronze structure seen in projection. Bottom left: a similar view of the tetragonal 
tungsten bronze suucrure. Bottom right: The BaqMgTa10030 structure (large circles Bu, Mg not shown). 

The structure of WO3 is based on a simple comer-connected array of {W}O6 octahedra 
as shown schematically in Fig. 5.43 [this structure in its most symmetrical (cubic) form is 
usually called Re031. When Na metal is added to W03, the metal atoms enter the cavities 
(actually cuboctahedra) in the structure, in the position shown as a large filled circle in the 
figure. The structure, seen in projection down a cube axis, is illustrated in Fig. 5.43; the 
shaded squares are octahedra seen in projection. Open circles are O atoms around the 
octahedron "waist"; let's imagine them to be in the plane of the paper. Small filled circles 
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then represent 0 a tom above and below the plane completing the octahedron about W (not . - 
shown). The Na atom positions, also above and below the plane, are shown by larger filled 
circles. The net of the 0 atoms in the plane is clearly 44. If every Na site were occupied, the 
composit~on would be NaW03 and the structure is called perovskite.1 

T f  instead of Na. Cs is used to form a tungsten bronze. a different structure is obtained --. ~~~~~~ ~~ ~ 

(top right of Fig. 5.43). It is still based on anarray of comer-connected (WjOrj octahedra, 
but now the pattern of 0 atoms in the plane is 3.4.6.4. The large cavities in the structure are 
over the hexagons of this net and if they are all filled, the composition is CsW309. The 
structure is the hexagonal tungsten bronze (HTB) structure, and for this reason 3.4.6.4 is 
often called the HTB net. Note that the W atoms fall on a 3.6.3.6 net. 

With K atoms another structure with composition K3W5015 is ~ b t a i n e d . ~  Now the main 
oxygen atom net is made, up of triangles, quadrangles and pentagons, and is in fact the net 
we derived from the MnzHgs net earlier. The structure is that of tetragonal tungsten 
brome (TTB), so we call the net the TTB net (see bottom left of Fig. 5,43).~ecallinghow 
we dzrived this net it should be clear that the W atoms (in the octahedra, hence centering the 
squares of the projection) are on the MnzHgs net. Note that the tungsten compound wiih 
mixed valence lW(V1 and W(VI11 is a metallic conductor. but manv insulating (and .-.-~~. . . .  . .. - .  
colotless) compounds have been made with the same structure and they are often also 
referred to as "bronzes." 

A~lother 4-connected net may be derived from the &U30s net in the same way as the 
TTB net was derived from the MnzHgs net (i.e. by putting new vertices in the middle of 
edges and removing the old vertices). This new net (Fig. 5.43, bottom right) is found as 
oxygen layers in, for example, the structure of BaqMgTa10030 which is based on corner- 
sharing {Ta)O6 octahedra. The Ta atoms are on the original ,%U30s net, the Ba atoms are 
in the space over the pentagons and Mg atoms fill one-half of the space over the 
quadrilateral tunnels. 

Tbe structure of K3V5014 is based on corner sharing ( V J 0 6  octahedra and { V J O j  
trigonal bipyramids; it is illustrated in the same way as the tungsten bronzes in Fig. 5.44. 
As before, octahedra project as centered squares, and now trigonal bipyramids project as 
centered triangles. Again we have a 4-connected triangle-square-pentagon net, and K a tom 
lie over the pentagon centers above the plane of the paper. The overall stoichiometry of a . - . . 
corner-sharing trigonal bipyramid is VOsiz and that of a corner-sharing octahedron is 
VOK~?. As there are two trigonal biuvramids and three octahedra in the unit cell (together ", " . . 
with three K atoms), the cell content is 3K + 2 x VOy2 + 3 x V06n = K3V5014. 

The net of the V atoms in KqVcOja is also shown in the figure (note that not all vertices .. ~ A - ., - .  
are 4-connected in this instance). This is also the Pd net in the structure of Th3Pdg (for 
crystallographic data see Appendix 5). The Th atoms of Th3Pdj are on the secondary net of 
this structure (over the centers of the pentagons) which may be seen to be (slightly 
distorted) 36. Thus the K3Vj part of K ~ < o ~ ~  has the same s t k t u r e  as Th3Pdg; indeed it 
is commonly found that the cation array in oxides and related materials is that of an 

>The mineral perovskite is CaTlO3 and i u  actual structure is a small distordon of the ideal cubic one. 
2We have o~ersimpiiiied the chemistry somewhat. Several structures occur for several different alkali 

atoms, and the observed structure depends on the stoichiometq as well us the sizeof the inserted atom. 
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intermetallic compound. The net of the V atoms m K3V50lq and of the Pd atoms in Th3Pds 
also occurs as the net of the 0 atoms in a-LJ3os so we call it the a-U30s net. Although it 
may not be obvious from a comparison of Figs 5.42 and 5.44, the a-U308 net is closely 
related to the &U308 net (see 3 5.6.12). 

Fig. 5.44. Left: the structure of K3V5014 us corner-sharing octahedra and trigonal bipyramids. Larger 
circles are K atoms, and smaller circles are 0 atoms. V atoms (not shown) center the shaded octahedra and 
trigonal bipyramids. Right: the a-UjOs net of the V atoms (open circles1 in K-,VTOIL with the K atoms 
(filledcircles) on the secondq net. 

Many other triangle-quadrangle-pentagon nets occur in crystal chemistry; for a review of 
some of them, and their interrelationships. see OKH. 

5.3.5 Some 3-connected boron ners: AIB2, YCrBq, ThMoB4 and Y2ReB6 

Examples of 3-connected nets already met are 63, 3.122.4.82 and 4.6.12. A unit cell of 
4.X2 contains one square and one octagon, so on average the polygons have six sides. The 
unit cell of 3.122 contains two triangles and one dodecagon, so again, the average number 
of sides per polygon is six. It is easy to show (see Notes 3 5.6.11) that this must he the 
case in general for 3-connected nets. As each edge belongs to two polygons, the number of 
edges is e = 3f where f is the number ofpolygons. In a 3-connected net e = 3~12, where v 
is the number of vertices per cell, so f = vl2. 

In many borides, the B atoms form 3-connected plane nets with metal atoms (MI in 
1nlcrlc2ve.l !:)en :cnlerln: hi. pdl!.<nn, I1 I;,lluvr that the rloisl~lunletn 1.; .\/B: .tnd the 
ir :r.rgs pul\p.>n r12c ill t l~c B 11, ?r ir 6.  f h c  . i~n~lc,r s.i<u ih  in illc .Imctu:c o i  AIB, In 
whichthe ~ . G o m s  lie on 63 nets ias m the graphlte'form of carbon) with A1 atoms overthe 
centers of the hexagons forming larger-soacine 36 nets (see Fie. 5.46 an  o. 1741. . - - .  - 

In some ternary borides the B atom layer contains pentagons and heptagons (which must 
occur in equal numbers) as well as hexagons. Three common structure types containing 
such layers are those of YCrB4, ThMoBq and YzReB6 (for crystallographic data see 
Appendix 5). The B nets in these compounds are illustrated in Fig. 5.45. Those on the left 
and the right of the figure provide nice examples of patterns with symmetry p2gg. Adding 
translations and mirrors perpendicular to the translations of p2gg produces the three- 
dimensional group Pbam which is the symmetry of the corresponding compounds. The 

pattern in the center has symmetry cmm and the symmetry of the crystal structure is 
Cmmm. 

Fig. 5.45. The B nets in YCrBq (left). ThMoB4 (left) and YzReBg (right). 

In each crystal structure the larga metal atoms lie over the heptagons (and the hexagons 
in YzReBg). The smaller metal atoms (Cr, Mo and Re respectively) lie over the pentagon 
centers and thus have pentagonal prismatic coordination by B. In YCrB4 and ThMoB4, the 
occurrence of adjacent pairs of pentagons in the net results in a very short metal-metal 
distances. Thus there is; Cr-Cr distance of 2.38 A (compare the shortest distance of 2.50 
A in the metal) in YCrB4; likewise there is an Mo-Mo distance of 2.56 A (comoate the 
shortest distance of 2.73 A in the metal) in TbMoB4. 

5.3.6 Some boron-carbon ners 

In the previous section we described some boron layers in borides; related nets are also 
to be found as boron-carbon layers. In these, it is often found that the C atoms are of lower 
connectivity than the B atoms. These nets again provide some nice exercises in recognizing 
symmetry. 

Our first exmole, which occurs in the structure of LaBzC? (for data see Appendix 5), is . . . - 
just a simple decoration of the 4.82 net as shown in Fig. 5.46. In the crystal structure, 
alternate lavers of the net are rotated bv 90' and La atoms center the octagonal orisms, so - .  
that the coordination of La is [La)B8C8. The La array is close lo primitive cubic. Note that 
althiugh the symmetry of o!e plane is rectangular (2-dimensional group c2mm). the three- 
dimensional symmetry has 4 axes and the crystal is tetragonal (space group Pz2c). 

In the TbBzC structure (for crystallographic data see Appendix 5) layers of B2C altemate 
with Th layers. The B2C layer is shown in Fig. 5.47. It may be considered a 3-connected 
net of heptagons and quadrilaterals: but, as indicated in the figure, the quadrilaterals are 
better considered as two triangles, and some of the B atoms are then Cconnected. The 
secondary net of Tb (centering the heptagons) is 32.4.3.4. In the crystal structure alternate 
B2C layers are rotated by 90'; thus although again the symmetry of one plane is rectangular 
@2gg); the symmetry of the crystal is tetr&a& (P4~lmbc). 
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Fig. 5.46. Left: the AlB2 structure. b3 layers of B (small open cuircles) alternate with 36 layers of Ai 
(large shaded circles). Right: the The LaBzC2 stmcture. A 4.g2 net of B and C (filled circles) alternates with 
44 neb of  La (larger shaded circles). 

Fig. 5.47. Left rhe boron-carbon net in TbB2C. Filled circles are C atoms. Right: the B net in ThB4 
(opn circles). Now filled circles are B2 groups above and below the plane of the net. 

The crystal structure of ThB4 (for data see Appendix 5) contains similar layers (Fig. 
5.47) but now the quadrangles are squares; additional B atoms above and below the plane 
cap the squares to form octahedra, and strings of octahedra joined by additional edges run 
normal to the   lane of the net. (Fie. 5.48). Thus the structure should really be considered a . 
three-dimensional B net. We meet other example of B nets in Chapter 7.1 

In the structure of ThBzC (also known as the UBzC structure), there are B2C layers 
with 3-coordinated B and 2-coordinated C as shown in Fig. 5.49. Crystallographic data are 
given in Appendix 5. Those who like to count electrons might care to speculate on why the 

I ~ a u ;  the iintluence of sloichiometry on coordination number. In compounds MnB (n 2 2) there are 
usually B ntomr that are not bonded to other B atoms. In compounds MB (such as CrB and FeB, 5 64.2) B 
is 2-connected to other B atoms, in compounds MB2 (discussed in the previous section) B is 3-connected, 
in  ThB4, B is 3- and 5-connected (but Cconnected in CrB4, 5 7.3.3), in CaB6 and UBl2 (5 7.9) B is 
5-connected, and in eiemenui B (5 52.5) B is 6- and 7-connected. 

TbBzC structure is formed by Sc, Y and lanthanides (trivalent elements) but a different 
structure is formed by ThBzC and UBzC. 

Fig. 5.49. The boion-carbon net in ThB2C. Fiiled circles are carbon atoms 

5.3.7 Polyntomic filings: self-dual nets 

The tilings we have considered so far generally correspond to layers of one kind of atom 
(or two related atoms such as B and C) in crystal structures; in this section we describe 
some (chemically) ternary structures in which all three kinds of atom are in the same layer. 
As the different atoms may be of different "si~s:' in general the tilings derived from these 
structures will be made up of polygons with unequal edges. 

Very often in stmctures composed of layers, all the atoms lie on mirror planes and then 
there ilre just two layers in the structure (recall that mirror planes repeat with a translation 
equal to half the shortest lattice vector perpendicular to them). In some instances, the two 
mirror planes will be related by symmetry so that there is only one distinct kind of layer. 
This will occur when, for example, there are axes of the sort 21/m, 42/m, or 63lm normal to 
the mirror planes (say along c). In each of these cases the symmetry operation has a 
translation component of c/2 taliing an atom on one mirror plane into an equivalent atom on 



the other mirror plane. For example, in the commonly-occurring space group Pnma, there 
is a 211m axis along 0,y.O and the minor planes are at y = 114 and y = 314 (see Fig. 3.14, 
p. 72). The 21 axis operating on an atom at x.114,~ will take it into an equivalent atom 
located atP,3/4,i. In fact the whole layer at y = 114 (or 314) is rotated by 180' about they 
axis and translated toy = 314 (or 114). The symmetty of the layer is p l g l .  To take another 
example, it should be clear that in body-centered space groups, mittor planes normal to the 
axes of the conventional (centered) cell are related by the centering translation. For more on 
the symmetry of structures with a two-layer repeat of one kind of layer see 3 5.6.14. 

It is quite common for the vertices of one net to center (in projection) the polygons of the 
other net and vice versa, so that the net is self dual. For a self-dual net, the number of 
polygons with n edges must be equal to the number of vertices that are n-connected. The 
average polygon (ring) size must therefore he equal to the average connectivity of the 
vertices. It follows at once from Eq. 5.4 ( 5  5.6.11, p. 198) that this average is 4. It follows 
funher that either all the polygons are quadrangles (and all vertices 4-connected), i.e. the 
net is 44, or that some of the polygons are triangles and correspondingly that some have 
more than four edges. A simple example of the latter case is provided by the structure of 
CrB (Fig. 5.50) in which there are equal numbers of pentagons and triangles. In this 
structure Cr atoms in one layer center (in projection) the pentagons of layers above and 
below and B atoms similarly center the triangles. 

An atomcentering (in projection) the triangles of identical nets above and below it is in 
(capped) triangular-orismatic coordination, so it is not sumrisine that such coordination is a ~. - .  . " 
ic3ltlr~ 01' itruaurci, 111dr i j n  hc descrlhctl ill temls a i d  srauktng uicl idu; t l  rlerr. In I'lg. 
5.50 ihc. tri&dn~I priitn. 3r ttw, elev3tioni) in CrR rn ,lwdcd for :naphl,is 

Fig. 5.50. The structure of CrB projected on (100). Larger circles are Cr 

As another example we illustrate (in Fig. 5.511, the structure of SrMgSi (which is one of 
the many compounds with the CozSi structure type) in which all atoms lie on the mirror 
planes of Pnma. In this structure Sr centers pentagons of adjacent nets, and Mg and Si 
similarly center quadrangles and triangles respectively. Accordingly the net (which has 
symmetry p g )  has triangles, quadrangles and pentagons in equal numbers. For 
crystallographic data for SrMgSi see Appendix 5. 

WCoB is isostnrctural with SrMgSi but NbCoB and TaCoB have a related structure 
(Fig. 5.51) with symmetry Pmmn composed of self-dual nets of symmettpm.  Notice that 
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in a SrMgSi layer all the triangles are SrzMg, but that in a NbCoB layer there are triangles 
Nb3, NbzCo and Co3. 

Fig. 5.51 L:;c ,.hc ,ccu:!t~r: ,,r SOtySi pcqc:..cd .I" "1 J , tcdan~ .I, 8 = I 4 ,".I 3 J l..w,@e, ~ ~ ~ ~ ~ I I U T ! ~  :ad 
;:nil] ..I-..'I,, S1 512 % n J  \ I  rripc.r~vi.1) R8;m chc .Ir.ci.rc c iV,CoU prq:~,;lcJ .,n I (X .  . a.,ni% rr A 

I r a l d  I I. L ~ ; c  !i#ci.llrl .ill:..l ;tr_';, :.i: Sh.C ,  ,!.a R r;,p<.t~$:.v l ' r j r ~ n d  prrtm. ~ r r  . h l  le.! 

.A c ~ r l n d  ;n. , lnll~,gr~~t1i~3ll! ternar). <t,tnpourld ltlle f i ra t  w3, SrhlgSt, a'tlh 3 rtruclUrC 
ha,c.l ;:I<-du;tl net, I, t h ~ t  Rc;B Fig i 5 2 )  Thii l i  bcttcr writlun ss Kc I Re(? 213 IU 
~ ~ 

emphasize that there are two kinds of Re atom, and a more typical composition for this 
structure type is YAlzCo. The symmetry is Cmcm and the symmetry of the layers ispmg. Y 
centers pentagons, A1 centers quadrangles and Co centers triangles. For crystallographic 
data for Re3B see Appendix 5. 

Fig. 5.52. Left: the suucrure of ZrFe4Si2 projected on (001). atoms at z = 0 and 112. Large, niedium and 
small circles are Zr, Fe and Si respectively. Right: the structure of YA12Co (Re3B) projected on (1001, 
atoms at x =  0 and 112. Laree. medium and small circles are Y, Al and Co respectively. Trigonal prisms are 
shaded. 
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Another ternary compound with a structure based on self-dual nets is that of ZrFe4Siz 
(Fig. 5.52). Now there are hexagons, quadangles and triangles (centered by Zr, Fe and s i  
respectively) in the ratio 1:4:2. The symmetry of the structure is P4zlmnm and that of the 
layers is c2mm (for crystallographic data see Appendix 5). 

Fig. 5.53. The structures of WZCOBZ (left) projected on (001). atoms at r = 0 and 112, and W3CoB3 
(right) projected on (100). m m s  at x = 0 and 112. Large, modium atnd small circles are W, Co and B 
respectively. Ttigonal prisms are shaded. 

Fig. 5.54. Left: the structure of YCo5P3 projected on (010). atoms at y = 114 and 314. Right: the 
srructure of LaCo5P3 projected on (100). atoms at x = 0 and In. Large, medium and small circles are Y 
(La), Co andP  respectively 

There is a series of compounds W,CoB, whose structures are composed of self-dual 
nets in which W centers pentagons, Co centers quadrangles and B centers triangles. The 
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case n = - is WB which has the CrB structure (Fig. 5.50). n = 1 is WCoB which has the 
SrMgSi structure (Fig. 5.51). Fig. 5.53 illustrates then = 2 and 3 cases. Note that in these 
structures there are groups of n trigonal prisms sharing rectangular faces so that there are 
B, groups joined by bonds through these faces. 

In LaCosP3 (Fig. 5.54) with symmetry Crncm, heptagons, quadrangles and triangles in 
the ratio of 1 5 3  form a self-dual net with symmetryp2mg. La centers the heptagons, Co 
the quadrangles and P the triangles. Note that the triangles are all LaCoz, hut the 
quadrangles are LaCo2P and COZP~.  This structure type is sometimes named LaNisP3. 

In YCo5P3 (Fig. 5.54) with symmetry Pnma, the Y atoms center hexagons, and P 
atoms center triangles so hexagons and triangles occur in the ratio 1:3. As the average ring 
size must be four there is also one pentagon per hexagon, and Co centers pentagons as well 
as ~uadrangles. A third structure occurs for this stoichiometry in LaNigSi3 (Fig. 5.55) this 
hasihe same symmetry and the net contains the same number of polygons as in YCosP3 

Fig. 5.55. The structure of LaNi~Si3 projected on (010). Largo, medium and small circles are La, Ni and 
Si respectively at y = 114 and 314. 

To illustrate the variety and beauty of the structures that nature has devised we illustrate a 
number of other self-dual nets in Fig. 5.56. Propelties of these and the other nets of this 
section are summarized in Table 5.5 (p. 181) The chemical formula of all the compounds 
discussed in this section is A,BbCc (CrB is considered to have b = 0). When this formula 
is written in the preferred way of most electropositive element first, it is observed that A 
centers the large polygons, B centers smaller polygons (usually quadrangles) and C 
invariably centers triangles (i.e. is in trigonal prismatic coordination). The table identifies 
the polygons so centered: as A centers the largest polygons and C the smallest, we refer to 
A, B and C as "large." "medium:' and "small" respectively, referring, of course, to relative 
size. It mav be verified that the average polygon (ring) size is four in every case. The . . .. 
structures illustrate the delicate balance between "size" and stoichiometry in determining 
coordination numbers although we should remark that the number of "caps" of the - 
coordinat~on prisms N.42 is not always N. Also to be noted that as C i s  in trigonal prisms 
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of A and B the structures can always be represented in terms of trigonal prisms with centers 
at two heights (either 0 and 112 or 114 and 3/41, The number of structures that can be so 
described is considerably larger than those based on self-dual nets-see for example FeZP 
(§ 5.6.15). 

Fig. 5.56. Some structures based on self-dual nets. Top. left Nb5CuqSi4, dght EuCogPg. Bottom, from 
the left: Hf3NizSi3, NdReqSi~, ZqCuqSiq. In all there structures oiA,BbC, largest circles are A and 
smallest are C (the latter invariably centering Uiangles). 

In the tetragonal structures listed in Table 5.5, atoms are on the mirior planes normal to 
the 4-fold axis. In some simple tetragonal structures (with small unit cell parameter a) the 
atoms are all on mirror planes parallel to the 4-fold axis (along c) and often the atoms on 
such layen form self-dual nets normal to a. There are of course equivalent layers normal to 
b and a description of such structures in terms of a stacking of nets is leaves something to 
be desired. Notable examples of such structures are T h C r ~ S i z  (also named BaA14) and 
BaMgSi (also named PbFCI), perhaps the two most populous structure types (for more 
on these structures see 5 6.4.2). 

Table 5.5. Same structures (with symmetries) based on self-dual nets. 
Numbers are N-gons per formula unit m the net 

Fig. crystal layer 

5.50 Cmcm p2mg 
5.51 Pnma pg 
5.51 Pmmn pm 
5.52 Cmcm p2mg 
5.52 P4zlmnm c2mm 
5.53 1mmm p2mm 
5.53 Cmcm p2ms 
5.54 c m m  p2mg 
5.54 Pnmo pg 
5.55 P m m  Pg 
5.56 14lm p4 
5.56 Pmmn pm 
5.56 Cmm p2ny 
5.56 Pnnm c2 
5.56 rm- pzmm 

luge atom medium atom 
7 6 5 4 5 4 

I 

small atom 
3 
1 

5.4 Layers of tetrahedra andlor octahedra: sheet silicates 

Many crystal structures are conveniently described as built up of slabs (multiple layen of 
atoms) rather than as a stacking of planes and we describe here some important layers of 
connected polyhedra. Specifically we describe layers of corner-connected tetrahedra and 
edge-connected octahedra.' 

5.4.1 Layers of tetrahedra and octahedra 

Layers of comer-connected { T } X 4  tetrahedra can be constructed with each tetrahedron 
sharing three vertices with other tetrahedra so the stoichiometry is TXX3/2 = T2X5. The 
simolest. and most im~ortant wav, of doinc this is with the Tatoms on the vertices of a 63 - - ~ - ~  , , . . - 
net as shown in Fig. 5.57. 

A S  the fieure illustrates. the laver of tetrahedra is flexible. In "ex~anded" form, the . -- ~~~- -- 
0 ~ ~ ~ -  

T-X-Tangle is 141.1~ and the base vertices are on a 3.6.3.6 net. In "contracted" form (with 
the distance between vertices of neighboring tetrahedra equal to the tetrahedron edge) the 
T-X-T angle is 109.5~ and the base vertices are on a 36 net (the two configurations are 
related exactly as shown in Fig. 5.40, p.167). In each case the T atoms and the vertices 
above them remain on a 63 net. 

We note in passing that two such layers (one pointing "up," and one pointing "down") 
can be joined using the fourth vertex to produce stoichiometry m. Such layers are found 
in one polymorph of BaAlzSizOs in "expanded" form, and in one polymorph of 
CaAlzSizOg in "contracted" form (with the top layer "anti" to the bottom layer). 

ISIabs of edge-eonnected tetrahedra are discussed especially is 5 6.4.2 (see Fig. 6.43, p. 249) 
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Fig. 5.57. Layers of corner-connected tetrahedra pointing "up... Left: in expanded form. ~ i ~ h ~ :  
'tontacted" to lower deosiw. Numbem are the T-X-Tangles (in degrees) for regular tetahedra. 

The T-X-Tangle can be considerably larger (indeed up to 180') if the tetrahedra alternate 
"up" and "down" as shown for two configurations in Fig. 5.58 and such alternating layers 
are common in silicates (in which the Si-0-Si angle is usually about 14Y, or greater). 

Fig. 5.58. Layers of corner-connected tetrahedra alternating up and dawn. Left: in expanded form. Right: 
'%ollapsed" to Iowa density. Numben are the T-X-Tangles (in degrees) for regular tetrahedra. 

Layers of [SizOsI2- alternate with cations in compounds such as Na2Siz05 and 
BaSiz05. Because the apical 0 atoms are bonded also to cations, the layers can be 
considerably distorted from the high-symmetry configumtions shown in Figs. 5.57 and 
5.58. Fig. 5.59 illustrates the layers in NazSizOs and BaSiz05. In the former the tetrahedra 
alternate up and down; in the latter pairs of tetrahedra alternate up and down. 

Fig. 5.59. The SiZ05 layers in Na~Si205  (left) and BaSi205 (right). Filled circles arc vortices pointing 
 down.'^ 

Layers of edge-sharmg octahedra are also common in crystal structures. On the left in 
Fig 5.60 we show a layer of (M)Yg octahedra sharing six edges with stoichiomet~y MY2 
Such layers occur notably in CdClz and CdI2 (which differ only in the stacking of the 
layers-see 9 6.1.5). The MgO2 part of Mg(OH)2 (hrucite) consists of similar layers. For s 
reason to become apparent below, mineralogists often refer to the MY2 layer as a 
"trioctahedral layer." 

Fig. 5.60. Layerl of edge-sharing octahedra. Left: an MY2 layer. Center: an MY3 layer of regular 
octahedra. Right: an MY3 layer of rnetapiismr with shared edges shorter than unshvred edges (see tent). The 
filled circles are vortices that can be shared with a tetrahedrallayer (~eeFig.  5.57). 

A second layer of edge-sharing octahedra, now with each octahedron sharing only three 
edges, is obtained from the first by removing one third of the M atoms to produce 
stoichiometry MY3. In this layer the M atoms are at the vertices of a 63 net. A notable 
example of its occurrence is AI(OH)3. Such a layer is often referred to as "dioctahedral." 

It is important to recognize that in real materials (such as oxides) the octahedra in layers 
are not regular. Because of metal-metal repulsions, the shared edges of octahedra are 
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shortened and the unshared edges are lengthened. This does not show up in a drawing of a 
projection of the MY2 layer, but in the MY3 layer it does; the octahedra become 
metaprisms, and the structure expands as illustrated on the right in Rg. 5.60. In Mg(OH)z, 
the lengths of the shared and unshared edges are 2.78 and 3.15 A respectively, and in 
AI(OH)3 they are about 2.5 and 2.8 A (the octahedra are rather imgular in this case). 

5.4.2 Sheet silicates (phyllosilicafes) 

Many important minerals, known as "sheet" or "layer" silicates, are based on a 
combination of the above tetrahedral and octahedral layers. They have interesting and 
useful physical properties that are intimately connected to their structures. Here we outline 
some of the possibilities; in what follows it should be remembered that minexals typically 
have rather complicated compositions, and chemical formulas are often idealized.1 

Fig. 5.61 shows how two layers can be combined. Note that if the tetrahedral layer is 
contracted (or partly so) two distinct configurations (known as 0 and H) are possible. 

Fig. 5.61. Illustrating the positions of a tetrahedral layer (dark shading) with respect to an octahedral 
layer. Leh: a contiacted tetrahedral layei in the 0 orientation. Center: the same in Horienlation. Right an 
expanded temhedrul layer. 

Let's calculate the stoichiometry of a double layer formed from MY2 and T2X5 layers. It 
should be clear from Fig. 5.61 that, per unit area, there are three M atoms for every two T 
atoms so we must combine 3 MY2 (hence the term "trioctahedral") with 1 T2Xj. The apices 
of the tetrahedra replace 213 of the Y atoms on one side of the MY2 layer, i.e. 113 of the 
total Y atoms, so the double-layer stoichiometry is M3YqTzX5. In layer silicates, Y is 
usually OH and X is 0 ,  so a typical composition for a neutral layer is Mg3(0H)qSi205. 
This is approximately the composition of antigorite and chrysotile asbestos. We return 
below to a further discussion of the structure of these materials. 

In a double layer formed fromMY3 and TzXj layers we must combine 2 MY3 (hence the 

'we can only hint at the richness of this subjecr. A good account. with some of the history of the 
subject, is in Chapter 13 of Bragg & Clwingbull (book list). Good recent references are: Micor (S.  W. 
Bailey, ed.), Review in Mineralogy 13 (1984) and Hydrous Pky!!osilicotes (S. W. Bailey, ed.). Rsviews 
in Mineralogy 19 (1988). The tern phyllosilicarr is generally considered to include all sluminosiiicvres 
with (S~,AI)ZOS luyecs of corner-connected (Si lo$ and (A1104 tetrahedra. 

term "dioctahedral") with 1 T2X5 and the stoichiometry is MzYqTzXj; a typical 
composition for a neutral layer is A12(OH)4Si20j. This is approximately the composition of 
kaolinite ("china clay").' Minerals with related structures are referred to as '%lay minerals"; 
they are impoItant components of soils. 

In silicates, the S i -0 -3  angles are about 1 4 5 ~  so the tetrahedral layer is expanded (or 
very nearly so). The edge of a [ ~ i j ~ q  tetrahedron is about 2.62 A, so for such a layer to be 
commensurate with an octahedral layer an octahedron edge (in the layer of the plane) of 
about (2143) x2.62 = 3.03 A is needed. It transpires thatih; { A l ] 0 ~ l a y e r s  &adapt to 
this length, hut the larger (MglOf, cannot. 

Accordingly in kaolinite there are gets flat sheets, but in chtysotile the sheets curve and 
form small cylinders of about r = 100 A radius, with the octahedral layer on the outside and 
the tetrahedral layer inside. The separation between the octahedral and tetrahedral layers is 
about 6 r  = 2.7 A so the spacing in the octahedral layer is increased by 6rlr = 2.7% 
compared to that in the tetrahedral layer. Thus the material really has translational symmetry 
in only one dimension (the cylinder axis).* 

But nature shows great ingenuity in solving the mismatch problem in a number of 
different ways. In antigorite the tetrahedra in alternate laths of the tetrahedral layer are "up" 
and "down," and the double layer is corrugated with a period of about 45 A as shown 
schematically in Fig. 5.62; the radius of curvature of the sections is about 75 A- 
approximately the same as in chrysotile. Still more complicated patterns are found in (for 
example) carlosturanite and manganpyro~malite.~ 

Fig. 5.62. A schematic illustration of the layers (seen end-on) in antigorite. Octahedral layers are lightly 
shaded. 

Triple layers consisting of an octahedral layer joined on both sides to tetrahedral layers 

IKaolinite was mined continuously from one location in Jiangri province. China for about one 
Uwusand ycars and l ~ ~ a m e  known inEngland us "China day"; ceramics made by firing it became known as 
chinowore or just chino. Kaolin comes from the Chinese word gaoling C'high hill") describing the 
lacation. Currently mining of kaolinite is a $ billion industry; a major use is as a filler for paper. 

ZActuaily, an well as cyiinders one often finds a few turns of a cylindrical spiral (like a miled-up carpet). 
The idea of cylindrical "crystals" seems to have originated with L. Pauling in 1930: subsequently electron 
microscopy provided dramatic direct evidence for such structures. See especially the now clansic work of K. 
Yada, Acta Cylallogr. 23. 704 (1967) and A27, 659 (1971). 

3For a goad review see S. Guggenheim & R. A. Eggleton in Hydrous Pkyllorilicaies (S. W. Bailey, 
ed.) Reviews in Mineralogy 19 (1988). p. 675-725. 



cab also be formed.' Combining an MY2 (trioctahedral) layer with two tetrahedral layers 
produces composition M ~ Y z T ~ X I O .  A neutral composition is  talc (also known as 
soapstone), Mg3(OH)zSi4010. Note that layers that include huo tetrahedral layers cannot 
bend (in contrast to chrysotile) and talc normally occurs as poorly-ordered microcrystals 
(talcum powder). 

Minerals of the vermiculite group have alternating triple layers of the talc type and MYz 
layers. As, per unit area, 3 MXz are combined with I M3Y2TaYlO, the ideal composition is 
now M6YxTdXln. - - . .* 

Combining an MY3 (dioctahedral) layer with two tetrahedral layers produces a triple 
layer with composition M ~ Y z T ~ X I O .  A neutral composition is that of pyrophillite, 
Alz(0H)zSidOln. - ." 

In the micas, part of the Si m the tetrahedral layer is replaced by A1 and compensating 
cations are intercalated between the layers. Typical ideal comoositions (with tetrahedral 
atoms in brackets) are: 

(a) using trioctahedral (MYz) layem: muscovite, KAlz[AISi~]0~o(OH)2 

(b) using dioctahedral (MY3) layers: phlogopite, KMg3[A1Si3]010(OH)z 

In constructing a three-dimensional crystal from the layers described here, attention must 
be paid to the way the layers stack.? 

Clays3 also can have some cations between the layers. Montmorillonite is made up of 
triple Layers consisting of two tetrahe&al layers and a dioctahedral layer in which some of 
the Al is replaced with Mg. Typical compositions are NaxM&Alz_~i4010(0~2  (bentonite) 
and Ca,izMg,A12,Si4010(0H)2 (Fuller's earth). The intercalated cations are readily 
exchanged for other cations at low temperatures in aqueous suspension (ion exchange). An 
interesting recent development has been the intercalation of large isopolycations such as 
IA11304(OH)24(H20)1~I7+ (the "spinel cluster," see 5 5.2.3, p. 157) which results in 
greatly increased interlayer spacing. Subsequent heat treatment removes much of the 
hydrogen (as water) leaving a "pillared" clay of high microporosity that has great potential 
for application as a catalyst. 

Slurr~es of bentonite are thixotropic4 and find many applications (such as use as a 
drilling mud) exploiting this property. 

I ~ o t e  [hat as the vertices on each side of an octahedral layer are not one above the other, there is an 
offset between the two tetrahedral layers, and the symmetry of the slab is at most rectangular. 

Z~ good review and bibliography on this topic is given by J. B. Thompson in Struclure and Bonding in 
Crystals VolII IM. O'Keeife & A. Naurotsky, eds., Academic Ress, New York (1981)l. 

3 ~ h e  term clay is generally used loosely to mean any layer silicate that is (a) generally composed of 
very small crystallites and (b) can absorb water. 

4~ thixotropic material is a gel which becomes fluid when agitated. Platy microcrystais of bentonite 
have positive charges on their thin edges and negative charges on tlueir faces and at r s t  wient themselves 
edge to face in the water producing a stiff gel. Agitation destroys this order resulting in a fluid of greatly 
reduced viscosiry. "Non-drip" paints are Ulinotrapic and usually contain bentonite. 
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5.5 Aperiodic tilings and  quasicrystals 

In recent years there has been considerable interest on the part of mathematicians and 
crystallographers in aperiodic tilings. These are tilings by basic tiles that cover the plane but 
in which there is no translational symmetry. The literature on this topic is now enormous 
and we can only attempt to provide some of the flavor of the subject.1 

The interest is in those sets of tiles for which every possible tiling is aperiodic. Many 
have been discovered in recent years. One of the simplest and most studied is the pair of 
Penrose tiles shown in Fig. 5.63. These have edge lengths of z =  (1 + 1/5)12 = 1.618 ... 
and 1 and the angle at the top is 2 d 5  = 7Y: If that were all, these tiles could cover the 
plane periodically as the two can fit together to fonn a rhombus. However the aperiodic 
property is forced by coloring the vertices of the tiles black and white as shown, and by 
requiring that only vertices of one color meet at a point.2 A fragment of a tiling made from 
such tiles is also shown in the figure. 

Fig. 5.63 On the left are shown the two Penrose tiles known as the ktte (top) and dart (bottom) and on 
me nght a fragment of an vpenodlc thng 

A closed fragment of a tiling (such as that shown in the figure) is known as apatch. A 
remarkable feature of a Penrose tiling is that it contains infinitely many patches congruent to 
any given patch. Even more remarkably, a local area with diameter d in any Penrose tiling 
has an identical area not more that (112 + Qd away. In every such tiling the ratio of kites to 
darts (see figure legend) is z. 

Instead of darts and kites wo different rhombuses (with acute angles of 3C and 72' 
respectively) can he used with aperiodicity forced by constraints on matching vertices and 
edges. A pair of such tiles and a tiling by them are shown in Fig. 5.64. Note that equivalent 
unmarked tiles with curved edges have the same property. The two rhombuses are often 
referred to as skinny and fat respectively. 

In three dimensions there is an analogous pair of rhombohedra1 tiles which can be forced 



to produce aperiobc tilings. These polyhedra1 have faces that are fat rhombuses (angles of 
7T and 108'). One rhombohedron is acute (three angles of 72' meet at a point) and the 
other is obtuse (three angles of 1 0 8 ~  meet at a point). The faces have to be marked and 
appropnate matchmg rules applied to force aperiodicity. 

Fig. 5.64. A tiling (left) by rhombuses (right) wiUl vertex colas and arrows on the edges matching. 

Fig. 5.65. The black circles are the black circies in Fig. 5.64. and open circles represent a continuation of 
the paltern using the tiles shown on the right and maintaining 5-cwrdination for each point. 

The arrangement of black dots in Fig. 5.64 is suggestive. Fig. 5.65 shows that they 
form triangles, quadrangles and pentagons arranged to produce a five-connected net. The 
edge lengths of the polygons are 1 and Zsin(xll0) = 1.176. A conspicuous feature of the 
diagram is the groups of five mangles condensed to form regular pentagons. In three 
dimensions 20 tetrahedra (with edges in the ratio l:1.05-see Exercise 3) can condense to 
form a regular icosahedron, and it is possible that (at least some) quasicrystal structures 
contan regular icosahedra and other polyhedra packed to fill space. Constraints analogous 

l~ometimes called golden rhombohedra or Ammann rhombohedra. They appear to have been first 
described by Ammann in 1976. 
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to those on matching edges and vertices of tiles in two dimensions may well arise in 
C N S ~ ~ ~ S .  Such a constraint occurs for chemical compounds (black and white circles being 
different knJs  oCi~c,m,: anurher constraint is coordin~tion nu~1lbr.r ,si Fig. 5.651. 

The Futlriur trsllsturnl uf .s periudiv fi.ncttun Ir Jiscrcte: hy r h ~ i  t i  meant thdt the FuurLr 
integral is reduced to a sum. In particular the Fourier transform of a lattice is the reciprocal 
lattice. There are certain aperiodic functions (known as quasiperiodic) that also have 
discrete Fourier transforms.~ Penrose tilings and the three-dimensional analogs 
(quasicrystals in the real world) are quasiperiodic and have discrete Fourier transforms and 
hence sharp diffraction patterns. One of the reasons for the excitement among 
crystallographers is that these diffraction patterns display symmetries not allowed for 
sthctly &tiodic real-space patterns. The diffraction pattern of a two-dimensional crystal 
based on Penrose tiling bas 5-fold symmetry-note that local regions of 5-fold symmetry - 
are apparent in Figs. 5.63-65. Much larger patches with 5-fold symmetry can and-to 
appear also. Quasicrystals have been found with diffraction patterns that have m35, 
12lmmm and l01nzmm point symmetries (and also other non-crystallographic symmetries 
-see 5 3.7.8).2 

Readers who experiment with these tilings (as they are urged to) will find that as a tiling 
is being constructed, situations frequently arise where there is more than one way to 
proceed and that not all of these ways lead to acceptable tilings. One has therefore either to 
back-track frequently to eliminate "defects" in the tiling or to think ahead many moves (like 
a chess player). For this reason it has been argued that real quasicrystals cannot grow from 
such tiles, as atoms can neither think ahead nor readily undo their mistakes, although the 
difficulty can largely be avoided by recognizing additional rules for acceptable placing of 
tiles.3 The challenges to crystallographers and crystal chemists are to (a) identify the (three- 
dimensional) tiles that make up quasiorystals, (b) identify the rules for their assembly and 
(c) determine how atoms are situated on (or decorate) the tiles4 

A final note is in order. Mathematicians are mainly interested in tilings which are forced 
to be aperiodic. Solids often form aperiodic structures (such as glasses) not because they 
have to, but for kinetic reasons-silica is a notable example. The tiles in Big. 5.65 do not 
force aperiodicity, but they can be put together in an aperiodic way that has a high 
concentration of patches with 5-fold symmetry. 

IRevders unfamiliar with Fourier uanrforms will have to skip this part. A simple example of a one- 
dimensional quasi-periodic function ism) = cosr + cosdk .  

2 ~ a r  a good introduction to quasicrystals see W. Steuier, Zeits. Krisrollogr 190, 179 (1990) or 
Lectures on Qunsicryslals (F. Hippert & D. Graliar, eds.) Les Edition de Physique (1994). Typical 
compositions are AIy,Mn21Si6, A170.3Pd21.4Mn8.3 and Li3gAlmCu1o-notice that A1 is the main 
component. Many matetiais studied to date are rapidly cooled fiom the melt, but there is now someevidence 
that the quasicrystal state is the mosr stabie for compositions such as A162Fei~~Cu23.5. 

3~hese rules additional constraints on the vertex figuies that are allowed, and are thus "IocaY see 
G. Y. Onoda er 01.. Phys. Rev. Leiu. 62. 1210 (1990). 

4 ~ n ~ ~ 3  has a crystal structure believed to be closely related to that of a decagonal quasicrystal and 
relevant tiles for the quasicrystal have been described by K. Hiraga er al,, Phil Mag. B67. 193 (1993). The 
structure of MnA14 is also believed to be relevant to quasicrystal structures: it  is rather complex (574 atoms 
in  the uni t  cell!)-C. B. Shoemaker etnl., Acre C~sml logr  B45, 13 (1989). 
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5.6 Notes 

5.6.1 Relationships between polyhedra, and "pseudorotations" 

The transformation from a trigonal bipyramid to a square pyramid involves just small 
displacements of the vertices. Figure 5.66 shows how a trigonal bipyramid can be 
transformed to a square pyramid, and thence to a trigonal bipyramid in a different 
orientation and with interchange of apical and equatorial atoms. Such atransformation path 
is known as a Bern/pseudorotation. A bipyramidal molecule such as PFs appears to have 
five equivalent F atoms in WNMR due to rapid changes of this sort. 

Another example of a pseudorotation was given in P 5.1.8 where we showed how a 
square antiprism could be related to a hisdisphenoid. The different ways of converting the 
squares of the square antiprism into pairs of triangles will result in different orientations of 
the 4 axes of the bisdisphenoid which likewise can he converted back into antiprisms with 
different orientations. Analogously, small displacements can result in pseudorotations of 
extended structures such as layers (9 5.6.13) or sphere packings (see e.g. 8 6.3.1). 

Fig 5.66. Transformation of a triganal bipyrvmid into u square pyramid and then back to a bipyramid with 
thethrm-Soid axis rotated by 90. 

5.6.2 Polyhedra, points on a sphere, and related topics 

The solution to Tammes' problem is appropriate for atoms in a coordination figure when 
there is a short range repulsion between neighboring atoms (fairly "hard" spheres). At the 
other extreme is the case of the long-range repulsion (Coulomb interaction) when the 
energy of interaction of the atoms is proportional to lldistance. It is convenient in this case 
to measure the repulsion energy, E, in units of q214ir&,r where r is the bond distance and q 
the charge.1 

For 5-coordination the repulsive energy is (note that the second value is for the most 
favorable type of square pyramid which has equal edges): 

[This problem has been called the electron problem us it was the basis for early (co 100 years ago) 
models of elecrronic contigarations in atoms. It was first treated by L. Mppl. For recent results see J. R. 
Edmundson. Acla C~ystnilogr. A48. 60 (1992). If q = re, where e is the electronic charge. and r is in A. 
q2i4neor = 14.4zZir ev. 
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bipynmid: E = 6.475 
pyramid: E = 6.657 

Turning to 6-coordination we might compare the octahedron with the trigonal prism. On 
a sphere of unit radius the shortest distance between points arranged as the vertices of a 
regular octahedron is d2 = 1.414: for a regular trigonal prism it is d(12fl) = 1.309. In the 
case of the trigonal prism, in calculating the electrostatic repulsion, we now allow a degree 
of freedom which is the ratio of the height (h) to the length (b) of the triangular face; the 
minimum energy is for Wb = 0.917. In the same units as before: 

octahedron E = 9.985 
prism hlb = 1 E =  10.114 
prism hlb r 0.917 E = 10.096 

In the case of the tricapped trigonal prism (9-coordination), the solution to Tammes' 
problem has the distances from the "capping" atoms to their four nearest neighbors equal to 
the length of the base. The ratio of the height to base is now hlb = d(513) = 1.291. 
Alternatively if we again minimize the electrostatic energy, hlb = 1.143 for the minimum 
'lecrrostatic energy. but 111s criers) tr onl! 1.5'; Ioa,e.-r in lht, recund c.,nligurat~oo. In 
cakr  ua,e w e  ha\< Jllh z I In eenrr~l n hen capped uigon:il prismnuc ccr,rd~n.tuon oc.%rc 
in crystals it is observed (see Hyde & ~ndersson,  p. 213) that as the number of capping 
atoms increases, the prism becomes more elongated (hlb increases) as the above 
considerations suggest it should. 

Many fascinating results, conjectures, and unsolved problems relating to polyhedra a+e 
to be found in Unsolved Problems in Geometrj by H. T. Croft, K. 3. Falconer and R. K. 
Guy [Springer-Verlag, Berlin (199111. 

The easiest, and possibly the best, way of consmcting polyhedra is to assemble them 
from individual polygons cut accurately from stiff cardboard. They can be assembled into 
polyhedra using masking tape, and the joints filled with white glue (such as Elmer's glue in 
the U.S.). Convex polyhedra are always rigid, so that when the glue has set, the masking 
tape can he removed and a very sturdy model will be obtained. Pictures of many 
remarkable models made in a similar way are to he found in A.Holden, Space, Shapes and 
Symmetry [Columbia University Press, New York (1971) also Dover reprint]. Many of 
the models depicted in that book are pertinent to crystal chemistry. 

5.6.4 Schlegel diagrams and adjacency matrices 

The topology of a polyhedron (the connection of vertices by edges) is conveniently 
expressed in a Schlegel diagram which is a planar graph in which there is a one to one 
correspondence between edges and vertices of the polyhedron and of the graph. The graph 
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is planar because it can be realized on a plane without any crossing of edges. A way to 
imagine such a graph is that it represents the view of the inside of the polyhedron one 
would have if one of its faces were transparent and the polyhedron were viewed from a 
point just outside that face. The Schlegel diagram of a cuboctahedron is shown in Fig. 5.67 
in what appears to be two quite different graphs. (The first is a view through a square face, 
and the second is a view through a triangular face). They can be shown to he topologically 
identical by writing out the adjacency matrix which contains 1 as element ij if vertex i is 
connected to j and 0 otherwise. The matrix below uses the vertex numherings of the figure. 

Fig. 5.67. Two representations of a cuboctahedmn 3.4.3.4 by Sehlegei diagrams. The numbering is the 
same as used for the adjacency matrix above. 

A warning on terminology: Mathematicians refer to the graph of a polyhedron as 
3-connected because at least three edges have to be cut to separate the graph into disjoint 
pieces. However, it is common usage in chemistry to call a net in which n edges meet at 
every vertex as n-connected. Mathematicians refer to such vertices as n-valent. Schlegel 
diagrams are sometimes used to describe the topology of coordination figures in solids. 

The problem of enumerating polyhedra with a given number of vertices is the same as 
that of enumerating dist~nct 3-connected (in the mathematical sense) planar graphs. 

Adjacency matrices are utilized extensively in molecular chemistry. Thus one way to 
recognize molecules with identical topologies in a computer is to compare iheu adjacency 
matrices. It might be mentioned that for large molecules, this is a far from trivial task as to 
get identical adjacency matrices the vertices must be numbered the same in each molecule. 

5.6.5 Coordinates for drawing polyhedra and nets 

Some important polyhedra are conveniently drawn on the framework of a cube. Let the 
origin he at 0,O.O and the cube vertices +1+1+1. The vertices of some other olyhedn are 
given below [remember K stands for cyclic permutation and z = (1 + Q5)/21. To get 
coordinates for a clinograph~c projection, use the method outlined in 8 4.6.1. 

tetnhedron 1.1.1 ; (-1,-1,l)K or-1,-1,-1 ; (1.1.-1)K 
sohedmn ( i 1 . 0 . 0 ) ~  

cuboctahedron (0 .~1 , i l )K 
mncated ocahedron (O+l12,*1 ; ill2.0.il)K 

rhombi" dodecahedron i l . f l , i l  : (i2,0,0)k 
icosahedron (O.ir2l)k 

For other cubic polyhedra the matrices for the symmetry operations of the appropriate 
symmetry group (see Exercises 7.9 & 10 of Chapter 2) can he used to generate coordinates 
of the N vertices from those of the one given below (appropriate for unit edge). To generate 
coordinates for polyhedra with icosahedral symmetry, it is best to fmt generate the matrices 
for the symmetry operations of I and Ih as described in Exercises 7 and 16 of Chapter 2. 
These can be then applied to the coordinates of a typical vertex (given below). In the table, 
Nis  the number of vertices and the coordinates are appropriate for cartesian axes oriented 
as described in Exercise 16 of Chapter 2 and for unit edge length. 

polyhedron N 
3.62 12 

3.4.3.4 12 
4.6= 24 
3.a2 24 
34.4 24 
3.43 24 
4.6.8 48 

35 I2 
53 20 

3.5.3.5 30 
3 . 1 0 ~  60 
5 62 60 

3.4.5.4 60 
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Coordinates of the vertices in Archimedean tilings with unit edge are also given below. 
For some other two-dimensional patterns see OKH. Recourse to the International Tables 
will he necessaq to generate equivalent positions from the ones given. 

tiling symmew 
346 ~6 

33.42 c2mm 
32.4.3.4 p4gm 
3.6.3.6 ~ 6 m m  
3.4.6.4 p 6 m  
4.s2 p4mm 
3.iz2 P ~ W  
4.6.12 p 6 m  

cell X.Y 

.=47 317, in (OC in, 3/71 
a = 1. b = 2+$3 0. (l+d3)/(4+d12) 
a =.i(z+43) *,  in+^ ; x = i14(16+4192) 
0 = 2  0, 112 
o = l+d3 s Y ; .x = 1/(3+$3) 
a = l+42 x, 1/2 ; x = 1/(2+$8) 
o = 2+43 x.Z;x = 1-1/43 
a = 3+$3 X, y ; = 11(3+./27), y = !n+r 

occur as hexagonal prisms; the ( 1 IiO] faces are termed the prism faces and the top and 
bottom (0001) planes are referred to as pinacoid. 

In class m? a form (hM)] consists of the 12 cyclic permutations of (*h M 0). (hM)) and 
(khO), for exasple, are related by a 4-fold rotation (about the z axis) which is not an 
operation in m3 [so (hkQ) and (khO) are not part of the same form]. Pyrites (FeSz), which 
has symmetry pa?, commonly crystallizes with a (210) habit producing beautiful 
dodecahedra with pentagonal faces known as pyritohedra. Fig. 5.68 illustrates such a 
polyhedron which appears to be a regular pentagonal dodecahedron, hut the eye is being 
deceived. There are two kinds of vertex: eight (X) at h;+r,h (at the corners of a cuhe) 
shown as filled circles in the figure and twelve (Y) at (*3x/4,f3x/2,0)~ shown as open 
circles. The edge lengths are Y-Y = 3x12 and X-Y = '121x14 and the face angles are XYY = 
102.C. XYX= 106.C and YXY= 121.6" (contrast all are 1 0 8 ~  foraregularpentagon). 

5.6.6 Names ofpolygons and polyhedra 

The names of polygons specify the number of angles they have, -gon comes from the 
Greek word for angle (a goniometer is  an angle-measuring device). The names of 
polyhedra often specify the number of faces they have; -hedron likewise coming from the 
Greek for face. The prefixes come from Greek words for numbers. Some of the more 
commonly used are given below. 

I mono- 8 wL1- 16 hexakaideca- 
2 6- 4 ennw- 20 icosa- 
3 ui- 10 decb 30 uiaconlx- 
4 tern- I1 h&- 32 icosiddeca- 
5 penm- 12 dodeea- 60 hexacon& 
6 hew, 13 hlskaidew- many poly- 
7 hepta- 14 teldddeca- 

A polygon is called skew if all the vertices are not all in one plane. 
The words "tetrahedra," "octahedra," etc. are plural. The singulars are "tetrahedron:' 

"octahedron," etc. The usage "tetrahedrons," "octahedrons," etc. for the plural is also 
considered acceptable. The term "polyhedron" applies only to three-dimensional figures. 
For higher dimensional analogs use 'polytope" (as in Appendix 2). 

5.6.7 The shapes of crystals 

Fig. 5.68. The pyritohedron described in the text 

Some terms commonly used by mineralogists to describe the external form of crystals 
are: 

euhedral refers to crystal completely bounded by well-formed faces 
anhedral is the opposite of euhedral 
aciculnr needle shaped (long thin crystals) 
tabular having two prominent parallel faces (like a tablet) 
micaceous an extreme case of tabular (occurring as thin sheets as in mica) 
hemimorphic refen to crystals with different forms at each end 
lamellar occurring as a sheaf of thin sheets like pages in a book 

5.6.8 Na3Pt4Ge4: a structure with stellae quadrangulae 

It is worth recalling that the sciences of crystallography and solid state chemistry have Stellae quadrangulae (5 5.1.2, p. 135) are important in intermetallic stnrctures. A nice 

their roots in mineralogy. Some symmetrical minerals crystallize in beautiful polyhedra. If a example of their occurrence is in the structure of Na3PtqGe4 (Eu3Ni4Gaq is isostructural). 

cubic crystal has a {loo) habit then with planes equally spaced from a center the crystal In this structure, a Pt4 tetrahedron has each face capped to make a PfqGe4 stella 

will he a cuhe (look at table salt under a magnifying glass). Similarly [ l  I t  ] results in an quadrangula. Each Ge atom is then linked to a fourth Pt on a neighboring stella 

octahedron in a centrosymmetric crystal and 1110) results in a rhombic dodecahedron. quadrangula to make an open body-centered cubic array (Fig. 5.69). The open space in the 

Cuprite (Cu20) occurs with all these habits and garnets sometimes form spectacular smcture is filled by a 4-connected net of Na atoms (in 5 7.3.11 we refer to this as the 

dodecahedra. Other common shapes include cuboctahedra and truncated octahedra in which NbO net). We note in passing that Na3SbS4 has a closely-related structure (sometimes 

the faces are ( 1001 (squares) and ( 11 11 (triangles). Hexagonal crystals such as beryl often called TIsVS4) with (Sb]S4 tetrahedra replacing the stellae quadrangulae (see Fig. 5.69). 
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Na is also in a distorted (NaIS4 tetrahedron. Crystallographic data are in Appendix 5 

Fig. 5.69. Left: the structure of Na3PLqGeq. Small open circles are PI, small filled circles are Ge, and 
l q e r  circles areNa. Right: the suucture ofNa3SbSq showing (Sb)S4 tetrahedra. Large circles are Na. 

Fig. 5.70. The rtrucrure of CogSg shown as a packing of stellae octangulae and octahedra. Co atoms (not 
shown) are in ICoIS4tetrahedraund lCoJS6 octahedra. 

5.6.9 C9Sg:  a structure with stellae octangulae 

The structure of Cogs8 [the mineral pentlandite = (Fe,Ni)gSg is isostructural] is a nice 
example of a structure in which stellae octangulae are a conspicuous feature. A stella 
octangula (Fig. 5.3, p. 135) has 6 inner vertices and eight outer ones. In the Cogs8 
structure (Fig. 5.70) Co centers the tetrahedra of a S6Ss stella quadrangula to produce a 

CogSgSg unit. These units are joined together as shown in the figure; each outer vertex is 
shared between four units, so  the stoichiometry is now CogSgSgi4 = CogSg. There are 
empty S6 octahedra inside the stella quadrangulae: in the packing, new Sg octahedra are 
generated (one per CogSg unit), and these are also filled with Co to make the overall - 
stoichiometry Cogs8. The S atom arrangement is cubic closest packing (ccp, 3 6.1.3). 

Crystallographic data. for Co$g are given m Appendix 5. 

5.6.10 Enumeration of Archimedean polyhedra and tilings 

We remarked ($ 5.3.1) that the regular tilings were limiting cases of regular polyhedra 
(the idea appears to have originated with Kepler) as in the sequence: 33, 34, 35 (polyhedra) 
and 36 (plane tiling). In Table 5.6 below, the archimedean polyhedra and lilings are listed 
in families according to the number of polygons meeting at a vertex. 

Table 5.6. Archimedean polyhedra and tilings 

How can we be sure that the list is complete? We need first to require the sum of the 
angles at the vertices is < 36V (with equality applying for plane tilings). The vertex angle 
of a regular plane n-gon is 18V-36Vln so we must have for the sum over the i vertices: 

5.62 
~ 4 2  (prisms) 

4.6.8 4.6.10 
33.N (antiprisms1 
3.4.3.4 3.5.3.5 
3.4.5.4 
3.43 
34.4 34.5 

However this equation admits many more solutions than appear in the table. What about 
the polyhedron 3.4.6 which is missing? Let's calculate the number of vertices, V ,  such a 
polyhedron should have. The number of edges, E, is 3Vl2 (as three edges meet at each 
vertex and each edge belongs to two vertices). An n-gon at a vertex is shared by n vertices 
and contributes 1111 of a face per vertex, so the number of faces is F =  V(ll3 + 114 + 116). 
Now solving Euler's equation F - E + V = 2, we find V = 8. Hence F = 6. So far, so 
good. But using our argument that there are Vi3 triangular faces, Vl4 square faces and Vl6 
hexagonal faces, we find that our polyhedron has to consist of 813 triangular faces, 2 
square faces and 816 = 413 hexagonal faces; clearly impossible. 

4.6.12 

3.6.3.6 
3.4.6.4 

34.6 
33.42 32.4.3.4 
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Actually in this case, simple topological considerations show that 3.4.6 is impossible. 
To see this, draw a triangle and the third edge meeting at each of the triangle vertices. The 
polygons must alternately be 4- gons and 6-gons on each side of these edges; this is 
impossible as the number of such edges is an odd number (3). 

In general, the possible polyhedra or tilings are those that satisfy Eq. 5.1 and are of the 
s0It: 

P.4.' with p.q,r all even 
P . 4 4  with q even 
P.P-P 
44 and 3p.q . r  when q t 3 ,  p and r t 3 
p.q.r.*t and 36 

It is interesting that all the topological possibilities involving one kind of vertex can be 
realized with regular polygons. In general this is not the case when there is more than one 
kind of vertex. The general problem of deciding whether a given set of polygons (regular 
or not) can be combined into a polyhedron is of interest in chemistly (see Appendix 4 for 
more on this topic), but unfortunately it is also difficult and unsolved. 

5.6.11 Euler's equation applied toplane nets 

The celebrated Euler equatlon relatlng the numbers of faces, F, edges, E and vertlces V 
for a finltepolyhedron 1s 

For a plane tiling 

As V, F and E are all infinite, Eq. 5.3 is conveniently divided through by V.  This 
equation also applies to a tiling on the surface of a torus ("doughnut9').l 

Let 4n be the fraction of the polygons in a tiling (or net) that are n-gons, then <n> = 
Zn4,, is the average size of the polygons of the pattern. Likewise letfi be the fraction of 
vertices at which i vertices meet, then <i> = Zif, is the average connectivity of the net. 
Using the facts that each edge is common to two polygons and joins two vertices, it may 
derived, using arguments similar to those used in the previous section, from Eq. 5.3: 

Ihcrc ~ r c  :r.rtd~n pr~nulu~t:=i ilnd, c.1 i!ll.lc. tors hlrh lhlr c.(~*c~on i.>er nu, hull .  ..Ful<r'~Thc,,rcm 
fdr T8lln&s Is 01 iun.llrwntd tusp,rbncr, olll 8 ;  r r m n A  :onteudcr inr onc of the nw.t 1~4ur.ntly n > ~ s q ~ ~ ~ t r . l  
ru,ulci i n  ~tmche~t~:lt..;'"-U Frunhdum .C 1; C. \luoh,rJ. T ~ ~ I I I ) ,  ,lnl Plr,,rnc ll.,oL 1 1 9 , 1  The qul.< . . " ~ ~~~ ..... ~.~ 
mathematician L. Euler (1707-83) was perhaps the most prolific in history-his bibliography requires a 
substantial shelf of volumes. He made significant contributions to virtually all parts of mathematics but 
geomemy was his favorite. 

An example of the application of this formula is to tilings of the plane by (not necessarily 
regular) triangles (b = 1, <n> = 3) to give <i> = 6. This shows that the average number 
of triangles meeting at a point must be six. As <n> cannot be less than 3, <i> cannot be 
greater than 6. 

For a pattern with three polygons meeting at a point (a 3-connected net, <i> = 3) Eq. 5.4 
shows that the average polygon size (ring1 size) a> = 6. This means that there is no 
constraint on the number of six-rings. For the pentagon-hexagon-heptagon nets of 5 5.3.5, 
let there be $5 pentagons, &heptagons and 1-45 -& hexagons. Equation 5.4 becomes: 

In general for any infinite plnne net in which all vertices have the same connectivity i 
(the vertices need not otherwise be the same) one has ("rings per vertex" refers to the 
average over all the vertice~):~ 

Connectivity, i rings per vertex average ring size 
6 2 3 
5 3 n  1013 
4 1 4 
3 ln 6 

5.6.12 Transformations between patrems: common unit cells 

It should be clear that two patterns with the same densities of points can be converted 
from one to the other by shuffles of the points that involve just finite displacements. 

A special kind of structural relationship is one in which there is no change in shape of 
the unit cell. A simple example is the relationship between the kagome (3.6.3.6) and 36 
patterns (Fig. 5.40, p. 167). The common hexagonal cell is given in Exercise I I. 

First a common cell that may be a supercell of one or both structures must be found. 
This supercell will, of course contain the same number of points for each of the patterns. 
The transformation can then be effected just by moving the points in the cell. 

Consider square (two-dimensional) cells first. A primitive cell for the square lattice has 
sides a. A non-primitive cell can be chosen with translation vectors u a  + vb and -va + ub 
with area uZ + v2 and containing uZ + v2 lattice points. 

The number of atoms in a unit cell can be expressed uniquely as Ap, where p can be 
reprcienced a, the ruto oitwo <qudrc, ,u? T r2,  in;luJine zcro x i  3 cqulrs) mnJ .A I ,  either 
I o r  3 nunthcr thd cannot be ckpres,sJ 3s ,cz, 1.2. Onlv t i  pattr.rn, Ihmr lhc s:!nlc .A, * i l l  
they have a common square supercell. 

Patterns with common A are described as compatible. Sorted by value of A, we have 
for Ap S2l:  

11" discussing chemical compounds it is more usual to talk about '.rings" (as in "benzene ring") rather 
man 'polygons." In the present context the terms are synonymous. 

ZAS the average ring size is 3 for 64onnected nets, it follows that in the absence of 2-rings (loops) all 
the in a bcannected net are 3-rings and 36 is the only bconnected net. 
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The square lattice (the regular tiling 44) has one point per cell and so belongs in the class 
with A = 1. The important tiling 32.4.3.4 (Fig. 5.39) has four vertices per unit cell 
(8  5.6.5) and so  is compatible with 44. Fig. 5.41 (p. 167) illustrated that the 
transformation from one structure to the other can be effected by concerted rotations of 
squares. This relationship is valuable in relating layers of crystal structures. 

Fig. 5.71. The relationship between TTB (left) and 44 (fight). Corresponding parts of each diagram are 
equally shaded for ease of comparison. 

As a second example we illustrate (Fig. 5.71) the relationship between 44 and the 
tetragonal tungsten bronze (TTB) net (Fig. 5.43, p. 170) with 20 points in the unit cell 
(i.e. A = 1 again). Again the transformation between the two structures is effected by 
rotations of groups of vertices. For other examples see OKH. 

In both these examples the common supercell is the larger of the two. If we wanted to 
inter-relate pattems with (say) 4 and 5 points per cell respectively, we would have to use a 
supercell with 20 points per cell to describe the transformation. 

Similar considerations apply to two-dimensional hexagonal patterns. A non-primitive 
hexagonal cell with translation vectors ua + vb and -va + (u-v)b (derived from a primitive 
cell defined by a and b) will have area u2 - uv + v2 containing uZ - uv + v2 lattice points. 
Let the number of points in a hexagonal cell be Bq, where q can be expressed as u2 - uv + 
v2 and B is either 1 or cannot be so expressed. Hexagonal pattems with a common B will 
have a common super-cell and thus will be compatible. 

Sorted by value of B we have for Bq S 20 : 

B = l  Bq = 1, 3, 4, 7, 9, 12, 13, 16, 19 ,... 
B=Z Bq=2,6,8,14,18 ,... 

In Fig. 5.40 we demonstrated that 36 (one vertex per cell, B = 1) and 3.6.3.6 (three 
vertices per cell, B = 1) were indeed compatible and illustrated their relationship. 

63 (2 vertices per cell) belongs to the B = 2 family, so it cannot be transfomed to 36 (far 
examole) without a change of shane of cell. But 63 is comvatible with 34.6 and 3.4.6.4 ~~r , 

(both six vertices per cell, B = 2). Fig 5.72 illustrates that the relationship between them is 
very simple and can be effected by rotating the shaded hexagonal gmups of vertices. 

Fig. 5.72. Relationships between 63 (top left), 3.4.6.4 (top tight) and envnriomorphs of 34.6 (bottom). 

A slightly more subtle example involves the relationship between the a - U j O g  and 
/3-U30s nets (see 5 5.3.4). a - U j O g  is hexagonal with five vertices per cell (B  = 5 
family). P U 3 0 n  is centered rectangular with ten vertices per cell, but the primitive cell is 
almost metrically hexagonal (there ate no 3- or 6-fold symmetry axes of course) and also 
has five vertices per cell. Fig. 5.73 shows that these two nets are simply related by rotation 
of pentagonal groups of vertices (shown shaded in the figure). In this example, because 
,T-UjOg is not strictly hexagonal, we do have a small change of unlt cell shape. 

Fig. 5.73. Relationship between the a.UjOg (right) and ,%U30g (left) nets. A primitive cell (with an 
unconventional origin) is shown as white lines. 
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Many of the vansfomations between two-dimensional patterns that we have described 
involve rotations of polygons. We will find that in similarly relating three-dimensional 
patterns (such as sphere packings) we will rotate polyhedral groups of atoms. 

Most of the plane patterns of interest in crystal chemistry are square with A = 1 or 3, or 
hexagonal with B = 1 or 2 (OKH). 

Note that transformations between incompatible patterns (e.g. 36 with B = 1 and 63 with 
B = 2) require a change of shape of the unit cell (a metrically hexagonal cell of 36 
containing two points does not exist). 

5.6.13 Pseudorotations and twinning of nets 

We remarked that two "infinite" structures with the same densities of points can be 
converted from one to the other by shuffles of atoms (points) by an amount less than. or at 
least comparable to, interatomic distances.' In particular structures related by rotation about 
an axis or by reflection can be interconverted without macroscooic dis~lacements. 
Intergmwth of two otherw~se identical structures in different orientations is called twinning 
and usually different structural elements are eenerated at the interface. 

In Fig. 5.74 below we show how the orientation of a 44 net can be changed merely by 
small rotations of individual sets of four points forming a square. The left-hand paa of the 
figure shows open circles on a 44 net. Rotating the points on the shaded squares to the 
positions shown by filled circles results in a fragment of 44 rotated by approximately 51° 
(or -39') from the original orientation. On the right the resulting structure is shown; kt may 
be seen to be a coherent intergmwth of the two 44 nets with squares replaced by triangles 
and pentagons in the line where the two twins meet.2 

Fig. 5.74. Twinning of a 44 net by rotation of squares. See the text for detuiis. 

Very many crystal structures can be derived from simpler ones by repeated periodic 
twinning (mimetic twinmng). Numerous examples are adduced by Hyde & Anderssan 

'~rvnsformvtions between lattices of the same density and the nature of the displacements are discussed 
by M. Duneau B C. Oguey, Journal ofPhysicr A 24.461 (1991). 

l1n three dimensions twins meet in a piune: the composition plane. 

[Book List, see also B. G. Hyde et al., Progr. Solid State Chem. 12,273 (1979)l and it is 
important to realize that (at least in some cases) only small atomic displacements (as 
opposed to macroscopic shear) are needed to interconvert structures. An example of a 
three-dimensional pseudo-rotation is to be found in 8 6.3.1. 

5.6.I4 Symmetries of structures derived by stacking equivalent nets 

In 5 5.3.7 we described some structures consisting of a two-layer stacking of self-dual 
nets. In any two-layer structure, the layers are of necessity on mirror planes, say normal to 
c. If further the two layers are the same (or minor related), there must be a symmetry 
operation that includes translation c/2 relating the two mirror planes. In the general case 
all atoms are in ~osi t ions  x,v,zo with zo = either 0 and 112 or 114 and 314. Possible . . 
symmetry groups for structures with atoms in such positions are listed in Table 5.7 below, 
first in a setting with the mirror planes containing the nets normal to c and second in the 
"standard" setting. The symmetry of the layer is also Fiven. Notice that there are often extra - 
constraints on the lattice parameters of the layers. Thus in space group P4z/m, layers with 
svmmetn, 02 are stacked one above another with alternate layers rotated by 90': for this to . . 
be possible one must have a = b for the layer. 

Table 5.7. Possible symmetries for sUucrures with symmeuy-related layers 

space group layer I spacegroup layer 1 space group layer 

Bllm Cm PI 
P11Zllm P211m pl 
B11Zim C21m pZ 
PcZm PmZ pl 
Pn2lrn Pmn2l pl 
Bm2m CmmZ plml 
BbZlm Cmc21 plgl 
AmZm AmmZ plml 
Ac2m AbmZ ~ l g l  
Cc2m AmoZ pl 
FmZm FmmZ clml 
ImZm lmm2 plml 
IcZm I d  plgl 
Pccm Pccm pZ 
Pmcm Pmm plml 
Pncm Pmna pZ 

Pbcm Pbcm plgl 
Pnnm Pnnm p2 
Pmnm Pmmn plml 
Pbnm Pnm ptgl 
Amom Cmon pZmg 
cmcm Cmcm p z m  
Acam Cmcn p2gg 
Cmmm Cmmm pZmm 
Cccm Cccm clml 
Bmcm Cmmn p 2 m  
Bmam Cmma pZmg 
Fmm FF cZmm 
lmmm lmmm pZmm 
lbam lbam pZgg 
Imem lmmo p2mg 
/mom Intm pZmg 

Notice too that although there are many possibilities for stacking low-symmetry layers, 
the number of oossibilities becomes limited for more-symmetrical layers and there is only 
one possible stacking sequence for layers with symmetry p3ml,p31m, p4mm, p4gm and 
06. This is because alternate layers must be related by a symmetry operation that is not a . . . . 
part of the symmetry of the layer. Thus in P63lmcm adjacent layers of symmetry p31m are 
related to each other by reflection in mirrors normal to a (combined wlth the translation c12 
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this corresponds to the operation of c glide normal to a as indicated in the space group 
symbol). In P63lmmc adjacent layers of symmetry p3ml  are related to each other by 
reflection in mirrors parallel to a (operation of c glide plane containing a as indicated in the 
space group symbol). Layers with symmetryp6 can be also be stacked with altemate layers 
related by c glide but now one set of glide planes automatically generates a second set and 
there is again only one possibility: symmetry P61mcc. 

A square layer has 4-fold axes at the center of the cell as well as at the comers (see Fig. 
1.13, p. 16) so square layers can be stacked with altemate layers displaced by 1/2,1/2,1/2. 
This is the only possibility for layers with symmetryp4mm andp4gm. 

Finally, note that a two-layer stacking of layers of symmetry phmm is not possible. 
This is because there is no three-dimensional crystallographic operation relating the layen 
that will not leave them unchanged, so the only possible stacking of such layers is that in 
which they are directly one above the other and then there is a single layer structure with 
symmetry P6lmmm. It follows at once that there cannot be a self-dual net with symmetry 
p6mm On a little reflection (!) this result should become "obvious." 

5.6.15 More structures with dual nets: FezP 

In 5.3.7 we gave some examples of stluctures that were simply described as stackings 
of self-dual nets. The description is pdcular ly  attractive as once the 2-dimensional net and 
the spacing between layers are specified, the structure is completely determined; although to 
fully appreciate the structure, it should be illustrated in more than way (for example by also 
emphasuing the pattern of trigonal prisms). 

A related group of structures can be described in terms of stackings of dual (but not self- 
dual) nets. These structures are generally more complicated, in the sense that there are more 

clystallographic kinds of atom, because atoms on the two layers are not related by 
svmmetrv. The s im~les t  structure of this sort is FezP = Fe(l)~Fe(2)3P(l)P(2)2 (for 

se&That the layers at ;= b and z = 112 are different, but the nets are indeed the duals of 
each other.1 Such an illustration allows a ready determination of the coordination of all the ---..- ~~~- ~ 

atoms, but it is hard to see the larger-scale organization of the structure. On the right in the 
figure (PjFeg trigonal prisms centered at z = 0 and z = 112 are emphasize& now the 
linkage of these polyhedra is more apparent. 

5.7 Exercises 

1. The dual of the bisdisphenoid is an octahedron which also has z2m symmetry (of 
cours~!), and has four faces that are pentagons and four that are quadrilaterals. Can this 
polyhedron be made with faces that are regular polygons? (No.) 

Thzre is an octahedron with three pentagonal and five triangular faces that can be made 
with regular polygons. [Hint remove three vertices from a regular icosahedron.] 

2. If polyhedra are to fill space, the solld angles at the vertices that meet at a point must 
sum up to 4n. (720') and the dihedral angles at a common edge must sum up to 36V. 
Verify that the solid angle at the vertex of a truncated octahedron is 180' (a useful formula 
is Eq. 4.15) and that the dihedral angles are 12V. Truncated octahedra indeed do fill space 
with t h e  polyhedra meeting at an edge, and four meeting at a vertex (see $ 7.3.10). 

3. Regular tetrahedra alone cannot fill space. The solid angle at the vertex of a regular 
tetrahedron is 3cos-'(113) - n= 31.5Y so at most 22 regnlar tetrahedra can have a common 
vertex. But at most five regular tetrahedra can have a common edge (the dihedral angle of a 
regula tetrahedron is cos-'(113) = 70.5T) so in fact only 20 regular tetrahedra can have a 
common veltex. (Do the experiment with 21 regular tetrahedra!). A regular icosahedron can 
be considered as made up of 20 tetrahedra with three edges equal to unity and three edges 
(meeting at the center) equal to 51"4[(1 + d5)/8] = 0.9511. [These considerations are 
relevmt to the shapes of small clusters of metal atoms]. 

4. A linear rod can be made of regular tetrahedra sharing faces (so that the tetrahedron 
centers fall on a straight line). The vertices fall on an aperiodic helix.2 Are the positions of 
the vertices described by a quasiperiodic function? (Yes.) 

'The net at z = 0 (open circles in the figure) should be recognized as the a-UjOll net (see Fig. 5.44, 
p. 172). 

nice, but challenging, See H. Nyman el el.. Zeitr. Kristoilogr 196, 39 (1991) for some 
help. Such a rod is known as u "Bernul Spiral". For more on this beautiful structure see also C. Zheng et 
ol., J,  Amer. Chem. Soe. 112, 3784 (1990). 
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5. It is simple to demonstrate that the volumes of regular tetrahedra, octahedra and 
truncated tetrahedra with the same edge length are in the ratio 1 : 4 : 23. (Hint: combine 
each of the larger polyhedra in turn with four tetrahedra to make larger tetrahedra) 

6. The reader might enjoy deriving results similar to Eq. 5.4 from Eq. 5.2 for finite 
polyhedra. For example it is not difficult to show that if a closed shell (polyhedron) of 
"graphite" (three-connected C atoms) is made, in addition to hexagonal rings (as in 
graphite), there must be 12 pentagonal rings. Cso and C70 are well known examples. 

Fig 5.76. The polyhedron shown on the left is the truncated icosahedron (5.62). On the nght is a 
topological isomer. 

Hint: if three polygons meet at each vertex, E = 3Vl2 [incidentally showing that the 
number of vertlces must be even] and Eq. 5.2 becomes 2 F  = V + 4. Let there be Fs 
pentagonal faces and F 6  hexagonal faces so that F = Fj + F6 .  As each vertex belongs to 
three polygons there are 613 vertices per hexagon and 5 n  vertices per pentagon 

Figure 5.76 shows, on the left, the truncated icosahedron (5.62) which has 60 vertices, 
2 0  hexagonal faces and 12 pentagonal faces. On the right of the figure is shown a 
topological isomer with the same number of faces but some vertices are 52.6 and 63; it is 
derived from 5.62 by rotating the two vertices shown as filled circ1es.l 

7. The combination of two regular pentagons and a regular decagon meeting at a point 
have the sum of their angles equal to 360' hut there is no tiling 52.10.2 Show that 
neve~theless the combination of two pentagons and a decagon per vertex satisfies Eq. 5.3. 

8. Verify for the Archimedean tilings (Table 5.4, 5 5.3.2) that the average ring sizes and 
numbers of rings per vertex have the values given in 5 5.6.1 1. 

[see A. J .  Stone & D. J. Wales, Chem. Phys. Letts. 128, 501 (1986). 
Z ~ h i s  problem fascinated Keplei, who produce some beautiful tilings consisting largely (but of course 

oat entirely) of regular pentvgons and decagons [see Gninbaum & Shephwd (Book List)]. 

9. There is a simple tiling of the plane by congruent pentag0ns.l The symmetry is p4gm 
with a = 4(4 + 47). There are two kinds of vertex: one at 2 a: 0.0 ; 112,112 and the second 
at 4 c: i(x,lIZ+x ; 112-x~) withx = 0.363. Four pentagons meet at one vertex and three at 
the other (Fig. 5.77). The pattern is known as Cairo tiling or MacMahon's net2 

Fig. 5.77. MncMahan's net (Cutra tiling). 

10. Show that the transformation 3.6.3.6 + 36 illustrated in Fig. 5.40 can be described 
analytically as follows: We take a cell containing three points at positions 3 c of p3lm (2.0; 
0,x; 5 3 )  with x = (3 - 2sin$)l6 and unit cell edge a = dld(3x2 - 3x + I )  where d is the 
shortest distance between points (the edges of the net). $ is the angle of rotation of the 
triangles of 3.6.3.6 so that 4 = O. corresponds to 3.6.3.6 and $ =  3W corresponds to S6. 
The endpoints have symmetry p6m and the true unit cell for 36 is 113 the area of this cell. 
What happens when $> 3V? 

11. Describe the transformation 32.4.3.4 + 44 in a similar way to that in Exercise 10. 
(See Fig. 5.41; the symmetry in the general case in p4grn) 

12. Consider tilings by the polygons shown in Fig. 5.65 such that every vertex is 
5-connected. Show that Eq. 5.4 requires that 213 < $3 < 516.0 5 $4 < 113 and 0 < #j < 
116. Can you make a tiling with a 5-fold rotation point with these tiles? Can you make a 
periodic tiling using all three tiles and with all vertices 5-connected? 

I ~ ~ u m c r a t i ~ g  the tilings of the plane with congruent pentagons is a famous problem and attempts at its 
solution have resulted in amatdun handily beating mathematicians. See M. Gaidner in Time 

Travel and Other Mathematical Bewilderments [Freeman, New York (I988)l. 
21" Cairo the tiling is common far paved sidewalks. The net is featured in P. A. MucMahon's 

New Moihernhticni Pastimes [Cambridge. (1921)l. 
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CHAPTER 6 

SPHERE AND CYLINDER PACKINGS 

In this chapter and the next we discuss periodic three-dimensional strnctures. This 
extends the discussion from finite polyhedra, circle packings, and two-dimensional nets, to 
infinite polyhedra, sphere and cylinder packings, and three-dimensional nets. Now we are 
approaching the real world of crystal structures and examples of them will be met more 
frequently. 

In many crystal structures one or several kinds of atom are in positions carresoonding to - 
the centers of spheres in a sphere packing, and other atoms are in positions corresponding 
to interstices of that packing. It is common (especially for mathematicians) to refer to such 
interstices as "holes," bu&hat word has been app;opriated to have a special meaning 
(referring to an electronic defect) in solid state science, so we avoid it. We generally just 
refer to "sites." In the same vein, the word "vacancy" has the meaning of a site that should 
be occupied but at some particular point in a real crystal is not (i.e. a special kind of atomic 
defect). We recommend using "vacancy" only in the context of defect thermodynamics and 
kinetics (and then with great care), and at other times using a term such as "unoccupied 
site" instead. 

It is essential at the outset to recognize that we are here only concerned with the 
geometry of certain patterns of points which are of common occurrence in crystal 
structures. It is convenient to consider such patterns as arising from packings of spheres, 
but as they can also arise in several other contexts, it is important not to get a mental image 
of crystals as assembled from a packing of hard sphere "atoms" as is sometimes seen 
illustrated (we do this ourselves in 8 6.1 and 6.2, but nowhere else). We shall see, for 
example, that in several simple and familiar crystal structures of binary compounds AB the 
arrays of both the A and the B atoms are the same as the centers of spheres in closest 
packing. Unless the spheres representing A and those representing B interpenetrate 
substantially there cannot be simultaneous A-A and B-B contacts. 

One reason for discussing suhere ~ackings is that it is hard to read the literature of 

that the shortest distance between them is a maximum; stated this way, the problem is an 
e x ~ e n ; i o ~ ~  of Txmnt:s' prohlem 12  5.1.9, whish refemd lo ndnglng points rwtrl~ fixed 
number nur ttnll .tre.!, on ~ h z  I U ~ P J C ~  01 .I ,phtrc such ih.11 llle minimum dlitanc? hct\\een 
them was a maximum. Another problem with the same solution is to ask for ways of 
arranging points in space so that every point has twelve equidistant nearest neighbors. Yet 
another prohlem, again with the same solution, is to ask for the arrangement of vertices in 
space-filling packings of regular octahedra and tetrahedra with equal edges. 

Thus the same geometrical arrangement arises in very different contexts, only one of 
which involves spheres in contact. When we want to emphasize such considerations we 
use the term euraxy to mean "an arrangement corresponding to the centers of spheres in 
closest packing" and describe such arrays as eutactic. Generally though, we follow 
established usage indicated by bold face abbreviations in the next paragraph. 

If we restrict ourselves to arrangements in which the points (or the centers of the 
spheres) fall on a lattice, there is just one solution to the above prohlem. The arrangement is 
commonly referred to as cubic closest packing (ecp), but we also use the term cubic 
eutaxy.1 If the restriction to points on a lattice is lifted, we find a second arrangement of 
equivalent (symmetry-related) points known as "hexagonal closest packing" (hcp) or 
hexagonal eutaxy. There is an infinity of other arrangements with the same density, but 
with more than one kind (in the crystallographic sense) of point as we will see. We refer to 
these generically as c p  or as eutactic. We consider only periodic patterns and state results 
mostly without proof.2 The construction of models with a dozen or so polystyrene balls 
and toothpicks to hold them together will be found invaluable. 

6.1.1 Stacking of close-packed layers 

- .  - 
crystal chemistry without some knowledge of the subject and its associated terminology. 
The most compelling reason is, however. that the topic introduces natterns that are . - 
ubiquitous in crystal StNctuIeS; indeed it is hard to invent a simple symmetrical sphere 
packing that does not occur in nature. Our organization is by coordination number, starting 
with the densest packing of spheres; however, this is for convenience only; we could 
equally have chosen one of a number of other schemes. 

Fig. 6.1. Put of a layer of close-packed spheres. A marks the corners of a unit cell 

6.1 The densest packing of spheres 

We consider first the classical problem of packing equal-sired spheres in space as 
densely as possible (closest packing). It should be apparent that this is the same problem as 
that of arranging points of an infinite m a y  with given density (number per unit volume) so 

lThe tern is used [us is "cubic closest pacliing" (e~p)] also far arrangements that only appmrimate the 
ideal arrangement. 

2 ~ o m e  '"obvious" results are remarkably difficult to prove in  a way acceptable to mathematicians. For 
comments on the proof (by W. Hsinng) char "closest packing" is just that see N. Max. Nature 355, 115 
(1992). 



Conceptually the simplest way to generate these patterns is to stan with a layer of 
spheres lying on a flat surface in a closest-packed way.' Their centers will be on the 
vertices of a 36 net (a cp layer), just as in the densest circle packing. Fig. 6.1 shows four 
such spheres with centers at the comers of a hexagonal unit cell of 36. In the figure the 
letters "A" are at these comers. 

Now we add a second close-packed layer on top of the first. To have maximum density 
we want the spheres of the second layer to nestle in the depressions of the first, i.e. over 
the points marked " B  or "C." (It should be clear that B and Care too close for spheres of 
the second layer to be simultaneously over both of these positions). Accordingly there are 
two possibilities for the two-layer structure: AB or AC. These are of course identical 
arrangements (remember the layers are infinite in the plane). For the sake of subsequent 
discussion let the arrangement chosen be AB for the moment 

i Fig. 6.2, Pan of two layers of close-packed spheres. The letters are i n  the same place as in Fig. 6.1. ! 

A small fragment of the two-layer packing is shown in Fig. 6.2. It should be clear from i 

that figure that if we now add a third layer in a similar way, the centers of the spheres in the 
third layer must lie over either A or C so we have two distinct three-layer sequences: ABA 
and ABC. These differ in that in the first case the layers below and above the middle one 
are in same (A) positions, and in the second case the layers below and above the middle 
one are in different positions (A and 0. 'I I 

For unit diameter spheres in contact, the perpendicular distance between layers will be 1 
d(213) = 0.8165 (this is the height of a regular tetrahedron of unit edge, cf. p. 133). 

'This la why we pack spheres rather than, for example, polyhedra 
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Fig. 6.3 shows pans of the two different three-layer sequences. At the top the spheres 

Fig. 6.3. Spheres packed in the sequence ABC (top halo and ABA (bottom halo. 

The centers of the spheres in a slab of two layers divide the slab into regular tetrahedra 
and octahedra. Fig. 6.4 shows how a tetrahedron and an octahedron are so defined by four 
and six sphere centers respectively. The eutactic arrangements of points thus also arise as 
the positions of the vertices when regular tetrahedra and octahedra are packed to fill space, 
and this is possibly the real reason for the common occurrence of eutaxy as the arrangement 
of cations and/or anions in so many compounds in which there is 4- andlor 6-fold 
coordination (see Notes § 6.8.3). 

Figure 6.5 illustrates the arrangement of octahedra and tetrahedra in a two-layer slab. 
Each octahedron shares edges with six other octahedra. The tetrahedra can be divided into 
two groups (see Fig. 6.5): those "pointing down" and those "pointing up." Tetrahedra of 
each type share only vertices with each other, but each "up" tetrahedron shares three edges 



with "down" tetrahedra in the same layer and vice versa. Altogether space is divided into 
equal numbers of octahedra, "up" tetrahedra and "down" tetrahedra. 

Fig. 6.4. A rewahedron and an octahedron formed by spheres in contact. 

Fig. 6.5. Middle: the centers of 24 spheres (represented by circles) in a double layer of close packing 
showing the octahedral interstices. Top: the same points. but now showing the "down" tetrahedra. Bottom: 
the same points showing the "up" tetrahedra. 

Fig. 6.6 A rhombohedron composed of an octahedron and two tetrahedra (compare Fig. 6.5) 
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The reader is urged to assemble such a layer with polyhedra. When that is done it will 
surely be noticed that two tetrahedra may be combined with an octahedron to form a 6V 
rhombohedron as shown in Fig. 6.6. Clearly this polyhedron fills space and contains one 
each of an "uo" tetrahedron. a "down" tetrahedron and an octahedron. We will see that it is .~~~~~ ~ ~~~~ 

a unit cell of'ccp. It should be clear that each two-layer slab can be divided into such 
rhombohedra, so all cp arrays are made up of octahedra, "up" tetrahedra, and "down" 
tetrahedra in equal amounts (one each per cp  sphere). 

6.1.2 Hexagonal eutaxy (hcp) 

We discuss the case AB ... first. We could equally label the sequence AC ..., BC ..., etc. 
which would describe exactly the same packing but with a different choice of origin. In fact 
if A is at the origin of a hexagonal cell, it is useful now to describe the two-layer repeat as 
BC .... We can then get a convenient description in crystallographic terms of a hexagonal 
unit cell with sphere centers at 113,213,114 and 213,113,314. If the spheres are unit diameter, 
a will be 1.0 (see Fig. 6.1) and c will be 24(213) = d(813) = 1.6330. The z coordinates are 
chosen as 114 and 314 (rather than e.g. 0 and 112) because we then have the origin of 
coordinates at a center of symmetry. The space group is P631mmc. The arrangement of 
sohere center ~ o i n t s  is not a lattice, as a vector from the center of a sphere to the center of a 
contiguous sphere in an adjacent layer is not a lattice vector. The spheres are related by 
svmmetrv thoueh: their centers are in the special positions 2 c of P6qlmmc. - 

In hcp, the planes normal to c and containing the centers of the spheres are mirror 
olanes. It follows therefore, that the octahedra in successive lavers share common faces and 
form face-sharing columns (parallel to c). The centers of the octahedra are at 0,0,0 and 
0.0.112 in the unit cell 12 a of P6?lmmci. On the other hand the tetrahedra will form Dairs -.-.- -~~ ~~~~ 

(one "up" and one "down") with a common face. Recall that the "up" set of tetrahedra have 
only common vertices (are corner-sharing) as do the "down" set. The centers of the 
tetrahedra are in  41: f(1/3,213,z : 2/3,1/3,1/2+z) with z = -118. 

6.1.3 Cubic eutaxy (ccp) 

The rhombohedron of Fig. 6.6 with points at the vertices can be considered as the unit 
cell of a structure with the points coinciding with a lattice. The 60' rhombohedron is, in 
fact, a primitive cell of the face-centered cubic lattice (see 5 4.4). Fig. 6.7 shows 14 
spheres with their centers at the lattice points of a face-centered cubic cell. As can be seen 
from the figure the centers of the spheres lie in close-packed [ 11 1 ] planes. 

The structure we are describing is cubic eutaxy or "cubic close packing" (ccp). 
Discussed in terms of a stacking of close-packed layers the sequence is ABC ... The 
simolest wav to see this is to use the description of a rhombohedra1 lattice in terms of a 
centered hexagonal cell. Thus if the rhombohedral cell (Fig 6.7) has a = 1, a= 60' then the 
hexagonal cell has a = 1, c = 34(2/33 = 46 = 2.449 ... and the lattice mints are at 0,0,0 (A); 
2/3,lj3,113 (B); and 113,213,213 (0: 

The face-centered cubic cell contains four lattice points (at 0,O.O ; 112,112,O ; 112,0,112 
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.:; 
and 0,1/2,112) and must therefore contain four octahedra. ~h~ octahedron centers are at ~., , l-he spheres in h c p  have neighboring spheres at the vertices of a "twinned 
112,112,1/2 ; 1/2,0,0 ; 0,112.0 and 0,0,112 (i.e. at the body center and in the middle of each cuhoctahe&on" (also sometimes called an anticuboctahedron), shown on the right in Fig. 

.,. edge). These octahedral sites also fall on the points of a face-centered lattice 6.8, ~h~ spheres in the layers above and below the central sphere are now in the same 
(displaced from the first by 112,112,112). oositions. ~f the central sphere is in, for example, position A, those in the layers above 01 

b l o w  are either bothB or both C. Such a central layer is labeled h. 

.4 A 

B B 

C A 

Fig. 6.7. Left: a face-centered unit cell with spheres ceniered at lattice points arranged in eep. Center: rhe 
arrangement of the center, on (I 11) planes. Right: the primitive cell is heavily outlined. 

The cubic unit cell also contains eight tetrahedral sites with centers at f 114+1/4+1/4.1 
Their centers are on a primitive cubic lattice with one-half the cell edge (see Fig. 6.11 
below). The symmetry of ccp is FmTm and the sphere centers are in 4 a.  The octahedral 
sites are in 4 b and the tetrahedral sites are 8 c. 

The centers of the spheres in the (1001 planes (i.e. parallel to the faces of the cubic unit 
cell) are on 44 nets so it can be seen thnt an alternative description of ccp is in terns of a 
stacking of such nets (see 5 6.4.2). In close packing there is only one position for a second 
44 layer on top of a first one, so ccp is the only close packing that admits this description. 

In contrast to hcp, the octahedra in ccp share only edges (i.e. not faces), and as we 
have seen, their centers are also in ccp. The tetrahedra likewise share only edges. Viewed 
along one of the <I1 1> directions the tetrahedra can be considered to fall into "up" and 
"down" sets in each of which, as for hcp, they share only vertices. We shall see that the 
centers of each of these sets are also ccp. 

6.1.4 Other eutnctic (cp) arrangements 

The hexagonal and cubic arrangements AB ... and ABC ... are obviously just the simplest 
of an infinite number of possibilities of stacking close-packed layers. The next possibility is 
ABAC ... 

In all cp mays each sphere is coordinated by 12 nearest neighbors and there are just two 
possibilities for the coordination figure. The first is the cuboctahedron, illustrated on the 
left in Fig. 6.8. The central sphere is in one of the positions A, B or C and the spheres in 
the layer above in one of the other two remaining positions and the spheres below in the 
third. To avoid the redundancy arising from the arbitrariness in the labels A, B or C it is 
often more convenient simply to label such a central layer c. 

' ~ e c a l l  that -114 is the same as 314 in [his context 

Fig. 6.8. The coordination of an atom (filled circle) by its neighbors in eep (left) and hcp (right) 

Any eutactic array can be described by a sequence of c's and h's as we now 
demonstrate. First write out the sequence in terns of A, B and C and then identify each 
layer as h or c. The layer will be h if the letters on either side are the same as each other, 
and will be c if the letters on the left and right are different from each other. Conversely a 
sequence of c's and h's can be converted to a sequence of A's, B's and C's by starting 
arbitrarily with (e.g.) AB. A number of examples is given below (with on the right the 
conventional label). 

h h h h  
A B A B A B  

c c c c  
A B C A B C  

h c h c h c 
A B A C A B A C  

C 

ABC 

hc 
ABAC 

h c c h c c h c c h c c  k c  

A B A C B C A B A C B C A  ABACBC 

h h c h h c h h c h h c h h c  hhc 

A B A B C B C A C A B A B C B C A  ABABCBCAC 

The symbolism in terms of h and c is more concise, but does not immediately reveal 
how many layers are in the repeat unit. Thus the repeat unit is six layers for hcc but nine 
layers for hhc. Many of the metallic elements crystallize as either h or c but more- 
complicated sequences are found. Sm for example occurs as both hc and hhc forms. We 
will meet cp mays many times and in several different contexts later. 
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Another way of specifying stacking sequences is preferred by some authors. In this 
method, due originally to Zhdanov, a change from A + B or B -, C or C + A is 
symbolized "+" and the reverse, i.e. B -, A or C + B or A + C i s  symbolized "-."Thus 
Ccp (c) is +++... (or and hcp (h) is +-+-... (or -+-+...). The packing is 
specified by a sequence of numbers, each of which represents the number of repetitions of 
a given sign. We have then that ccp is .a and hcp is 11. hc is ABAC ... i.e. ++--... = 
22. The reader should verify that hcc is 33 and that hhc is 21. The sequence hhhc 
corresponds to ++-+--+- i.e. 21 121 1. A commonly encountered modification of this 
notation is to omit the second half of the symbol when it is a repetition of the first and to 
enclose the symbol in angle brackets. Thus 22 becomes <2> and 21 121 1 becomes <211> 
(but 21 n <21>). The rule is that if the symbol in brackets contains an odd number of 
entries, the Zhdanov symbol is the bracketed symbol repeated twice.1 

- 
t t t t  

A B C A  
t t t T  

A B C A  

Fig. 6.9. (1130) siices of kc (left) und hhc (right). c is vertical and a unit ceil is shown with dashed lines. 
In the top ieft is shown a (0001) projection with the trace of a (1150) plans as a heavy line. 

A simple geometrical interpretation of the Zhdanov notation can be obtained from Fig. 
6.9 which shows slices (not a projection) of two cp  arrays. The slice is a (1 130) plane of a 
hexagonal cell (outlined) and heavy lines connect nearest neighbors in this plane. In hc = 
22 (left) the line, as it ascends up in the c direction, goes two places right then two places 
left alternately. In hhc = 21, the line goes two places right then one left alternately. Notice 

[It should be clear that a Zhdanov symbol (other than that for cep) always has an even number of tenns. 

that h layen are at pasitions of change of direction.1 
Fig. 6.9 also shows that a cp  array can be described as a two-layer stacking of 44 nets 

made up of two kinds of tiles-rectangles and twinned rectangles ("kites") with edges in 
the ratio of 1:d2. In ccp the tiles are all rectangles and in hcp they are all kites. 

Sometimes a symbol nX is used to specify a packing. n is the number of layers in the 
repeat unit of the packing and X is H if the StNCtUIe is hexagonal (sensu sfricro), R if the 
svucture is rhombohedral, and Tif the structure is trigonal (but not rhombohedral) Thus h 
is 2H, and hc is 4H and hhc is 9R. Other examples are given in Exercise 2. Unfortunately 
as n gets large there is generally more than one packing with the same such symbol. For the 
use of Zhdanov symbols to determine the space group of the packing see the Notes 
( 5  6.8.1). 

6.1.5 Patterns offilling inferstifial sires in cp  arrays 

Reference to Fig. 6.4 (p. 212) shows that the center of an octahedron between two 
close-packed layers A and B is in the C position, and midway between the layers. It is a 
common practice to specify the positions of these interstitial sites by Greek letters: p and 
yinstead of A, B and C, so such an octahedral site position between A and B layers is 
labeled y (Fig. 6.10). Fig. 6.4 also shows that the center of an "up" tetrahedron is 
nndemeath the top sphere, so the center of an "up" tetrahedron formed by layers AB with B 
on top is in apposition (Fig. 6.10); it is located 114 of the way up between the two layers. 
Similarly the center of a "down" tetrahedron between the same layers AB is in the a 
position 314 of the way up. 

Fig. 6.10 Locatton of octahedral and tetrahedral sites in a ep layer AB In the middle a an "up" 
teuahedron, rlght e a "down" tetrahedron 

Suppose we fill only the "up" tetrahedral sites in hcp. The arrangement can be 
symbolizedAp..Ba..AP.-Ba ...I The pattern of tetrahedral sites is p-.a...P...a ..., i.e. also 
hcp. Filling only the "down" tetrahedral sites will produce A..aB..PA..aB..p ... The 
pattern of these tetrahedral sites is a-:P...a...p ..., i.e. again hcp. The structure obtained by 
filling either the "up" set or the "down" set of tetrahedral sites of h c p  is that of the 
wurtzite form of ZnS which may be described either as an hcp array of Zn with S in 

' ~ o t e  also that the unit cell is chosen at an unconventional origin far clarity. Normally the origin 
would be &en on a c atom which is at a center of symmetry (see Exercises I and 2). 

2We use dots '':. as space markers for clarity, but they are not absolutely necessary and they are 
sometimes omitted later. Distinguish such dots from the ellipsis " . "  at the end of a sequence indicating 
that tho sequence continues indefiiteiy. 



one-half of the tetrahedral sites (all "up" or all "down") or as an hcp array of S with Zn in 
one-half of the tetrahedral sites. 

We repeat the exercise for ccp. Filling the "up" tetrahedral sites produces the sequence: 
AP. .By.Ca. .AP. .By.Ca ... and filling the "down" sites only produces the sequence 
A..aB..PC.,yA..aB..w..y.. The sequence of tetrahedral sites is P...y..a...P...y..a.-. and 
a...P,..~.,a...P,..r... respectively; in both cases ccp. The structure obtained by filling 
either the "up" set or the "down" set of tetrahedral sites of ccp is that of the sphalerite 
form of ZnS which may be described either as a ccp array of Zn with S in one-half of the 
tetrahedral sites (either all "up" or all "down") or as a ccp array of S with Zn in one-half of 
the tetrahedral sites (again either all "up" or all "down"). (Far the stmctures of ZnS see 
§ 4.6.4, especially Fig. 4.11, for data for wurtzite ZnO see Appendix 5.) 

Notice that both Z n  and S are in 4-coordination in these structures, and we could 
consider the structure as a network of 4-connected atoms (a "4-connected net"). Such 
structures are one of the topics of the next chapter where we see (3  7.3.1) that if all the 
atoms were the same (say C) then we would have the structures of the hexagonal 
lonsdaleite and cubic diamond forms of carbon. 

Filling all the tetrahedral sites of ccp produces the fluorite smcture of CaFz (with ccp 
Ca) which we can code as AP,aByPCa.yAP.aB y m . .  Note that the sequence of 
tetrahedral sites is P:a.yP .a .yP.a .y . .  as in ccp; bur because the spacing between layers 
is only one-half the distance between close-packed layers, the panem is no longer cep but 
is in fact primitive cubic-see Fig. 6.11. Accordingly care must be taken to ensure that the 
spacing between layers is appropriate before describing structures as cp. The spacing 
between each symbol (letter or ".") is (at least approximately) 114 of the distance between 
the cp layers, i.e. 11424 of the distance between atoms in the close-packed layers. 

Fig. 6.11. Left: a unit cell of cep (fillediireles) with tetrahedral rites shown as open circles. If the open 
and filled circles are Ca and F respectively, we have a representation of the structure of CaF2. Center: the 
same stxucture shown as I F J C q  tetrahedra (shaded). Right: the same structure but now some (CaJF8 cubes 
are outlined. 

Notice that because the F atoms are in Ccoordination, the Ca atoms must be in 
8-coordination (there is only one Ca for two F atoms), and in light of the above discussion, 
it is not surprising to find that the coordination is (Ca)F8 cubes. 
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If the roles of "cation" and "anion" are reversed in fluorite (as in, for example, Li20 
with ccp 0) we get the antistructure, called in this instance antifluorite. 

In the (idealized) structure of NiAs, Ni atoms occupy the octahedral sites of an hcp 
array of As. The sequence is A.yB.yA.y.B ... The pattern of octahedral sites is y - y - y .  .. 
corresponding to points of a primitive hexagonal lattice [ideally with cla = d(2 /3 ) ] .  
Interchanging Ni and As will produce the antistructure (as in PtB with hcp Pt). 

In the N a C l  structure, the octahedral sites of ccp  are filled. The structure is 
A.yB -a.C.P.A-yB.a.C.. .The octahedral sites alone are ?..a-. .P-. .y. .a. . .  P . . .  i.e. again 
ccp (as observed in 6.1.2). Interchanging Na and CI produces the same structure (so it 
is its own antistructure). 

One often sees structures such as NaCl and NiAs projected down an axis contained in 
the c p  layers (normal to [ I l l ]  for NaCl and normal to c for NiAs)-see for example 
Fig. 4.9, parts of which are repeated for convenience here as Fig. 6.12. The nature of the 
packing can be recognized quickly if it is realized that in ccp all the octahedral sites are 
related by primitive lattice translation vectors so all the octahedra have the same orientation; 
but in hcp, octahedra in alternate layers are related by reflection and two different 
orientations occur. 

Fig. 6.12. Fmm left to right NaCI, NiAs and Tip as cation-centered octahedra. Light and darker shaded 
polyhedra have elevations that differ by half therepeat distance in thedirection out of the page. 

In T i p  there is hc packing of P and the ( T i j P 6  octahedra again occur in two 
orientations. As now only every second layer is h, double layers of octahedra in one 
orientation alternate with double layers in the other orientation (see Fig. 6.12 again). 

NaCl is the only one of these octahedral structures that is its own antistructure. As 
noted above, in NiAs the Ni are at the points of a primitive hexagonal lattice and the As 
are in (As)Ni6 trigonal prisms. In T iP  the P are half in (P)Ti6 octahedra and half in 
/P)Ti6 trigonal prisms as illustrated in Fig. 6.13. Notice that crystallographically the 
structure is ternary, Ti*P(l)P(Z), and that there are antistructure compounds such as 
RbScOz with (Rb]06 trigonal prisms and {Sc)06 octahedra. The anion packing (now not 
cp) in such structures is discussed in 8 6.4.1. 

There are many patterns of partly filling octahedral sites in cp structures and we mention 
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here just one or two of the simpler. 

Fig. 6.13. Clinogrvphic projections of Tip with r (normal to the ep layers of P) vertical. Left: as 
(TiJP6 octahedra. Right: as (P)Tib octahedra and trigonal prisms. 

Filling only alternate layers of octahedral sites in hcp gives the sequence A.yB ... A... 
The structure is generally known as CdIz. There is a repeat every two c p  layers and the 
symmetry is trigonal, PTml, with cia ideally = d(813) = 1.633. Cd  is in 1 a: (0,0,0) and I 
is in 2 d: f(113,213,z) with z ideally = 114. 

Filling only alternate layers of octahedral sites in ccp  produces the sequence 
A,yB,..C.b.A ... B.ol.C. .. A.... The structure is known as CdCIz and it can be seen that now 
the repeat is every sixth cp layer. The symmetry is rhombohedral, ~ ? m ,  with cla ideally = 
34(813) = 424 = 4.90. Cd is in 3 a: R + (0,0,0) and CI is in 6 c: R f (0.02) with z ideally 
= 114. A related structure type is that usually called a-NaFeOz in which 0 is ccp and 
alternate layers of octahedra sites are filled with Na  and Fe. The crystallographic 
description is the same as for CdClz except there is also a cation in 3 c: R + (0,0,1/2). 

There is a number of different structures known in which one half of the octahedral sites 
are tilled in every c p  layer. An example with (approximately) hcp anions is provided by 
CaCIz and the closely-related rutile (Ti021 structure (see Exercise 7). 

In considering possible patterns of filling interstitial sites in c p  arrays, perhaps the most 
important consideration is that in "ionic" crystals shon distances between cations (or 
anions) are generally unfavorable. This means that face sharing between coordination 
polyhedra (especially tetrahedra) is avoided if possible. A good example of this principle at 
work is provided by structures in which there are slabs in which all octahedral sites are 
filled and slabs in which all tetrahedral sites are filled. To avoid face sharing between 
polyhedra the c p  layers between like slabs must be c, and between unlike slabs they must 
be h.l Thus in CaFz (all tetrahedral slabs) and NaCl (all octahedral slabs) every layer is c. 
In La203 with cp La, slabs (La021 with 0 in all the tetrahedral sites alternate with slabs 
( L a o )  with 0 in all the octahedral sites and the La layen are a11 h. In Th3N4 with cp Th 
(see Exercise 6) double slabs (2ThN) with N in all octahedral sites have Th in a c layer at 
the center and these double slabs are separated by h layers of Th from slabs with N in 

tetrahedral sites (ThN2). There are exceptions to these rules of course; in NiAs there is 
face sharing between octahedral slabs, and it is argued that, in some instances at least, this 
is due to metal-metal bonding (between Ni atoms across the shared face). 

6.1.6 Stacking incomplete c p  layers (honeycomb and kagome) 

The notation of 6.1.4 for stacking complete 36 layers of atoms is in wide-spread use. It 
i j  useful ro es1tn.l ir to more complicared pashnys o i  h e x ~ ~ t m a l  Isyerz kr t rcd  irom ib. 
There is no gcnerdl! 3ic~.pleJ not :~~~on--~~c uss one [ha ,e.-rn\ 1%) us uceiul and IS k:pr A S  

simple as possible.' 
Consider first the honeycomb pattern 63. The unit cell for this is 43 x 43 = 3 times as 

large as that for 36, as illustrated in Fig. 6.14. The position of a honeycomb Layer (symbol 
G for graphite) is conveniently specified by the position of the center of a hexagon in the 
pattern. In stacking honeycomb layers, we recognize three relative positions (I ,  2 and 3) 
indicated by small filled circles in the figure (upper left) at 0,0d ; 113,213,~ and 213,113~ in 
the 3x cell. This is oatticularlv useful for describing partial filling of octahedral sites in hcp ~~~~ - ~~~~ 

s t ~ c t u r e s  as illustrated next (note that it is less readily adaptible to ccp). 

Fig. 6.14. Left: top a 43 x 43 cell of 3b with below a 3b net subdivided into a G (63) layer (shaded 
circles) and a g layer (open circios). Right: top a 2 x 2 cell of 36 with below u 36 net subdivided into an N 
(3.6.3.6) layer (shaded circles) and an n layer (open circles). The small filled circles mark the three choices af 
origin (1.2 and 3). 

In the (idealized) corundum structure of Al2O3, Al atoms are located in 213 of the 
octahedral sites of an hcp array of 0 ,  each A1 layer being a honeycomb. We can code this 
structure as follows: A.GI.B.GTA.G3.B.GI.A.G2.B.G ,... By using dots as place markers 
we have automatically tmparted the information that the A1 atoms on the G layers are in 

 IF,,^ another notation W. B. Poarson (Book List). Pewson describes over 100 structure 
'The reader will find that such siatemonri are very verified i f a  few are at hand, types using a related system. 
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octahedral coordination. Note that the sequence requires six 0 layers to repeat. For ideal 
hcp of 0 atoms a distanced apm, the a axis would be 63d (see Fig. 6.14) and the c axis 
would be 64(2:3)d so that cla = 68 = 2.83 ; in the real structure cla = 2.73. 

Figure 6.15 shows the structure as (Al)O6 octahedra. Notice that pairs of octahedra 
share faces; as also shown in the figure the A1 atoms move away from the centers of the 
octahedra to avoid short A1 ... A1 distances. Alz03 with this s t ~ c t u r e  is also known as 
a-AIz03. For ctystallographic data see Appendix 5. 

Fig. 6.15. The structure of a-A1203 as articulated lAlt06 octahedra. e runs up the page. On the iighr the 
AI-0 bonds are shown (on a larger scale) in a pair of facesharing octahedra. 

The centers of the hexagons of 63 fall on a 36 net with 63 times the spacing of a cp  layer 
(see Fig. 6.14 again) and we label such nets g (note that combining g and G in one layer 
retums a CP layer). In the structure of PdF3, the Pd atoms fill one-third of the octahedral 
sites of an hcp F array. The structure is A.gl.B.gz.A.g3.B.gl.A.g2.B.g3 ... (see Fig. 6.28, 
p. 236). Note that the hexagonal cell is the same as for corundum; for PdF3, cla = 2.82. 

Often layers in structures are kagome (3.6.3.6) nets which are symbolized N (for net). 
The unit cell is now 2 x 2  = 4 times as large as that for 36, as illustrated in Fig. 6.14, and 
again three relative positions (1.2 and 3) of the net specified by the centers of the hexagons 
are recognized. These are now particularly useful for describing partial filling of octahedral 
sites in ccp structures. The centers of the hexagons fall on a 36 net of twice the spacing of 
a cp  layer and we label such 36 nets n (combining n with Nproduces a cp  layer). 

The three positions of the Nand n nets are shown in Fig. 6.16. Some intermetallic 
compounds are variants of cp  ordered in this way. In Cu3Au the C u  atoms are on the 
kagome nets (N)  and Au centers the hexagons of each layer (n). If atoms on the same layer 
are enclosed in parentheses, the code becomes: (nlNl) ... (nzNz) ... (+N3) ... or (omitting 
place markers) (n1N1) (nzNz) (n3N3). i.e. a superstructure of ABC. We meet the related 
structure N I N ~ N ~  below as an 8-coordinated sphere packing (lattice complex J, g 6.3.5). 
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Fig. 6.16. The three positions of !axagome (N) nets wilh respect to a 2 x 2 cell of 36. We have (arbitrarily) 
labeled them so that NI  combined with "1 produce a cp layer with symbol A etc. 

In the spinel structure typified by MgA1204, 0 is on a ccp array with Mg in 118 of the 
tetrahedral sites and Al on 112 of the octahedral sites. The structure is cubic but for some 
purposes (such as describing related stmctures) is conveniently considered as stacking of 
layers normal to [ I l l ] :  N1.Bnln3nzA.Nz.Cn2n1n3B.N3.An3n~n1C... Another notation 
which has bee" used refers to the N layers as 0 ("octahedral") layers, and layers of the type 
n l a n z  (which contain one octahedral and two tetrahedral sites) as T2 layers. 

Fig. 6.17. MgA1204 as {MgIOd tetrahedra and (Alto6 octahedra. Filled circles are Mg atoms at the 
corners of a cubic unit cell. For clarity some of the octahedra at the "back" of the unit <ell have been 
omitted. 

We cannot begin to do justice to spinel here.' Fig. 6.16 illustrates just one aspect of 

11" Volume I1 of this ~ e r i e s  we devote more than a dozen pager to describing spinel and its close 
relatives. We find a notation based on that given here to be invaluable. 
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the structure-as cation centered polyhedra. As an aid to deciphering the code, it is 
expanded below. The first row of numbers is the height along the c axis of the hexagonal 
cell in multiples of cI24. Recall that Al atoms are in octahedral sites and that Mg atoms are 
in tetrahedral sites. As we describe the packing in terms of a 2 x 2 supercell of a cp  layer 
there are 4 0 atoms per layer A, B or C and 3 A1 atoms corresponding to the N layers. In 
the table we show these numbers as subscripts. 

The Al array N I . , , ~ ~ . . . . W Z . . . ~ I  . . .N3.. .nz. . .  also will be met again as a 6-coordinated 
sphere packing (lattice complex T, 5 6.3.9). 

Vely many other compounds can be described in terms of partla1 filling of octahedral 
andlor tetrahedral sites of cp  (Exercises 6 and 13 give examoles) and it is virtuallv - . . ~ ~ ~ ~ ~ ~ ~ - .  
impossible to master systematic clystal chemistry without some appreciation of the 
principles involved. 

6.1.7 The "size" of interstitial sites. 

For a regular tetrahedron of unit edge length the height (distance from a vertex to the 
center of an opposite face) is d(213). The distance from a vertex to the center of the 
tetrahedron is 314 of the height (see Fig. 6.10) = d(318) = 0.612. Conversely, the edge 
length of an 1A)Bd coordination tetrahedron with unit length A-B bonds is d(813) = 1.633. 
The radius of a sphere that exactly fits inside a tetrahedron of touching spheres of radius 
112 (unit diameter) is d(318) - If2 = 0.1 124. The ratio of the radius of the inner sphere to 
the radius of the outer spheres is [d(3/8) - 1/21/(1/2) = d(312) - 1 = 0.2247. 

It should be obvious that the perpendicular distance between opposite faces of an 
octahedron is the same as the height of a tetrahedron (see Fig. 6.10). For an octahedron of 
unit edge (formed by the centers of six spheres of unit diameter in contact) the distance to 
the center is 1/42. The ratio of the radius of the largest sphere that will fit inside an 
octahedral site to the radius of the close-packed spheres is 42 - 1 = 0.4142. 

It is sometimes stated that these "radius ratios" determine the coordination numbers of 
atoms in ionic crystals. The idea is that an atom (ion) that is too small for, say, an 
octahedral site (cation radius I anion radius less than 0.414) will instead go into a smaller 
(e.g. tetrahedral) site. Unfortunately to apply such considerations, radii must first be 
assigned to ions. Even when this is done, it will he found that the facts are not generally in 
accord with predictions even for the alkali halides (presumably the most "ionic" of 
crystals). Stated more bluntly the "rules" are generally not obeyed! The reader interested in 
this topic is referred also to g 6.8.3. 

6.2 Body-centered cubic (bcc) 

There are two interesting problems whose solutions are the same, and which lead to the - .  
I r e  b c  h c  r r  The f i rs  problem is that of ;u\crin,: space conlpl~tcly 
with t o d v  avsrlannlnrl >uherc., uf d eiven sire such thilt their dcnsiry is 3 mtnlmum. The .. . .. -. . - 
second concerns the filling of space with congruent tetrahedra. We have seen (Exercise 3, 
Chaoter 5) that regular tetrahedra alone will not fill mace, but a number of structures of . , - 
metall~c compounds are found in which space is divided into irregular tetrahedra.1 The 
body-centered cubic array is the simplest such structure, and the only one in which all the 
tetrahedra have congruent faces and equivalent vertices. We refer to these tetrahedra as 
Sommerville ~etrahedra.~ 

The Sommerville tetrahedron has faces that are isosceles triangles with one edge of 
length a and two edges of 43a12, where a is the cubic unit cell edgefor bcc. The angles of 
the trianeles are cos-'(113) = 70.53' and cos-lilld3i = 54.74' i2xi. The dihedral angles are u . . . . . . - 
4 5 ~  (4x) and 9V (24. Fig. 6.18 shows how these tetrahedra are related to a body-centered 
cubic lattice. The figure also shows ihat four tetrahedra combine to form a space-filling 
octahedron with equivalent vertices and congruent faces so that the body-centered cubic - 
array can be considered as arising from a packing of these (irregular) octahedra also. It is 
sometimes found stated (erroneouslv) that the bodv-centered cubic array divides soace into 
tetrahedra and octahedra, but the osahedra are in fact clusters of fou; tetrahedra and the 
centers of the octahedra are the midpoints of the long edges of the tetrahedra so the term 
"octahedral site" is something of a misnomer (see belaw).3 Contrast eutactic (cp) mays in 
which space is divided into separate regions which are regular tetrahedra and regular 
octahedra. 

The figure also shows that six octahedra (= 24 tetrahedra) of the bcc packing combine to 
form a rhombic dodecahedron with lattice points at the vertices and at the center. 

Some facts (that will be useful later) about the body-centered array are included here. 
The svmmetrv is ImTm and the lattice ~ o i n t s  are in 2 a: I + (0.0.0). The centers of the ~, 
tetrahedra are'in the faces of the cube at i 2  d: I + (~1/4,0,ll2)1c.~he site symmetry at these 
points is z2rn (tetragonal). Note that there are six tetrahedra for every lattice point. The 
tetrahedral sites in one unit cell are at the vertices of a truncated octahedron. We meet the 
pattern of tetrahedral sites as the "sodalite net" in the next chapter (S 7.3.10). The 
tetrahedron around a tetrahedral site encloses all the space that is nearer to that tetrahedral 
site than to any other (it is the Voronoi polyhedron of the pattem of tetrahedral sites). 

1These are sometimes referred to as "topologically closepackrd." The f iW ( A 1 3  slruelure ( 5  6.6.4) is a 
well-known example. 

' ~ f t e r  D. M. Y. Sammerville who discussed this problem at length [Proc. Edin. Math. Soc. 41, 49 
(1923)l. Sommerville also dircusses three other space-filling tetiahedra derived by dissecting the basic 
tetrahedron, but these are af little interest in rhe present connection. 

3 ~ o  u mathematician a hole in a lattice is a site where the distance to the nearest lattice point is alocal 
maximum. Points where the distance to the nearest lattice point is a global maximum are known as deep 
holes, other holes are rhollow holes. In eep the octahedral sites are deep holes and the tetrahedral sites are 
shallow holes. In bee there is only one lund of hole (the tetrahedral sites). The positions of the "octahedrul" 
rites correspond, not to local maxima in distance from the nearest lattice point, but to saddle points. 



Fig. 6.18. Various aspects of the body-centerea cubic lattice. At the left a cubic (centered) cell outlined 
with broken lines and a primitive rhombohedra1 cell (a = 109.47') in full Lines. Second from left: a 
Sommerville tetrahedron defined by four lattice points. Second from right: an octahedron composed of four 
Sommerville tetrahedra. Right: a ihombic dodecahedron composed of six octahedra = 24 tetrahedra. 

The centers of the "octahedral s~tes" (better the midpoints of the long edges of the 
tetrahedra) are at 6 b: I + (0,112,112)~. These correspond to the centers of the faces and 
edges of the unit cell. The site symmetry at 6 b is again tetragonal: 4lmmm. We meet the 
pattern of the octahedral sites as the NbO net in the next chapter. 

Thtrc an .q>pdr-nt p.aadox trial hai 1e:d 1,) ct,nfurlon. Thcrc .uc sir t<lr;theJr31 site\ 
per hcc 310111 ..nJ ttlr?e (12l~liedral ,ltCb per hcc alum )ct tlle oct.~hedron is  comori,ed o i  
four tetrahedra. The resolution is to be found in the observation that the centers of long 
edges of a given octahedron are also octahedral sites. Thus if we placed (correctly oriented) 
octahedra with centers at every octahedral site we would cover space twice. In $ 5.1.10 
we called attention to a tetragonal tetrahedron with curved faces that filled space (Fig. 
5.17). The six vertices of that polyhedron are arranged in space as the six velrices of the 
hcc uclshcdr<tn. hul becaucr. Ihc iurfaclr arc cur\.cd inwxrd tbt xdlurnr of dlc tttr;lgunll 
vlr3hcJron ~i ~ n i )  lh~lf .tr Src:rt ir ~II:II  ui  the hcc octaheJron. In ihc SP.ICC fillin? h! thew - - 
tetragonal tetrahedra, their centers are at the bcc octahedral sites. 

The Voronoi polyhedron around an octahedral site is actually a polyhedron with 12 faces 
obtained by truncating four edges of the hcc octahedron. Three such polyhedra are shown 
in Fig. 6.19 in different orientations to suggest how they pack to fill space. The 
arrangement of the acute vertices in the packing is hcc. 

Fig. 6.19. The Voronoi polyhedron wound "octahedral" sites in bec shown in three different orientations 
to suggest how it fills space. 
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A nice example of filling all the tetrahedral sites in hcc is to be found in the structure of 
MgC60 (M is an alkali atom such as K); in these compounds the centers of the 
approximately-spherical Cgo molecules are hcc. 

Structures based on bcc and on cp occur with comparable frequency in intermetallic 
compounds. On the other hand although "ionic" crystal structures can be described in 
terms of c p  arrays with partial or complete filling of interstitial sites, ionic structures 
similarly based on hcc arrays are rather rare.' In the c p  case the coordination polyhedra 
around the interstitial sites are regular whereas in the bcc case they are not.= 

Note that we use bcc to refer to a geometrical arrangement, not to a symmetry (which 
would be written bcc). In Cu2O (Exercise 8, Chapter 3) the Cu atoms are ccp and the 0 
atoms are hcc but the structure is primitive cubic (space group ~ n ? m ) .  

I 
6.3 Sphere  packings a n d  relationships between them I 

Crystallographers have long been interested in the general problem of packings of 
spheres. Stable sphere packings are those in which each sphere is in contact with at least 

i 
four others not all on the same hemisphere. Equivalent spheres are those related by 
symmetry operations (rotations, translations, etc.). We discuss here some interesting stable 

i I 
packings of equivalent spheres, referred to in this section just as "sphere packings" for ', 

brevity. Many packings with a given number of neighbors can be distorted smoothly to a 
higher density approaching arbitrarily close to that of closest packing so the interest is in 

I 

finding low-density (rare) sphere packings which often correspond to a high-symmetry 
i 

structnres.3 Although the problem is interesting, it is one of mathematics rather than 
chemistry. Our real interest is in describing structures (and their inter-relationships) that are 
of importance in crystal chemistly. 1 The two arrangements (ccp and hcp)  we have identified of densest packing of 
equivalent spheres are the only such arrangements in which each sphere has twelve I 

neighbors and, as they both have the same density, they are both the densest and the rarest 
oackines of soheres with twelve neiphbors. - .  - 

Sphere packings are often characterized by the fraction of space occupied by the spheres 
(or densitv 01. This is determined as the ratio of the volume of sllheres in a unit cell to the ~~- ~ ~~~~~, . , 
volume of the unit cell. To illustrate: the ccp arrangement of spheres of unit diameter has a 
unit cell containing four spheres and cell edge a = 42. The volume of the spheres is 
4 x 4m313 = 2nI3 and the cell volume is a3 = 6 2 .  The ratio is p = d l 8  = 0.740 .... We 
generally give coordinates for packings of unit diameter spheres, the density is then given 

atom is bee. 
Zone can extend this nmark by observing that less dense mays, such as primitive cubic and primitive 

hexagonal, that do provide regular cwniination sites are indeed more common than b a  (see 5 6.4). 
3 ~ s  we remarked in Chapter 5, the problem is often stated (incorrectly) as that of finding the densesr 

sphere paclang with a given number of neighbors, i e .  the opposite of what we have stated. 



by p = zzJ(6V). where z is the number of spheres per cell and Vis the cell volume. 
A topic of interest in connection with the description of structural relationships and 

possible transformation mechanisms is the description of paths between packings. We will 
focus on paths that preserve as much symmetry as possible (the space group of the 
intermediate structure will either be the same as, or a subgroup of, those of the two end 
structures) and which are completely specified by one free parameter. Often this parameter 
will correspond to the angle of rotation of a group of points. We have met such 
transformations already for finite objects such as that of a cuboctahedron to an icosahedron 
(B 2.5.7) and a trigonal bipyramid to a square prism ( 5  5.6.1). For plane patterns. 
important transformations are from 3.6.3.6 to 36 and from 32.4.3.4 to 44 (9 5.3.3). 

6.3.1 11- coordination 

11-coordinated sphere packings are rather rare. Here we describe a simple and well 
known 1 1-coordinated structure thrat is important in cr js td  chemistry A formal description 
for spheres of unit diameter is: 

P4~imnm. 0 = 1 + 1/$2 = 1.707, c = I ,  p = 0.7187 
Centers in 4f. ~ w . 0  ; 1/2+~,1/2-*.1/2), x = l/(Z + '12) = 0.292 

The arrangement can be seen from Fig. 6.20 in which sphere centers are taken as 
defimng the vcnicc, oi rel:ulnr ocvnhcdn. :~nd uhich also illuslratcr the relationship o i  the 
htruclure to hcp. In fact th: S ~ N C I L I ~ Z  i i  3 spec~ill tmlnlnium dtns~rvl arranecmmt u l m  . . 
orthorhombic itructure with space group ~ n n m  and centers of spheres i n 4  g: f(x,y,O; 
1/2+x,1/2-y.112) with: 

Eleven spheres are in contact for 0 < r$ < sin-l(113): the minimum density occurs at $ = 
(112)sin-'(113) = 9.74" at which point the structure is the tetragonal one given above. When 
$ = 0' or sin-'(113) = 19.47' the structure is that of hexagonal eutaxy (hcp) with symmetry 
P631mmc (and 12-coordination). The tetragond structure is close to the anion arrangement 
in the rutile form of Ti02 (see Exercise 7) so we call it the rutile packing. The density is 
4d(9  + 472) = 0.7187; no rarer 11-coordinated sphere packing seems to be known (for a 
second 1 I-coordinated sphere packing of the same density see § 6.4.1). 

The transformation from hcp to the rutile packing and vice versa is accomplished by 
concerted rotations (by $1 of columns of octahedra of atoms as suggested by Fig. 6.20 in 
which the rotation axis is normal to the plane of the figure. It is interesting that rotation of 
the columns of octahedra by 19.47~ has the same effect as rotation of the whole pattern by 
90'. (i.e. is a pseudorotation). It may be seen that in projection the transformation 
corresponds (approximately-not all edges are equal) to a transformation between 36 and 
32.4.3.4. 

We will encounter other such transformations involving concerted rotations of 

'm 

Sphere and Cylinder Packings 229 

polyhedral groups subsequently (in particular the rutile packing can be transformed to a 
low-density 6-coordinated sphere packing by rotation of tetrahedral groups). I 

Fig. 6.20. Top:  he uansforrnatian from hcp (left) to the minimum density teuagonal 11-coordinated j: 
sphere packing (center) and then to hcp rotated by 90' (~ight). The projection is along [001] of the 
orthorhombic cell. Bottom: A clinographic projection of the teuagonal structure. 

6 3.2 10-coordmatron (bct) and a relat~onship behveen ccp and bcc 
1, 

A well-known 10-coordinated sphere packing is a lattice packing: 
! 

bet 14lmrnrn. a = '1(312) = 1.225, c =I, p = 2d9 = 0.698. Centers in 2 a: 1 + (0.0.0) 1 

We refer to this structure as hct (short far body-centered tetragonal). Fig. 6.21 
i l l~~. i trates  the 10-fold coordination. The ~rimitive cell has a' = b' = c' = 1, a' = P' = . . . - - .. -. . . ... - - 

cor1(-114) = 104.48~. 7 = cos-'(-112) = 120'. 
The reader may wish to verify that the points on (110) planes form regular 36 nets as 

illustrated on the right in Fig. 6.21. A description of this structure as a non-close-packed 
stacking of 36 nets is given in § 6.4.1 below. 

Other snecial cases of the body-centered tetragonal lattice are of interest. If a = c = 2/43 . ~~~~~ - 

= 1.155, 6 e  structure is the bbdy-centered cubic (bcc) arrangement of unit spheres 
(symmetry im'jrn); and if a = 1, c = 42 = 1.414, it is the face-centered cubic (ccp) 
arrangement (with symmetry ~ m h )  described in terms of a body-centered cell. It may be 
seen then that hcc and ccp are simply related to each other by a tetragonal compression or 
extension (Fig. 6.22). This relationship is known to metallurgists as the Bain relationship 
(or correspondence) and is of interest in connection with the transformation of iron from 
the y form (ccp) to the a form (bcc) on cooling. The high-temperature form of iron 
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containing carbon is called austenite, on cooling it transforms rapidly with change of shape 
to a body-centered tetragonal (nearly cubic) form called martensite. Transformations of this 
type, which do not require diffusion of atoms, are called martensitic and have been 
extknsively studied by metallurgists. [A. Martens (1850-1914) was a German metailurgist.] 

Fig. 6.21. Left: a frqmenr of the bct latrice showing 10-fold coordination of a central atom. Right: 
atoms on a 36 net on a (I 10) plane shown shaded and connected by full lines. 

Fig. 6.22. (0)  Face-centered cubic with the cubic cell outlined with broken lines and a bady-centered 
teVvgonal cell outlined with full liner. (b) n projected dawn the vertical axis. (e) a projected with the long 
axis of the tetragonal cell vertical on the paper. A cubocrahedron of atoms seen along a two-fold axis is 
depicted. (4 A body-centered cubic cell. Nearest neighbors are the same distance a p z t  as they are in o. (e) d 
in projection. V) The lo-coordinated tetragonal packing with its c axis horizontal on the paper. IU 
relationship to body-centered cubic can be seen by comparison with e and to face-centered cubic by 
compaison with c. 

It should be obvious that the bcc stmcture can be tetragonally deformed until it is 
arbitrarily close to ccp, all the time keeping each sphere in contact with eight neighbors. 
The bcc structure is thus one at a local minimum (in cwrdinate space) of density.1 It is less 
obvious that the 10-coordmate structure (bct) can be deformed to the ccp structure keeping 

I w ~  don't preclude the possibility of some of these structures being at global density minima for a 
given coordination number. The question has not been much discussed except for the case of four 
cwrdinvtion which gives the rarest (?) stable sphere packing (3 7.5.2). 

each sphere in contact with ten neighbors and that it is at a local density minimum. 
However, this is simply demonstrated analytically and is similar to the 11- to 
12-coordination transformation discussed earlier ($ 6.3.1, p. 228) in that again we need a 
lower symmetry cell for the general case. The symmetry is orthorhombic: 

Immm. a2 + bZ = 3, 1 S n,b <_ 42, c = 1. Centers at Zo: I + (0,0,0) 

The special case a = 1, b = 42 (or a = 42, b = 1) corresponds to ccp. The case a = b = 
$312) corresponds to the tetragonal minimum density (bet). 

The body-centered tetragonal arrangement is not common in elemental structures- 
examples are /?-Hg (c/a = 0.707)l and Pa (cla = 0.825)-but it is very often encountered in 
the structures of intermetallic compounds 1e.g. CuAu and MoSiz ( 5  6.6.2)l. 

6.3.3 Another 10-coordination. C-centered orthorhombic (cco) and further 
relationships balween bcc, ccp and hcp 

Another 10-coordinated sphere packing with the same density as bct is derived by 
periodic twinning of bet an  (101) planes. Fig. 6.23 shows, on the left, one such twin 
plane in bet. On the right in the figure is the new structure with the positions of twin planes 
indicated by mows. 

Fig. 6.23. Twinning of bodycentered tetragonal (see text), on the right the broken lines indicate a unit 
cell (b vertical and c horizontal). 

The crystallographic description of the new structure, which we call cco (for C-centered 
orthorhombic) is: 

cco Cmcm, 0 = 4(312) a 1.225, b = g(512) = 1.581, e = 4(12/5) s 1.549, p = 0.698 
Centers in 4 c: C t (O,y,114), y = 3/10 

The structure is a maximum volume form of a 10-coordinated sphere packing with the 
same symmetry and atoms in the same positions and with parameters given by: 

lFor mercury cia is sufficiently small that Hg atoms have only two nearest neighbors so that strings of 
Hg atomr run parallel t oe  (compare Fig. 6.16,'). 
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When y = 114, the structure is ccp, with a = b = c = 42; when y = 113, the structure is 
hcp, with a = 1, b = 43, c = d(813). For intermediate values of y each sphere has 10 
neighbors at a unit distance away. The posit~on of maximum volume is fory = 3/10, when 
the unit cell volume is 3 (compare 48 = 2.828 for cp). This is the same volume per sphere 
as in the 10-coordinated body-centered tetragonal lattice packing (bct) described in g 6.3.2. 

Fig. 6.24 shows the structure again projected on (IW), but now with b horizontal and c 
vertical. In going from ccp (on the left) to hcp (on the right), a is decreased by 42, b is 
increased by d(312) and c is increased by d(413). 

Fig. 6.24. Illustrating the relationship between ecp (left), y = 114; 10-coordinated packing (center) with y 
= 3110; and hcp (right), y = 113. 

If alb = alc for ccp were reduced from 1 to 1/42 = 0.707 the structure would be bcc 
(the Bain relationship again), so the figure would also represent the transformation from 
bcc to hcp. (So he careful in "reading" projections--check axial ratios.) 

In general, periodic reflection twinning of body-centered orthorhomhic cells (with 
parameters a,, b,, and c,) on (01 1) in the manner indicated will produce the Cmcm structure 
with: 

a = a,, b = d(bo2 + co2), c = 2bocdb, y = l/Z - ~,,~12b2 

For bct, a, = b, = d(3/2), c,, = 1. Twinning tius cell produces cco sphere packing. 
For ccp, the "orthorhomhic" (now actually tetragonal) cell with two lattice points has 

a, = c, = 1, b, = 42. Twinning this cell produces hcp (the (101) planes of the tetragonal 
cell are ( 1  11) planes of the conventional cubic cell). 

For bcc, no = b, = c, = d(413). Twinning this cell produces bcc again which is not 
surprising as (101) planes of bcc are already mirror planes. 

To summarize, here are the parameters for imponant sphere packings in terms of Cmcm 
with paints in 4 c: C+ (O,y,I/4): 

st~ucture a b c Y 
ccP 4'2 = 1.414 42 = 1.414 Jz = 1.414 114 
cco  d(312) = 1.225 1/(512) = 1.581 -/(12/5) = 1.549 3/10 
h c ~  I 43 = 1.732 d(813) = 1.633 113 
bcc 2/43 = 1.155 d(813) = 1.633 g(813) = 1.633 114 

6.3.4 8-coordination: packing of trigonal prisms 

By now the bcc arrangement should he familiar as an example of an 8-coordinated 
sphere packing. 

Another simple arrangement is provided by the points of a primitive hexagonal lattice 
with a = 1, c = 1. This arrangement occurs as one of the high-pressure polymorphs of - .  . .  . 
elemental Si (a = 2.53, c = 2.37 A at 20 GPa). It also occurs in several compound structure 
tvaes in which there is trieonal orismatic coordination of atoms. The vertices are those of a . . - .  
space filling by trigonal prisms of which there are two per lattice point. (Two prisms 
sharing a square face form a unit cell.) The density is p = d 2 7  = 0.604. 

The relationship between these two packines (cl and hP) is very simple, and interesting . . 
in several contexts, although the int-ediate structure contains two kinds of sphere 
so it is not a ~ a c k i n e  of equivalent spheres. Fie. 6.25 conmares a orimitive hexagonal - .  - - 
lattice, described using a super-cell with three points per cell, with bcc described using a 
similar cell. 

Fig. 6.25. The relationship between primitive hexagonal (= h P ,  left) and bcc (described using a 
hexagonal cell, right). The diimce between neighboring lairice points is the same in each ewe. The 
conventional cubic cell for bee is lightly shaded. 

The intermediate structure is trigonal: 

~ r n l , a = d [ 3 ( 1  -r2)1,c= 1 
One sphere at I a: 0.0.0; two spheres at 2 d: f(1/3,23,r) 

When z = 0 we have the primitive hexagonal structure (symmetry P611nmm) and when z 
= 113 we have the bcc structure described with the hexagonal cell. Note that cla changes by 
only about 6% in the transformation. It should be noted also that in bcc we have 36 layers 
in A, B and C positions separated by cl3. The primitive hexagonal structure has these three 
lavers collaosed to one layer of three times the density. 

. ~ o t e  that combining-any two of A ,  B or C wili give a honeycomb (63) layer. This 
occurs if z = 112; at which point the structure is formally that of AlBz (B 5.3.5) with 
symmetly again P6lmrnrn (the honeycomb layers are B). The symmetry-breaking transition 



234 Chapter 6 

fromz = 113 (bcc) towards z = 112 is important in metallurgy and is known as the bcc w 
transition. 

There is a second way of filling space with trigonal prisms such that all vertices are 
equivalent (Fig. 6.26). Make a slab of face-sharing prisms with prism 3-fold axes all 
collinear. Now put such slabs together with the prism axes alternating. The prism vertices 
correspond to the centers of an 8-coordinated sphere packing: 

I 
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by removal of 114 of the spheres (those at 0,0,0) and thus rt has 314 of the denslty of 
eutactlc arrangements 

The J complex occurs notably as the anron arrw in the cublc oerovskltk (ABX?) . -. 
structure (metearlier in § 5.3.4) which can be thought of as a three-dkensional array of 
comer-connected octahedra of anions X centered bv cations B. The BX? arraneemeut alone 

~4 ~- ~ ~ - ~ - -  
is known as ReO3. The faces of the octahedra divide space into an equal number of regular 
octahedra and cuboctahedra (centered by A in pernvsklte). The packing could therefore 
also be considered as arising from a space-filling packing of regular octahedra and 
cuboctahedra (Fig. 6.27). The A atoms center the cuboctahedra, and we note, in passing, 
that the combination of A and X (AX3) is ccp (see 3 6.6.1). 

t4tlamd. o = I ,  c r 412, p = 0.6046. Centers in 4 n: I f (0,314,118) 

This is the Th arrangement of ThSiz (Si centers the trigonal prisms). It is also the 
structure of a high-pressure polymorph of Cs. 

Fig. 6.27. Left: The J lattice complex shown as an array of corner-connected regular octahedra. Right: 
The cuboctahedron "hole" in the packing. 

Fig. 6.26. Space fillings by trigonal prisms that correspond to 8-coordinated sphere packings. Loft: 
primitive hexagonal. Right a letragonal spherc packing. 

6.3.5 Another 8-coordination: the J lattice omplcx 

Another 8-coordinated sphere packing is of very frequent occurrence in crystal 
structures. The arrangement is an example of an invariant lattice comolex-an array of . 
9)1nmetq -rsl:~r*cl polnr, dn tiscd po\irionr. The morc-;o~nrnot~ o l  thcic ;Ire sonlurlrne, 
.Ics~r~br.d b) ,! mbols .\x \' 6 .471  XIIJ the >ytnbul lor this one I ,  I . '  

3 PmSm, o = 42, p = e h 2  = 0.5554. Centers in 3 c: (0,1/2,1/2)r 

It can be seen that this structure may be considered as derived from cubic eutaxy (ccp) 

In the cubic structure, the bond angle B = LB-X-B = 180'. If the octahedra are 
maintained rigid but tilted (thus "crumpling" the array and reducing the bond angle 8) so 

~ - 

r h ~ t  covl -213, = 131.81 .. < 0 5  180' c-ch veney a i l 1  >rtll hovt ei2hr ncdreht neiphbnr$.: 
l i  all rhc o~.l:thed6i (\(.hiCl~ rcllrilln undlctonc<l nrt rot3rr.J h\. 3n :mrlc 10 ahoul L re1 - .  

parallel cll l> axes the arrangement can be converted from the cubic Jstmcture (@ = 0) to 
hexagonal eutaxy (hcp) (@ = 1.30', symmetry P63lmmc). If the octahedra are filled the 
final BX3 arrangement is PdF3 ( 5  6.1.5). The intermediate and final structures have 
symmetry R ~ C .  Referred to a centered hexagonal cell and unit-diameter spheres: 

a = d8cos$, c c 448. Centers in 18 e: R f (x,0.114; Or,ll4: t.T,114)1, I =  (43 - Lan $)/dl2 

It is interesting that the J structure can be considered to be composed of intersecting 
kagome layers parallel to all ( i l l ) .  The points at any one elevation in the hexagonal 
structure such as z = 114 (with x,y = x,O : O r  and X,?) corresuond to the ooints in a 

l ~ h e  reason for this particular symbol is apparently an association with the '>a&" of the common game 
of that name [W. Fischrr el ol., Space Groups and Lotrice Complexes, Nstional Bureau of Standards 
Monograph I34 (1973)l. However the jacks familiar to us hvve sir poinu and mJm symmetry whereas the 
points in the Jeompler hvve 41mmm symmetry and eight neighbors. Nevenheless we like the name because 
of the association with K. H. Jack who appears to have been the first to point out the important 
relationship of this m a y  to hcp [K. H. Jack Bc V. Gurrmann. Act* Crystallogr 4, 246 (1951)l. 

hexagonal cell relating the kagome + 36 rllustrated in Fig. 5.40 ;see also ~ x e r c i s e  10 in 
Chauter 5 ) .  Hexaeonal eutaxv corresoonds to a stackinrr of the 36lavers. In Fie. 6.28 trv - " - 
to see how collapsing the kagome nets to 36 corresponds to rotations of the octahedra 
alternately clockwise and anti-clockwise about [I 1 I]. 

I ~ o r  Qi corl ( -~3)  inter-octahedral X...Xdisoncer will be less than the intra:,octahedral dismnces. 
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Using the symbols of g 6.1.6, the stacking of kagome layers along [ I l l ]  is NlN2N3. 

Fig. 6.28. Left: the octahedra of the J arrangement shown with [I111 vertical on the page. Part of a 
kagome (3.6.3.6) net in a (111) plane is heavily outlined a the top. Right: the same set of octahedra after 
rotation as described in the text so that the vertices are hep. The figure illustrates the transformation Re03 
+ PdF3. 

6.3.6 Anorher 8-coordination: rke pyrochlore packing 

Another interesting bcoordinated arrangement can also be considered as arising from a - . - 
different array of comer-connected octahedra. We call it the pyrochlore packing as it is an 
idealization of the octahedral framework in compounds with the pyrochlore structure1: 

Fig 6.290. A "pyrochlore unit" of  four octahedra sharing vertices. The space at the center is an "empty" 
octahedron. 

'Pymchlore is e. mineral of variahk campasition: (&,Nu)~(Nb,Ta)20~(OO0H,F). 
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The structure may be thought of as composed of "pyrochlore units" of corner-sharing 
octahedra such as illustrated in Fig. 6.290. Further comer sharing between units produces 
the structure shown in Fig. 6.296. 

Fig. 6.29b The pyrochloie packing us corner-connected octahedra The drawlng conslsts of a face-centered 
cubsc array of the "pyrochlore unrrs" of Rg 6 290 

The same arrangement occurs in intermetallic compounds: for example as  the W 
arrangement m Fe3W3C (with C in the octahedra). 

6.3.7Another 6coordination: the S larrice complex 

The final &coordinated sphere packing that we mention is another invariant cubic lattice 
complex (symbol 8. A formal description for unit diameter spheres is: 

S Ia3d. a = 81414 = 2.138, p = 2nia3 = 0.643 
Sphere centen in 12 a: I + (318,0.114 : 118,0,3/4)x 

The of this arrangement divide space up into irregular octahedra (actually 
metaprisms) and irregular tetrahedra. The metaprisms form non-intersecting rods along 
< I l l >  by sharing triangular faces. In Fig. 6.30 these rods are shown in a projection down 
11 111. The packing of rods in four different directions is the same as in the garnet cylinder 
packing to be described in 5 6.7.3. Each metaprism also shares a face with a metaprism in 
each of three rods not parallel to it, so each metaprism shares a face with five adjacent 
metaprisms. A high-pressure form of elemental Ga has this structure. It also corresponds 
to the Th positions in the important Th3P4 stmcture type. 
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p a ,  o = 4/(415 - 43) = 1.868, p = 0.6802 
sphere centers in 8 c: X1.r.r ; ( 1 /2+~ ,1 /2 -x~K) ,  x = (h - 1j18 = 0.155 

Fig 6.30. Left: The S suucture projected down [I l l ] .  Dark shading indicates [ I l l ]  rods of face-sharing 
metapdsms. Right: parts of three rods parallel to the other three <ilI>directians areemphasized. 

There are four-thirds of an octahedron (metaprism) and one tetrahedron for each sphere 
in the S packing. In Th3P4, P atoms center the metaprisms. The centroids (equidistant 
from all six vertices) of the metaprisms are in 16 c: I + (x r ,x  ; 1/4+x,1/4+x,1/4+x ; 
112-x+,112+x : 1/4-~,3/4-~,3/4+x)K, x = 1112. The real structure of Th3P4 (for data see 
Appendix 5) has x close to this "ideal" value. The centroids of the tetrahedra are in 12 b: I 
+ (718,0,114 ; 5/8,0,314)~. Note that the tetrahedral sites (12 b) also form an S lattice 
complex displaced from the 12 a positions by 112,O.O. Filling 12 a by A and 12 b by B 
would give a (hypothetical) 4-coordinated structure AB that is its own antistructure. The 
tetrahedral sites are far from regular; in the AB structure just described the ABA angles are 
99.6' (4x) and 131.8 ' (2x). Taken together the A and B positions form a &connected net 
known as S" which is described in 5 7.3.12. 

There is a sense in which the S suucture is intermediate between the primitive hexagonal 
and cp arrays. Thus consider the division of space into tetrahedra and/or 6-coordinated 
figures (prisms, metaprisms or antiprisms): (Here Ng and N4 are the numbers of six- and 
4-coordinated sites per packing atom.) 

structrcre N6 N4 
primitive hexagonal 2 0 

s (Th3p4) 413 1 
eutactic (cp) 1 2 

bcc 0 6 

6.3.8 7-coordination and a relation between FeSi and NaCl 

7-coordinated sphere packings can be obtained in a rather obvious way by prismatic 
stachng of 5-coordinated layers. We describe such a stacking of 33.42 nets in 5 6.4.2 and 
a stacking of 32.4.3.4 nets in 8 6.4.3. 

Another, less obvious, 7-coordinated packing, again for spheres of unit diameter is: 

Note that for x = 114 we have a primitive cubic structure with a doubled cell edge (8 
lattice points). The transformation from the primitive cubic structure to the Pa3 structure 
(and vice versa) involves displacements along all four <I 1 I >  directions and is rather 
difficult to illustmte; the neighbors of the points in one unit cell are shown in the top pari of 
Fig. 6.31. 

Fig. 6.31. Top: tho Pa57-coordinated sVucluie (right) compared with the primitive cubic stlucture (left). 
Bottom: alternately coloring the points in these structures produces NaCl (left) and FeSi (right). 

We have seen that the anions in fluorite (CaF2) are in a primitive cubic array. In PdFz 
recovered from high pressure (under which conditions it probably is fluorite) the F array 
is the pa% structure. For crystall~raphic data for PdFz see Appendix 5.' 

If the eight points in 8 c of Pa3 are alternately colored black and white in such a way that 
(e.g.) those at x,y,z are black and those at l-x.1-y,l-z are white, the symmetry is lowered 
to P Z 1 3  and the two sets of points are at 4 a: x , x ~  ; (1/2+x,1/2-x>)~. this corresponds to 
the situation in idealized FeSi with XF. = l-xsi. (In the real structure of FeSi, x ~ .  = 
0.136, xsi = 0.844--see Appendix 5). Similarly coloring the points of the primitive cubic 
array produces NaCI. We have therefore derived a simple relationship between these Last 
two svuctures as also shown in Fig. 6.31. 

L ~ h e  reported symmetry_af this form of PdF2 is actually P213, but the parameters are very close to 
what they would be for Pa3 symmetry [A. Tressaud & G. Demuzeau, High Temp. High Prcss. 16, 303 
(1984)l and ihese are given in Appendix 5. 
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6.3.9 6-coordination: the T lattice complex and cristohalite 

Structures with lower coordination numbers are better described as nets [systems of 
points (atoms) connected by edges (bonds)]. However we will consider here a few 
6-coordinated sphere packings. The first is with spheres at the points of a simple cubic 
lattice. Note that a cube is a special case of a rhombohedron (with a = 90.). It should be 
clear that a cube of unit edge can be smoothly distorted to a rhombohedron with a= 60. (a 
primitive cell of fcc) so we have a simple way of transforming from simple cubic to face- 
centered cubic. The intermediate symmetry is R3m and as long as d > 60. there are only 
six nearest neighbors. Therefore, this 6-coordinated sphere packing can approach 
arbitrarily close in density to that of closest packing (12-coordinated). 

Fig. 6.32. The T suucture shown as corner-connected tetrahedra 

:\ sccon.i 1>-:udrJ111;11ed p d i k ~ ~ ~ g  \%c discuss her? h35 i:nler, of (~IIcIc.: ;tr ihc potnts o i  
Inorher in\.xi~nr cub,? Iatluc iomplcr (s! ntbol I). 

T FdTm, a = d8. p = 0.370. Sphere centen in 16 c: F + (0.0.0, (0.1/4.1/4)d 

This is another pattern that occurs in a wide variety of crystal structures. It is the oxygen 
positions of an idealized high-cristobalite (pcristobalite) form of SiOz, so it is sometimes 
(a little misleadingly) called the cristobalite arrangement. Other notable occurrences are as 
the sites of the octahedrally-coordinated atoms in the spinel structure and the pyrochlore 
structure, and the Cu atoms in the MgCu? structure (5 6.6.3). The structure can be 
considered as made up of corner-connected tetrahedra as shown in Fig. 6.32. Examination 
of the figure will show that the points fall on kagome (3.6.3.6) nets parallel to [ I1  1 j as 
they do in the J structure. However now the kagome nets normal to any one < I l l >  

direction alternate with 36 nets with twice the spacing between points. The empty space 
(not in the t c r r ~ h ~ d r a )  in ills ,rructure 15 nude up o i  a p ~ c k ~ n g  ~i rrunc;~ted rcrr3hr.d~. 
3c;ordinrlv rhr. irrucrure a n  bc co~,~idcrcd u iri,in$ irom J p~.'krn:! oircgul3r rclr3hcJr~ 
and truncated tetrahedra.' 

Usinine the svmbols of 5 6.1.6, the stackine of atom layers normal to [111] in the T - ~-~~ -~ . - 
StNCNre is Nlnf12nlN3n2 the same as that of the Al atoms in the spinel struclure. 

The Tstructure can be collapsed by concerted rotations of the tetrahedra about 4 axes to 
produce denser arrangements (in much the same way as the Jstructure is converted to hcp 
by rotations of octahedra) as illustrated in Fig. 6.33. Let B represent the centers of the 
tetrahedra and X the vertices. Andytical descriptionq of these vansfonnations are, in terms 
of u = cos$, .v = sing and t = tang (g  is a rotation angle discussed below): 

1 (i) T i  cubic eutaxy: 

I When $ = 0. the structure is the cubic T pattern described with a body-centered 
tetragonal cell. When @ = 4Y it is ccp described with a doubled cell (c = 20). Note that the 
density increases by a factor of two in going from T to ccp. I If atoms A are in positions 4 b: I + (0,0,112 ; 1/2,0,1/4) we have stoichiometry ABX2. If 
g = 45', both A and B are tetrahedrally coordinated by X and we have a superstructure of 

i sphalerite (ZnS); an example is chalcopyrite, CuFeS?. If A is larger than B, then $ 

1 [= tan-'(4x)l is smaller, allowing the (AIX4 tetrahedron to expand, thus for CdSiPz, x = 
0.21 (4 = 40.). 

i (ii) T + 1 1-coordinated 

1 This P41212 structure is actually an idealization (regular tetrahedra) of the anion 
positions in the low-cristobalite form of SiO2. $ = 0. corresponds to T and $ = 4 5 ~  
corresponds to the 11-c_oordinated packing described in 5 6.3.1. Just as there are 
compounds ABX2 with 142d symmetry, there are also ternary compounds with P41212 
symmetry. Examples include LiAlO? and NaAIOz with different values of 4. If A = B we 
have the structure of &BeO, which we meet again in 5 7.3.3. Cristobalite is intermediate, 

1Thi.c structure is just one of an infinite number of ways of paclang these polyhedra (see the discussion 
of the MgCuz and the MgZn2 structures in B 6.6.31. 
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with g = 2W at room temperature.] Note that, like the quartz form of S O 2 ,  cristobalite 
exists in enantiomorphic f o m  wlth symmetry either P41212 or P43212. 

Big. 6.33. Partial "collapse" of the ideal cdstobalite (top left) to the IZZdsuucture (top middle) and to the 
P41212 struehlre (top right). The StNctureS are projected dawn e and the centers of the tetrahedra are at 
heights differing by c14. 0 s 22.5' in the two derived amctures. The lower part of the flgure shows how a 
tetrahedron appears in projection after rotation about a axis. 

There is a third way (with symmetry Pna21) to collapse the Tstructure by concerted 
rotations of tetrahedra, this time to give hcp, but in the intermediate arrangement the 
structure has two crystallographically-distinct spheres.2 

6.3.10 Another 6-coordination: the Y lattice complex 

Our last sphere packing with 6-coordination is also cubic: 

P213, o = d[1/(8sZ- 2r+ 112j1,O Ix i 114 
Sphere centers in 4 0: (XJJ : (l/Z+x,llZ-rF)~) 

If x = 0 (or 114 or 112 or 314) the arrangement is face-centered cubic (cubic eutaxy) with 
12-coordination. If x is changed from 0 then there are six nearest and six next-nearest 
neighbors. Increasing kl from 0 corresponds to displacing the centers of spheres along all 
four <I1 I> directions (cf. the Pa? 7-coordinated packing described in 8 6.3.8 above). The 
density is a minimum for kl = 118 at which point the unit cell parameter (for equal spheres) 

l ~ o t e  that if we consider the (Silo4 tetrahedra in cristobalite to be rigid, compression along e will 
require # to increase (to decreasc c), and hence o will decrease also. Matedals that behave in this way 
(contracting in a direction normal to an applied compressive stress) are rather rare, but crisrabalite is one. In 
terms of elasticity theory, it is said that it h a  a negative Poisson's ratio. 

2 ~ o r  a detailed account of these transformations, and their relevance to crystal chemistry, see 
M. O'Keeffe & B. G .  Hyde, Acla Cvslolfogr B32,2923 (1976). 

is d(813) and the density is d(3/2)ni8 = 0.481. The symmetty is now P4332 and the sphere 
centers are on the invariant cubic lattice complex +Y with coordinates (1/8,1/8,1/8 ; 
518,318,718)~. Fig. 6.34 (which might be compared with Fig. 6.31) shows unit cells of 
ccp (using x = 114) and +Y for comparison. The six neighbors of +Y are at the vertices of a 
trigonal metaprism (symmetry 32) as indicated in the figure. 

The F e  (or Si) atoms in FeSi are close to the +Y packing. As we saw in 9 6.3.8 
converting the F e  and Si arrays to two inter-penetrating ccp arrays produced NaCI. But 
two inter-penetrating ccp  arrays also describes sphaler i te  (ZnS, see 8 6.1.2). the 
difference is that in NaCI the two arrays are displaced by 112,1/2,112; in sphalerite they 
are displaced by 1/4,114,1/4 (or 3/4,3/4,3/4). Thus the transformation +Y + ccp can also 
be used to describe FeSi + sphalerite. A description of the three structures in terns of 
a P213 cell is: 

NaCl  XN, = 0.25 xcl = 0.75 
F e S i  xp, = 0.15 xsi = 0.84 
Z n S  xzn = 0.0 xs = 0.75 

Fig. 6.34. Left: a uni t  cell of eep. Center: a unit cell (filled circles) of 'Y; the neighbors of one point are 
shown as open circler and the two equilateral faces of the ttigonal rnetapuprism formed by those points are 
lightly shaded. Right: the same coordination metvprism viewed down a 3-fold axis. 

6.4 Sphere  packings with cube and trigonal prism sites as stackings of two- 
dimensional nets 

Many of the sphere packings in crystal structures are simply described as a stacking of 
planar nets; particularly 36 and 44. If we remove the restriction to closest packings of such 
layers, structures can be generated with sites that are trigonal prisms or cubes. Here we 
extend our notation for describing structures based on closest packing to include these other 
packings also. We give many examples of real structures based on the idealized sphere 
packings: crystallographic data for these compounds are collected in Appendix 5. 

6.4.1 Non-close-packed stockings of 36 nets 

We have already discussed closest pack~ngs as a stacklng of 36 nets m posltlans labeled 
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A, B or C. We did not allow sequences involving two layers in the same position. In a 
sequence AB the spacing between layers of unit-diameter spheres is assumed to be (at least 
close to) 6(2/3) = 0.816. A sequence AA requires layers to be (close to) unit distance apart 
and indeed the symbol A (=AAA ... ) could be taken to stand for a primitive hexagonal 
lattice sphere packing (cla = 1). Allowing like letters to repeat generates trigonal prismatic 
sites between the layers. For AA these sites are at positions j3 and y at the same level and 
together they form a 63 net within the layer as shown in Fig. 6.35. For AIBz (Greek letters 
now for B ,  and parentheses enclose sites at the same level) the sequence is 
A(Py)A(Py)A ... showing that B atoms fill all the trigonal prism sites of a primitive 
hexagonal A1 structure and form a 63 (honeycomb) net, as described in 5 5.3.5. 

Fig. 6.35. Left: The position A of a cp layer and two trigonal prism sites a and P between two A layers. 
Center: illustrating that the P and ysiles together for a 63 net. Right: the pattern of rdgonal prisms when 
just the 0 sites are occupied. 

Fig. 6.35 also shows the pattern of trigonal prisms when one half of the trigonal prism 
sites are occupied. A simple structure of this type is WC which may be written (with Greek 
letters for C) APAPA .... As shown in Fig. 6.36, the {C)W6 trigonal prisms form infinite 
columns by sharing their triangular faces.' It might be noted that the Structure is its own 
antistruchlre so there are also (W)Cs  trigonal prisms. 

Fig. 6.36. Left: WC us (CIW6 trigonal prisms. Right: NiAs as [As)Ni6 trigonal prisms 

' ~ o t e  that B and C are notations far layer positions, but B and C are symbois for chemical elements! 

NiAs was described earlier (8 6.1.5) in terms of hcp As and can be coded (with Greek 
letters for Ni) as BaCaB; the structure with symbols for cations and anions reversed is 
APAyA .... The layers of trigonal prisms are the same as in WC, but now adjacent layers 
are staggered so that trigonal prisms share only edges between the layers as illustrated in 
Fig. 6.36. 

We next consider some patterns in which stackings of the AA type containing trigonal 
prism sites are mixed with those of the AB type that contain tetrahedral and octahedral 
holes. Special interest attaches to slabs AA with half the trigonal prism holes filled, and to 
slabs AB with either all the octahedral holes or all the tetrahedra holes filled. Fig. 6.37 
shows these three kinds of slab. Notice that the faces of the polyhedra occupy one half of 
the triangles in a cp layer (cf. Fig. 6.35, right); a consequence is that slabs of these solts 
can be joined without polyhedra sharing faces, as in the structures to be described next. 
Notice that an isolated octahedral or trigonal prism slab of X between two cp Y layers bas ~~ ~ - .  
st,>i:hio!n:lry XY:: n h:n ih? Y Jre ,h:a;d bctwcen t w o  .;lib, thr. conrnbuuon to the u \ e r ~ l l  
, ~ , , i ~ h ~ ~ ~ m ~ t r v  i ,  X Y ,  . = . Y Y  .In t i o l i~ t cd  tcIr~hcJr11 laver 113$ (toi:hincnetr). X?Y? and 3 ....-.... ~~~ -, * 

slab sharing Y with adjacent slabs contributes X2YZl2 = XZY to the overall stoichiometry. 
We have already discussed ($ 6.1.5) La203 with hcp L a  and alternating octahedral slabs 
(OLa) and tetrahedral slabs (OzLa). 

Fig. 6.37. From lcft to right: parts of layers of trigonal prisms, octahedra and tetrahedra 

Two 10-coordinated packings with the same density are: AABB... and AABBCC... 

AABB P631rnrnc. a -1. c = 2 + j(813) = 3.63, p = 2ni(dl8 + 1127) s 0.6657 
centers in 4f y113.213,r ; 1/3,213,112-z), r = 1/(4 + 1124) = 0.112 

We have in fact met this stmcture as the Ti packing in TiP (see 5 6.1.5, especially Fig. 
6.13, p. 220). With Greek letters for P the packing is AyBaByAj3A .... P(1) is in 
octahedral holes (M between A and B layers. P(2) is in trigonal prismatic holes: j3 between 

- .  
cation packing and ideal hc anion packing as the two packings have incompatible spacing 
requirements). 

The same cation packing is found in SczO2S which may be coded with Greek letters for 
0 , s  as ApaByBaDAy.. This shows that the tetrahedral sites between AB layers are filled 
(these are 0 atoms) and one-half the trigonal-prismatic sites between AA andBB layers are 
filled (these a n  S atoms).' 

11f one wants to bc completely explicit, the elemental symbols could be used us subicripts. 
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In the Tip and SczOzS structures the filling of sites in the trigonal prism layers is 
dictated by the requirement that the trigonal prisms do not share triangular faces with 
occupied octahedra (in Tip) or occupied tetrahedra (in S c ~ 0 z S )  in adjacent layers. In the 
hexagonal structures of MoSz and NbSz the anion packing is AABB but the interstices in 
the AB slab are empty so there are isolated trigonal prism layers and it does not matter very 
much therefore which set of sites is filled in these layers. In the 2H, stNCtUre of NbSez the 
sequence is AyAB @... and in the W b  structure of MoSz the sequence is A w  @... . 

In the structure of BaCu, Ba has the same (AABB) packing, with Cu in all the trigonal 
prism sites: with Greek letters for Cu, the stacking sequence is A(py)AB(ay)B. Notice 
that the Cu atoms are on 63 nets and the slmcture could be described as an intergrowth of 
AlBz slabs BaCuz with cp slabs Ba. 

The second 10-coordinated sphere packing (AABBCC) is rhombohedral: 

AABBCC Hrn, o = 1, c = 3 + 46. Centen in 6 c: R f (0.0,~). z = 11(6 + $24) = 0.092 

The S atoms in 3R MoSz have this arrangement; with Greek letters for Mo the sequence 
is A&iBpCaC. The pattern of filling of trigonal prisms destroys the center of symmetry 
and there are two kinds of S atom in the structure (for data see Appendix 5). 

There are other ways of stacking parallel 36 nets.' Adjacent layers can be stacked so 
there are only two contacts for each sphere with neighbors in an adjacent layer. Fig. 6.38 
indicates the appropriate positions, labeled D, E and F. Notice that positions D, E and F 
are only relevant for stacking over an A layer. For unit spheres in contact the spacing 
between layers such as AD is 4312 = 0.866. 

Fig. 6.38 Illustrating positions far stacking 36 nets A ,  B and C a r e  the same as shown in R g  6 1 

Fig. 6.39. b e t  projected on (1101 showing the AD stacking of 36 nets (filled and open circles 
respectively). The cell outlined by dotted lines is a face centered tetcagonvl cell 420 x 1120 x c (a is the edge 
of the body-centered tetrvgonai cell). c is horizontal on the page. 

i ~ e e  also A. F. Wells Siruclurni Itlorganic Chemistry [51k Ed. Oxford (19841, Chapter 41 
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A sequence such as ADAD ... , illustrated in Fig. 6.39, corresponds to a 10-coordinated 
sphere packing (6 neighbors in each layer and 2 above and 2 below) and is, in fact, our old 
friend bct (9 6.3.2). The nets are (110) layers of the body-centered cell (shown in Fig. 
6.21, p. 230) or (100) layers of a face-centered cell (indicated in Fig. 6.39). 

The 10-coordinated sequence ADEF is closely related to b d  (wh~ch is AD) and has the 
same density. The structure is orthorhombic: 

ADEF Fddd, n = I, b = 43, c = 412. Sphere center. In 8 o: F t (118,1/8,1181 

yPu has this swcture (see Exercise 9). Fig 6.40 (which should be compared with 
6.39) illustrates the structure projected on (001). 

Fig. 6.40. The eiayer soquence ADEF of stacked 36 layers with Fddd symmetry projected down c. (b is 
horizontal on the page). Numbers are elevations in units of c. 

Fig 6.41. An ll-coordinated sphere packing obtained by stacking 36 nets us described in the text. Left: 
projected on (031) (b vertical on the page). Depth of shading indicates increasing elevutian. Right: projected 
an (100). Open and filled circles represent sphere centers withr = 0 and l i Z  The orthorhombic unit cell is 
outlined (e vertical on the page). 

There are many other possibilities, but they are not very common in crystal chemistry. 
One of the simpler is the sequence of two close-packed layers, say BA followed by D 
which, in turn, is followed by another close-packed layer. This fourth layer is not in a 
position to which we have yet applied a label; it isshown in Fig. 6.41 where it is IabeledX. 
This is an ll-coordinated sphere packing; for example, a sphere in an A layer has 6 
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neighbors in the layer, 3 in the B layer and 2 in the D layer. The crystallographic 
description of this packing is: 

Cmco, o = 1, b = 43, c = 4(8/3) + 43, p = 4@(9 + 47/72) = 0.719 
Sphere centers in 8f: C f (O,y,r ; O,y,ll2-z), y = 116, z = 3/42 - 2 

The density is the same as that of the tetragonal 11-coordinated sphere packing of 
5 6.3.1; it would he nice to know if a less dense 11-coordinated packing exists. 

6.4.2 Non-close-packed stackings of 44 nets 

Recall that ccp can also be described as a stacking of 44 nets. A number of other sphere 
packings (not closest sphere packings) can also be so described. It is convenient now to 
recognize four positions for the layers: A, B, C and D as shown in Fig. 6.42.' 

Fig. 6.42. The four relative positions for stacked 44 nets. The full lines outline a square cell. 

A pair of layers p a c k e d ~ ~  (or, equivalently, CD) corresponds to a (100) slice of ccp 
and for unit spheres, the spacing between layers is (ideally) 11d2.2 Such a slab contains 
tetrahedral sites. The octahedral sites of ccp lie in the A and B layers, so the slab also 
contains half octahedra (square pyramids). Thus to have octahedral sites a three-layer 
sequence such as ABA is necessary. The tetrahedral sites lie in the plane half way between 
A and B in both the C and D positions (see Fig. 6.43). The slab with filled sites could 
therefore be coded (using Greek letters for the tetrahedral sites) as A(yF)B with 
parentheses again being used to enclose atoms at the same level. This unit is a very 
common element of crystal smctures and we refer to it as a tetragonal tetrahedral layer 
(to distinguish it from the hexagonal slab of tetrahedral sites between two 36 layers). It is a 
(100) layer of fluorite. Notice that the tetrahedral sites are on a 4 4  net of twice the density 
(dotted lines on the left in Fig. 6.43). 

Such layers occur in the litharge form of PbO with O in the tetrahedral sites and the 
mackinawite form of FeS (indeed they are sometimes called mackinawite layen) with Fe in 

'l'here should be no risk of confusion with the symbols for stacking 44 nets with those for stacking 36 
nets as long it is made clear to which one refers. Parnllrl 36 and 44 nets of equal-sized spheres are 
incommensurate so mired stackings da not n o m l l y  occur. 

I~eware !  If h e  spacing between the layers is I12 one has an element of bee. 
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tetrahedral sites. The overall cation packing in PbO is approximately ccp as the sequence ts 
A(ymBA(y6)B ... hut in the real material the inter-layer spacings are not exactly the ideal 
values. 

Fig 6.43. Left: view of two 44 layers of spheres (open and filled large cimles) stacked AB; the 
smaller circles indicate the location of tetrahedral sites between the layers. Center: some of the tetrahedra are 
shown. Right: the same in elevation. 

P b F C l  (matlockite) is an important example of a structure type with tetragonal 
tetrahedral layers, and as it is one of the most commonly-occurring of all ternary structures 
we digress a little to describe it here. The structure goes under several names and we also 
use BaMgSi  for anti-structure compounds in which B a  + M g  replace CI + F ;  in 
Pearson's Handbook (Book List) it is called CuzSb. It is related to PbO in the sense that 
there are (PbF) tetragonal tetrahedral layers with stoichiometry PbzFz hut they are now 
interwoven with two layers of CI on 44 nets. Now the tetrahedral layers are further apaa, 
and in isostrnctural compounds like LaOX (X = C1, Br, I) with layers of {O]La4 tetrahedra 
of almost constant size, the interlayer spacing is determined by the size of the interlayer 
atoms X. 

Fig. 6.44. The structure of PbFCI. Left: showing the layers of edge-sharing (FIPb4 tetrahedra with C1 
aoms in inwrvening layers. Right: showing the (CljPb5 and (PblCIgFq coordination polyhedra around the 
two atoms identified with labels on the left. F atoms (nor shown on the left) are small i i l l~d circles. 



Figure 6.44 illustrates the structure of PbFCl. F is in a 1FlPb4 tetrahedron and C1 is in a 
ICl}Pbs square pyramid. The Pb coordination is an irregular square antiprism with a small 
F 4  square face and a larger C 4  square face; this larger face is capped by a fifth C1 to give 
Pb a 9-coordination, (PbJClgF4. 

We return now to a discussion of further packings of 44 layers. A sequence such as AC 
with spacing d3/2 will generate an element of primitive hexagonal packing, in fact a (10i0) 
layer, and a continuing sequence AC ... (or AD ... or BC ... or BD ... ) is primitive hexagonal 
with the 6 axes of the trigonal prisms perpendicular to the stacking direction as can be seen 
from Fig. 6.45. 

Fig. 6.45. Iilusuating that "on-close-packed stvclung of 44 layers can generate a primitive hexagonal 
may ,  Left: a sequence of 44 layers. Right: the Uigonal prismatic sites are shaded. 

A sequence such as AA, with unit spacing between the layers, corresponds to a slice of 
primitive cubic in what should be an obvious way. 

We now describe some other stackings of 44 layers which correspond to packings of 
equivalent spheres and which are encountered in crystal chemistry. As discussed above 
they can contain trigonal prism and cube sites as well as tetrahedral sites between two 
layers that are in closest packing. We assume the interlayer spacings to be those for spheres 
in contact. 

ACED: This corresponds to a packing of trigonal prisms with their axes pointing in two 
orthogonal directions (and normal to the stacking directions). The symmetry is I 4 l l a m d  
(with the 4-fold axis parallel to the stacking direction) so the prisms do not have 6-fold axes 
in the structure. We have described this &coordinated packing in 5 6.3.5 (see Fig. 6.26). 

ABCD. This is a 10-coordinated sphere packing (it has the same density as the 10- 
coordinated stackings of 36 nets described above) and might be considered an intergrowth 
of ccp (the AB and CD parts) with primitive hexagonal (the BC and DA parts). The 
symmetry is now orthorhombic: 

A B C D  Cmcm, a = c = 1. b = d2 + 43. Centers in 4 c: C f (O,y,l/4), y = (3  - 46)/4 

This packing is found as the structure of one of the high-pressure polymorphs of Ga. If 
the trigonal prism sites (between the BC and DA layers) are filled, the important C r B  
structure type (B in the trigonal prisms) is obtained. In UBC, in addition to B in the 
hexagonal prisms (of U), there are C atoms in the square pyramids. 

The structure is shown in three ways in Fig. 6.46, first as a stacking of 4 4  nets, 

I 
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1 
secondly with the trigonal prisms shaded in, and finally as a projection down a. In the last 
case the trigonal prism centers are indicated; notice that they form zig-zag rods parallel to c. i 

Fig. 6.46. Illuswvting an ABCD slacking of 44 layers (CrB packing). In the middle the trigonai prism 
layers are shaded. On the right the swucture is shown in projection on (IW) (light and dark shading is used 
to differentiate withcenters at x =  0 andx = 112). The Uigonal prism sites are shown as larger cirzles 
connected by lines to their nearest neighbors. 

We digress to describe a related 10-coordinated sphere packing of the same density that 
is not however usefully described as a stacking of layen. In this structure we again have 
trigonal prisms, but now in columns (rather than slabs) and the sphere packing corresponds 
to the Fe atom positions in (idealized) FeB (B is in the trigonal prisms). Fig. 6 .47 
compares the two packings. In both structures the trigonal prism centers form zig-zag rods 
which are normal to the plane of projection in Fig. 6.47. 

F ~ B  Pnma, a = 1.9062, b = 1, c = 1.6506 
sphere enters i n 4  c: f(x,ll4.r; I/Z+x,114,1/2-~),x= 0.1811, z = 0.1583 

Fis. 6.47. Left: the CrB ~ ~ h e r c  packing (of Cr)  projected on (001) (compare fig. 6.46). Open and filled 
circles are at 2 = 114 and 314 respectively. Right: the FeB sphere packing (of Fejprojected on (010). Open 

filled circles are at y = 114 and 314 respectively. In both casff shaded rectangles are columns of trigononal 
prisms sharing square faces. 

ACDABDCB: This is another 10-coordinated sphere packing of the same density and 
can similarly be considered as an inter-growth of alternate layers of ccp and primitive 
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hexagonal. It is tetragonal: 

A C D A B D C B  l41lamd.o = I, e =.is + .I12 = 6.293 
Sphere centers in 8 e: If (0,114.~ ; 0.314,114+~), z = $3/[8(\12 + d3)l = 0.0688 

This occurs as the Mo packing in &MOB (with again B in the trigonal prismatic sites, 
now between AC, DA, BD and CB). In contrast to the previous case (ABCD, CrB), the 
trigonal prisms "point" in two different direct~ons as shown in Fig. 6.48 (which should be 
compared with the middle of Fig. 6.46). P M o B  is CrB. 

Fig. 6.48. Illustrating an ACDABDCB stacking of 44 layers (e is horimntal). 

AABB: This is a Pcoordinated sphere packing and might be considered an intergrowth 
of ccp (the AB and BA parts) with primitive cubic (the AA and BB parts). The symmetry 
is tetragonal: 

Fig. 6.49. Th2TeNz is a member of the largest of all groups of ternary structure types. It is 
usually named for the antistructure compound ThCrzSiz (in which Th and Cr play the role 
of Te and N in Th2TeN2) but in Pearson's Handbook (Book List) it is called BaA14. The 
structure type is similar to PbFCl in having tetragonal tetrahedral layers and a wide range 
ofcla according to the size of the atom between the layers (in the "cube" sites). 

ACCA: This is a 7-coordinated sphere packing and is an intergrowth of primitive cubic 
and primitive hexagonal. The symmetry is onhorhombic: 

A C C A  Cmmm. a = c = I. b = 2 + 43 = 2.7321 
sphere centers in 4 j: C f  (O,y,ln), y = 1/(4 + 412) = 0.1340 

The ACCA packing is that of Fe in the FezAlB2 structure. A1 fills the cube sites (between 
AA and CC layers of Fe) and B fills the trigoual prism sites (between AC and CA layers). 
The stnrcture may be also considered as a prismatic stacking of 3342 nets as shown in Fig. 
6.50. 

A A B B  14/mmm,n = 1, c = 2 +\12,p=211/(6 + $18) = 0.6134 
Sphere centers in 4 e: I f  (0.0,~). z = 1/48 = 0.3536 

Fig. 6.50. ACCA ~wcking of 44 nets of Fe in Fe2AlB~. Left: viewed normal to the swcking direction 
(venical on the page). Right: us a clinographic projection. The trigonal prism sites (filled by B) are shaded, 
and h e  cubes (occupied by Al, not shown) are outlined. 

6.4.3 Stacked 32.4.3.4 neis 

In Th2TeNz N atoms are between the AB and BA slabs of Th, forming tetragonal 
tetrahedral layers (cf. Fig. 6.43) with stoichiometry N2Thz. The Te atoms are between the 
AA and BB layers of Th. Using Greek letters for Te and N, the structure is 
APA(y@BaB(y@. An idealized version (with regular tetrahedra and cubes) is shown in 

Stacking of 32.4.3.4 layers produces 7-coordinated sphere packings with a variety of 
interstitial sites-cubes, square antiprisms (better metaprisms), trigonal prisms and 
tetrahedra-and many crystal structures are based on filling some or all of the interstitial 
sites in these packings. In this section we briefly describe some of the simpler such 
structures (crystallographic data for real materials are in Appendix 5). 

For a prismatic stacking (i.e. one directly above the other) of 32.4.3.4 layers the formal 
description for spheres of unit diameter is: 
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P4/mbm, a = 4 2  + 43) = 1.932, c = 1. p = 0.5612 
Spherecenters in 4g: *(x,l/Z+x,O;lO-xs,O),x= 114(16 +./192) =0.1830 

The interstices In the sphere packing are cubes and trigonal prisms. In LiYzSiz, Li is in 
all the cube sites and Si in all the trigonal prism sites of the Y packing as shown in Fig. 
6.51. Notice that the atoms in the Uigonal prism sites come together in pairs (Si2 in 
LiYzSiz). The structure is usually called U3Si2. 

Fig. 6.51. Prismatic stacking of 32.4.3.4 nets projected on (W1) showing the cube sites (darker shaded) 
and trigonal pnsmatie sires that occur in pain (joined by heavy lines). 

Another stacking of 32.4.3.4 nets is of rather common occurrence in crystal structures. 
Now the nets in each layer are displaced by 1/2,1/2,1/2 to make a two-layer stacking as 
shown in Fig. 6.52. The structure is tetragonal (a and x are the same as for the previous 
structure): 

14imcm, a = 1.932, c = q(243) = 1.861 
Sphere centen in 8 k: If (z,1/2+x,O ; l/Z-x~.O),x = 0.1830 

A notable feature of the structure is the columns of face-sharing square metaprisms. 
Note also the tetrahedra centered at 1/2,0,112 and 0,1/2,1/2. An example of the occurrence 
of this packing is the Al arrangement in CnAI2 in which C u  atoms center the Als 
metaprisms so that linear -Cu-Cu- rods run parallel to c. In PtPb4 only half the Pbs 
metaprisms are filled by Pt (those in alternate layers perpendicular to e).  in contrast, in 
TaTe4, Ta fills only the Teg metaprisms centered at 0,O.z forming isolated rods of face- 
sharing (Ta)Teg metaprisms with their axes parallel to c. In KInTe2, in addition to {KjTeg 
metaprisms, there are (1n)Teq tetrahedra (the tetrahedral sites are also shown in Fig. 6.52). 

A third stacking of 32.4.3.4 nets is also important in crystal chemistry. Pairs of 
prismatically-stacked nets are displaced by 112,1/2,1/2 to produce a four-layer sequence, 
and the structure may be thought of as an intergrowth of the previous two. The symmetry 
is the same as in the previous sequence: 

Layers of square metaprism and tetrahedral sites alternate with layers containing trigonal 
prism and cube sites. In Cr5B3, Cr(2) atoms arc in this sphere packing with Cr(l) in the 
cubes. and B atoms fill the square metaprisms and the trigonal prisms. In PdGa5 the same 
packing of Ga(2) atoms occurs, now Ga(1) are in the cube sites, Pd in the metaprisms and 
the trigonal prisms arc empty. 

6.5 A summary of sphere packings 

Fig. 6.53. Some of the structural relationships discussed in this chapter (arrows). Numbers in parentheses 
are coordination numbers. Notice the central positions of cp and bee. 
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The diagram (Fig. 6.53) indicates some of the sphere packings and transformations 
between them that we have discussed. In the diagram the lines indicate a transformation 
path of the symmetry indicated; a broken line indicates that in the intermediate structure 
there is more than one kind of sphere (i.e. they are not all equivalent to  each other). 
Attention is drawn to the central position occupied by ccp. Note that cco (symmetry 
Cmcm, see 8 6.3.3) is not shown but is intermediate between hcp and ccp. 

6.6 Some packings of two kinds of spheres 

Here we describe some structures of simple binary intermetall~c compounds. They are of 
interest both as the structures of large groups of compounds and as components of more 
complex structures. As an example we cite the fact that MgCuz ( 5  6.6.3) is the structure of 
many intermetallic compounds and also of the cation array (MgAIz) in spinel ,  
MgAIz04. 

6.6.1 C u j A u  and Ni3Sn 

CujAu is a simple ordered denvgive of ccp. The original fcc stmcture is replaced by a 
primitive cubic one (symmetly Pm3m) with Au  at 0,0,0 and C n  at (0,112,112)K. The 
structure should be familiar. the Cu  arrangement is the 3 structure described in $ 6.3.5 and 
Au is in the cuboctahedral holes of this structure. (see Fig. 6.27). 

( I  11) planes of Cu are kagome (3.6.3.6) nets and Au centers the hexagons of the nets 
so that the combined ( I  11) nets are 36. Fig 6.54 shows how the nets are stacked; using the 
symbolism of § 6.1.6, the stacking of kagome nets is N1N2N3 .... 

Fig. 6.54. Left: the cubic stacking of CujAu nets projected down [Ill] .  Larger circles are Au. Open, 
shaded and filled ciicles are at differcnt levels: 0, 113 and 213 respectively in units of la + b + cl. Right: the 
stacking of nets at i = 114 and 314 (open and filled circles) in  Ni3Sn. Larger circles are Sn. 

NijSn is the analogous structure derived by ordering of hcp. Ni atoms form kagome 
(3.6.3.6) layers with Sn centering the hexagons. The layers are therefore like (1 11) layers 
in CujAu but now the stacking of kagome nets is hexagonal: NIN 2... as also shown in 

Fig. 6.54. For the ideal structure with atoms d apaa: 

Ni3S n P631rnmc. o = 2d, c = d(8m)d. cla = d(213) = 0.816 
Ni in 6 h: +(x,2x.1/4 : r f ,114 ,27$,114), x = -116 
Sn in 2 c: t(1!3,213,114) 

Note that empty Ni6 octahedra (with centers at 0,0,0 and 0,0,1/2) share faces and form 
isolated rods parallel to c. Contrast Cu jAu ID which the empty Cu6 octahedra share 
vertices only (Fig. 6.27 again). 

In the cubic high-temperature form of BaTi03 the BaO3 arrangement is AuCuj  (Ti in 
the 0 6  octahedra). In BaNiO3 the BaO3 arrangement is SuNi3 (Ni in the 0 6  octahedra). 
These oxide structures are often referred to as  cubic and hexagonal perovskite rcspective- 
ly. For crystallographic data see Appendix 5 ;  cubic perovskite was described in 3 5.3.4. 

6.6.2 C u Z n  (&brass), CuAu and MoSiz 

The simplest ordering of bcc is CuZn in which C u  is at the origin (0.0.0) and Z n  at 
the body center (112,112,112) of a cubic cell. Notice that the structure is primitive cubic 
(symmetry PmTrn). The structure is also that of CsCl which is often used as the 
eponymous compound, but as it is much more common for intermetallic compounds we 
prefer the n.me CuZn or &brass (CuZn is &brass). Notice that the structure is its own 
antistructure and each atom is coordinated by eight of the other kind at the comers of a cube 
(Fig. 6.55). 

Fig. 6.55. Left a unit cell of C u Z n  (smaller, darker-shaded circles are Cu). Middle: a Cu4Zn2 
octahedron. Right a C u ~ Z n q  octahedron. 

It may be recalled that in hcc the octahedra around octahedral sites fill space twice over 
(see 3 6.2)-in C u Z n  there are two sets of octahedra: CuqZuz [at (0,1/2,1/2)x] and 
CuzZn4 [at (0,0,112)~] as shdwn in Fig. 6.55. Each set of octahedra exactly fills space. 
In cubic perovskite BaTi03 the cation arrangement (BaTi) is CuZn and the anions are in 
( 0 ) B a q T i ~  octahedra. 

Alternate (100) layers of CuZn are 44 nets of Cu  and Zn  which are stacked AB (cf. 
4 6.4.2). For the structure to have cubic symmetry the layers must be a12 apart, where a is 
the unit cell edge of the 44 layers. If the layers are instead 42a12 (= 0 . 7 1 ~ ~ )  apart the 
structure is an ordering of ecp and the structure is referred to as CoAu. The symmetry is 
tetragonal (P4lmmrn) and Cu  is at 0,O.O and Au at 112,1/2,1/2 so that CuZn is the special 
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case of CuAu with cln = 1.0; =la = 42 = 1.414 corresponds to an ideal ordering of ccp. 
The general case is called CuAu;  examples of actual compounds are (with cla in 
parentheses): FeNi (1.41), CuAu (1.31). PtZn (1.22). NiZn (1.08) and MnHg (1.01). 

In MoSiz the atoms are again on 44 nets in the sequence MoSiSi along c. The stacking 
alternates AB so the structure has the six-layer repeat A~,BsAsiBM&siBsi. 

a is the spacing of the 44 nets. If cla = 342 = 4.23 the structure is a superstlucture of 
ccp and if cla = 3 it is a superstructure of bcc. Many compounds have axial ratios between 
these two values. A third possibility is a superstmchlre of bct for which cla = 34(213) = 
46 = 2.449. For MoSi2 cla = 2.45 so clearly in this case the structure should be considered 
as a superstructure of the 10-coordinated bct packing. In Volume I1 of this series we 
adduce several examples of ionic compounds with MoSiz cation packing; KzMgF4 is a 
good example (fw data see Appendix 5). 

MgCuz is often cited as an example of a stmcture that is based on an efficient packing 
of spheres of two sizes. The Cu arrangement is the Tsphere packing of § 6.3.9 (see Fig. 
6.32) which can be described as an array of vertex sharing Cuq tetrahedra. The space not 
occupied by Cu4 tetrahedra consists of truncated tetrahedra, and it is useful at the outset to 
see how these two polyhedra can combine to fill space. Fig. 6.56 shows how two 
truncated tetrahedra and two tetrahedra can be assembled into a large 60" rhombohedron. 
This is in fact a primitive cell of the Tstmcture. It is also a primitive cell of MgCuz if Cu  
is in the T positions and M g  centers the truncated tetrahedra (see also Fig. 6.58 below). 
Mg is coordinated by the twelve Cu and also by four M g  capping the hexagonal faces of 
the truncated teuahedron. This 16-vertex coordination figure was identified as the Friauf 
polyhedron in § 5.1.7 (see Fig. 5.12). As shown below, C u  is 12-coordinated in a 
[Cu]Cu6Mg6 icosahedron (Fig. 6.57). 

Fig. 6.56 Two telrahedra and two liuncvted tetrahedra combming to make a 60' rhombohedron (right) 

The formal description of the structure is: 

MgCu2 F&m Mg in 8 a: F +  (118.1/8,1,8) (latticc complex D = diamond) 
Cu in 16d: F +  (I92,LiZ,i/Z ; 112,1/4,114)~ (lattice complex n 

Fie. 6.57 shows the structure ~rolected on (100). On the left, inst the atom nositions are - . . 
shown, and most people will find that figure somewhat uninformative. However, in the 
center a Cu17 truncated tetrahedron around one M e  is picked out and on the right a - A- - .  
CugMg6 icosahedron around one Cu is similarly depicted. 

Fig. 6.57. Left: MgCuz projected on (100). Larger circles are Mg and numbers are elevations in 
multioles oid8.  The intensity of shading is proporti~nvl m elevation. Center, an LMgICul2 truncated . . .  
tetrahedron and right, a [CuICugMgg icosahedron picked out. Polyhedron edges obscured by front faces 
are shown as broken lines. 

Fig. 6.58. Left: a primitive cell of MgCuz (larger circles are Nlg). Right: a primitive cell of 
MgA1204 shown as (Mg104 tetrahedm and Al atoms. 

The structure can also be considered as a space-filling by tetrahedra (not all regular). 
These are of three sorts: per MgCuZ unit there are 4 MgCuj  tetrahedra (these are made up 
of an M g  and a triangular Cu3 face of the surrounding truncated tetrahedron), 12 
Mg2Cu2 tetrahedra and one regular Cud tetrahedron. Structures which are space fillings 
of tetrahedra are sometimes referred to as "topologically close packed." 

We mentioned earlier (§ 6.1.6) that in spinel (MgAIz04) the cation array is MgCuz 
and indeed to get spinel from MgCuz all that has to be done is to fill all the M g C u j  
tetrahedra with anions so that in MgAlz04 there are ( 0 ) M g A I j  tetrahedra. It is not 
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immediately obvious that this results in (Mg104 tetrahedra, (AIJO6 octahedra and 
(approximately) ccp O! For this aspect of the structure refer back to § 6.1.6, especially 
Fig. 6.17 (p. 223). Fig. 6.58 compares primitive cells of MgCuz and MgAl2O4. 

Close packed structures may be described as built up of rhombohedral units consisting 
of an octahedron and two tetrahedra (Fig. 6.4). Similarly, there is a family of structures 
built up of different stackings of the rhombohedral unit consisting of two centered truncated 
tetrahedra and two tetrahedra (Fig. 6.56). Fig. 6.59 illustrates the simpler possibilities. By 
analogy with close packing, the stacking in MgCuz can be described as c; the stacking in 
MgZnz is then h and in MgNiz it is hc (see Fig. 6.59). The structures collectively are 
!mown variously as as "Friauf-Laves phases" or just 'Laves phases."l 

Fig. 6.59. The sucking of rhombohedral units in MgCua, MgZn2 and MgNiz 

The structure known as A15 2 or Cr3Si has a number of features in common with 
MgCuz. The atoms are in fixed positions (on the sites of invariant lattice complexes) so 
the struch~re is completely determined by the cubic cell constant. Space is again divided up 
into irregular tetrahedra, so it is another example of a topologically close-packed structure. 

Cr3Si ~ & n .  Si In 2 o: 0,O.O : 1/2,112.112 (bee) 
Cr in 6 c: +(1/4.0.112)r [or 6 d: 1(1/4,1/2,0)~] (lattice complex W) 

The structure is illustrated in Fig. 6.60. Notice the non-intersecting rods of Cr atoms 
along <loo>; we describe a related cylinder packing with the same symmetry below 
[B 6.7.3 (a)]. The C r  atoms form icosahedra with symmetry m3 about the Si;  this 
icosahedron was described in S 2.5.7 (see Fig. 2.25, p. 54). It is a good exercise to 
identify the icosahedron in proiection as shown in Fig. 6.61. 

Figure 6.61 also shows ihe;oordination figure about Cr;  it should be identified as the 
14-vertex polyhedron obtained by capping the hexagonal faces of a hexagonal anti~rism. 
The coord~na~ion of C r  is ( ~ r ) ~ i q ~ r l i ;  t i e  closest neighbors of C r  are two other ~r at a 

'After the German crystallographer F. Laves, who contributed significantly to the understanding of 
intermetallic structures of this and related types. "Laves" is pronounced with two syllables: "La-yes." 

2 ~ n  Stnccturberichr (the predecessor oiStrucrure Reports) simple structures were assigned symbols. An 
represents elemental struetutes such us A1 = eep, A2 = k c .  A3 = hep, erc. A form of W metal (or W30? 
="/?-tungsten") was early reported to be Cr3Si and although this is no longer believed to be correct, the 
designation A15 is still used for this snucture tym. The desirnntions 61 = NaCl and62 = CsCl iCuZn) . . 
are also stilt used on occasion. 

distance of a12 

Fig. 6.60. CrjSi (Cr are open circler, Si are filled circles). Left: emphasizing the Cr rod packing. 
Right showing some of the lS i )Cr ,~  icosahedra (note the two orientations of the icosahedra). 

Fig. 6.61. Left: a unit cell of Cr3Si projected on (001). numbers are heights In multiples of d100. 
Larger circles represent Si. The shading scheme now indicates elevations. Center: The icosahedron centeed 
at 112,112,112 is picked out. Right: The polyhedron around a Cr atr = 114. 

Superconducting compounds with this structure are of considerable interest as many 
have high critical temperatures. Nb3Ge (T, = 23.2 K) has the highest superconducting 
vansition temperahlre of any known material other than the copper-oxide superconductors. 

The cation array in garnet oxides such as Ca3A12Si3012 is an ordered derivative af 
Cr3Si with (Ca312Si31~) in the C r  positions and A1 in the Si positions. Indeed the 
complicated garnet structure is completely generated by putting 0 atoms in all the CazAlSi 
tetrahedra of the cation array. In Volume 11 of this series we will show that many other 
complex oxide structures are conveniently described as intermetallic structures "stuffed" 
with 0 atoms.' 

l ~ o r  an earlier account of rhis topic see M. O'Keeffe & B. G. Hyde. Structure and Bonding 61, 77 
(1985). 
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6.7 Cylinder (rod) packingsl 

Crystal structures are often conveniently described as sphere packings, with atoms 
instead of suheres. but sometimes we want to consider the uaclcine of larger units. Atoms - - 
(or spheres) are point objects in the sense that they have zero-dimensional periodicity and 
crvstals are three dimensional in the sense that thev have three-dimensional ~eriodicitv. We -, 
have already described three-dimensional structures (sphere packings) as packings of 
layers, which are objects with two-dimensional periodicity, and we do so again in 
followine chauters. The symmetry of lavers is described by the layer groups (Appendix I). - .  . - . .. 

Sometimes it is convenient to consider structures as a packing of rods, which are objects 
with one-dimensional oeriodicitv. These have the svmmevies of the rod erouus (Auuendix - . ~ .. 
1).2 The highest symmetry rod is the infinite cylinder; here we describe some packings of 
equivalent [symmetry-related) cylinders. In application to crystal chemistry, we replace the 
cylinders with rods of atoms. Examples of rods are strings of atoms, atoms at the vertices 
of rods of polyhedra (e.g. octahedra sharing opposite faces), atoms forming helices (as 
commonlv found for rods of S atoms). 

In the symmetrical packings we describe, symmetry axes coincide with the cylinder axes 
and are therefore non-intersectine. A line (such as acvlinder axis) corresuonds to the locus ~~~~ ~ ~~ 

of all points of a univariant lattice complex. ~ o r e x a k ~ l e  0.0,~ o;f(0,0i  corresponds to a 
line along c if z is allowed to take all possible values. In the same way +(O,O,z)K 
corresoonds to lines along a ,  b and c and intersecting at 0.0.0 (also at 1,O.O ; etc.); this - - 
cannot correspond to a cylinder packing as the lines intersect. In general the location of 
axes is eiven as the line of intersection of two ulanes. The intersection of olanes x = x o  and - 
y = yo is written as xo,ya,z where z can have any value. Likewise 1/3+u,2/3+u,u indicates 
the line of intersection of the planes x = r + 113 and y = z + 213. Unit cell parameters are 
given for cylinders of unit diameter. 

In descriptive crystal chemistry the cubic rod packings are of most importance and are 
met repeatedly in that connection. 

6.7.1 Cylinders withparallel axes 

If cylinders are packed with axes parallel to c, a cross-section z = constant will just be a 
circle packing. In particular the closest packing of equal cylinders will be a hexagonal 
packing (i.e. based on a 36 net): 

P6/mmm, a = 1. Cylindcr axes along 2 r: i(0,O.z). Rod symmetry p6immm 

The fraction of space occupied by the cylinders (the density) is the same as for closest 

lFor more on this topic see M. O'Keeffe & S. Andersson, Acra Cvsrallogr A33, 914 (1977) and M. 
O'Keeffe, Act0 CrysrnNogr A48. 879 (1992). 

Z ~ h e  reader anxious lo learn about rod symmetries will find same goad examples in this section. me 
less ambitious can skip [he paits dealing with this lopic. After ail we got through 5 6.4 (on the stacking of 
layers) without discussing layer groups (nllhough the temptation to do so was strong). The reason was in 
part due to the fvct rhat most o f  our "layen" were only one atom thick. 

circle packing p = nldl2 = 0.9070. The rod symmetry p6lmmm is that of an infinite 
column of hexagonal prisms stacked along the hexagonal axis. (p stands for the one- 
dimensional lattice). 

An cxanlple of this pnck~n.: ih  provided by ihs hcli:aI r ~ d ,  o i  P in Nal' (:ompound, 
such n K P ,  h'nhr .~nd RbSb ire lioitructurxlr tlluitr3tci ~n Fie. 6.62 The rod. hd\e  .J - 
&fold repeat so the axis is approximately a 41 ?is and all the helices are of the same hand. 
In this structure, the P-P bond leneth is 2.24 A. and the P-P-P angles are 11T and 115~.  - 

Lip, LiAs, NaSb and KSb have a related structure containing helges of P of both hands. 
For crystallographic data see Appendix 5. Elemental Se has 31 helices in the same rod 
packing. 

Fig. 6.6% The helical rods o f  P in Nap viewed at an angle siightly tilled fmm a 21 axis. 

Further cylinder packings can be derived from other regular and Archimedean tessella- 
tions. The least dense packing, based on 3.122, has density p = d 3 ~  + 443) = 0.3907. 

6.7.2 Cylinders with ares in parallel planes 

Here we describe packings of Layers of cylinders in contact. They will all have the same 
density, p = 11/4 = 0.7854. Cylinder axes lie along non-intersecting 2-fold rotation axes. 

(a) Two-layer tetragonal. Here cylinder axes lie in layers perpendicular to c; for z = 0 the 
axes run in the [I001 direction, for z = 112, they lie in the [010] direction. Thus the rods 
run along a through 0,0,0 and along b through 0,0,1/2; see Figs. 6.63 and 6.64. Note that 
we give unit cell parameters for a packing of cylinders of unit diameter; in a crystal 
structure the rod symmetry is pmmm (which is the symmetry of, for example, an infinite 
stack of bricks) and the axial ratio cla will not, in general, be equal to 2. 

P42lmmc. o = I, c = 2 
Cylinder axes along 4 1: i(x,O,li2 ; 0.x.O). Rod symmetry pmmm 





(a) j - W  (Figs. 6.66 and 6.67) 

P A ,  0 = 2, p = 3d16  = 0.5890 
Axes along 12 a: f(x.0,lD ; 112+x,0,112)~. Rod symmetry p42lmmc 

In the B-W structure of A3B (also known as A15 or Cr3Si-see 5 6.6.4), strings of A 
atoms lie on the cylinder axes along <loo> at (u,O,lR)x. (The B atoms in A3B are at cell 
comers and at the body center and are in icosahedral coordimation by A). The cylinder axes 
correspond to the 42 axes of P?n?n. 

Big. 6.66. Two cubic cylinder packings. Left: garnet. Right: 8-W. The heavy lines indicate the 
locations of the cylinder ares. ll?e open circles serve only to indicate high symmetry poi"& on tho rods. 

@) garnet (Fig. 6.66) 

l ad ,  a = 48, p = d311/8 = 0.6802 
Axes along 32 e: If  (xr,x ; Il4+x,ll4+r,114+x : 112-x. IR+xr  ; 3/&~,1/4+x,314+x 
S i ~ z - ~ , i ~ ~ + r  ; 3/4tx,3/4-~, I I~+X ; I~+XS,~IZ-X : I I~+X,~I~+X.~I~-X)  
Rod symmetry p3cl 

In this cubic cylinder packing, cylinders are parallel to body diagonals of a cubic cell. 
Now they lie on non-intersecting2 axes, i.e. along [ I l l ] ,  [I  l I], [ l  i 11 and [ i  111. 

In the garnet structure of Ca3A12Si3012 the cylinders are to be replaced by rods of 
alternating (A1)06 octahedra and empty 0 6  trigonal prisms siaring opposite triangular 
faces. It might be noted that the centers of the octahedra are at 3 sites so they are trigonal 
antiprisms, but the absence of 5 axes means that the trigonal "prisms" are not strictly 
regular prisms (they are slightly twisted towards being metaprisms in the garnet stmcture). 
As discussed in Appendix 2, a rod of alternating regular octahedra and trigonal prisms bas 
symmetry p63lmmc; but the 63 axis is incompatible with cubic symmetry. 

(c) &Mn (Fig. 6.67): 

14132, o = 4, p = 3d32 = 0.2945 
Ares: 114.0,~ ; 314,112.u ; u.114.0 ; u,314.112 ; O,u,114; ln.u,3/4 
Rod symmetry ~ 4 1 2 2  
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A third cylinder packing is derived fmm &Wby removal of one-half of the cylinders. 
We call this the j - M n  cylinder packing as that otherwise enigmatic structure is simply 
described in terms of rods of face-sharing Mu tetrahedra with this cylinder packing. Fig. 
6.67 shows the i3-W and the P M n  packings, the former with a cell with doubled edge. 
The symmetry of the j - M n  packing is 14132 and the axis equations are obtained by 
substinting 114.0,~ in the general positions 48 i. The cylinder axes lie along the 41 axes of 
this space group; the substitution 314,u,0 puts the cylinder axes on the 43 axes. 
Combination of the two enantiomorphs of the PMn packing recovers the P W  packing. 

Big. 6.67. The 8-W (left) and 8-Mn (right) cylinder packings. The true cell edge for 8-W has half the 
edge of that shown. 

(d) SrSi2 (Fig. 6.68): 

14132. a = 6112. p = h f l 2  = 0.0756 
Axes: 1/3+u,213+u,u ; 1/6+u,2/3-u,u : 2/3+u,516+u,-u ; 516-u,516+u,u. 
Rod symmetry p312 

A fourth cylinder packing is obtained by removing eight-ninths of the cylinders of the 
garnet packing. We call it the SrSiz packing because the Si atoms in that structure form 
31 (or 32) helices with axes corresponding to those of the cylinder packing (see g 7.2). The 
positions of the cylinder axes (31) are obtained by substituting 1/3+u,U3+u,u in the general 
positions 48 i ofI4132. The enantiomorphous structure with cylinders on 32 axes is 
obtained by the substitution 2/3+u,1/3+u,u. A sketch of the packing viewed down one of 
the 31 axes is shown in Fig. 6.68. 

( e )  p s i :  

l a d .  0 = 6112 
31 axes 113+u,2/3+u,u ; 116tu.213-u,u ; 213+u,5/6+u,-u ; 516-u,516+u.u 
32 ares 213+n.113+ic.u ; 516+u.113-u,u ; l/3+u,l/6+u.-u ; 116-u,116+u,u 
Rod symmetry p312 and p322 

The SrSiz packing is very open, and the two enantiomorphs can intergrow without 
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contact (so the intergrowth structure is not a stable cylinder packing). In the y-Si 
polymorph of sillcon (§ 7.3.121, the Si atoms fall on 31 and 32 helices with axes 
corresponding to this intergrowth structure. The cylinder axes are now obtained by the 
substitution of 1/3+u,2/3+u,u In the general positions of Ia3d. 

Fig. 6.68. The SrSiz cylinder packing viewed down [Ill]. Note that for clarity only a few cylinders not 
parailel to the projection axis are shown. 

6.8 Notes 

6.8.1 Symmetries of arrays of closest packed spheres 

The space groups for arrays corresponding to closest sphere packings are Fm3m (only 
for ccp), P63/mkc, P63mc, P6m2, RTm, R3m, ~ T m l  and P3ml. A useful discussion 
and table has been published [A. L. Patterson & 1. S. Kasper, International Tables, "01. 
I11 that allows the symmetry of complex sequences to be determined. In many crystal 
structures one or more sets of atoms are only approximately in closest packing and the 
symmetry may be lower. 

The ideal symmetry is readily determined from the Zhdanov symbol ( 5  6.1.3) of the 
packing from the rules given here, which should be applied in the order given until the 
space group is determined. In using the rules be sure to note that a sequence such as 221 1 
refers to ... 221122112211 ... and could equally be written 1221 or 2112. 

(a) Determine if there is a center of symmetry: This is revealed by symmetry of certain 

numbers in the succession of numbers. Thus 2111 can be written: 

where the numbers in parentheses are located symmetrically. There will always be zero (no 
center of symmetry) or two snch numbers (centrosymmetrical) in the symbol. Note that if 
the svmbol contains iust two numbers (as in 11 or 41) each number is svmmetrically 
surrounded, and that i;n e.g. 2112 no number is symmetri~ally surrounded. 

. 
(b) If the first half of the svmbol is the same as the second half the svmmetrv is either ~, 

P6qlmmc (centrosymmetric) or P63mc (non-centrosymmetric). Thus 11 (hcp) and 121121 
hme iymmctry Ptiil,,!mc and 123123 h& c)mrnstr! P63,,1<:: 

IC, lithe rvn~bol can bc !\ritter~ so ha the ,econd baliof ihc rvmbul I, rhc m\er\e oithe 
first half, butthere is no center of symmetry, the symmctry is P&Z. An example is 21 12. 

(d) The Zhdanov symbol always has an even number of terms: N1N2N3N4 .... Nn (n 
even). If the symmetry has not yet been determined [in (b) or (c)], subtract the sum of the 
even terms from the sum of the odd terms i.e.: N1 + N3 +...+ N,r - (NZ + N4 +...+ Nn). 

If the result is either zero or a multiple of 3 the symmetry is trigonal (but not 
rhomhohedral): either P3ml (centrosymmetric) or P3ml (non-centrosymmetric). Thus 41 
has svmmetry PTml and 521 1 has symmetry P3ml. 

l i the result IS ncillrr ?ern nor ;I multipls oithrcs rllr r!rnrnr.lr). ic rhnmhohr.dr~1: either 
Rjnt :c~~trosvm~nctriosl. or K3,)t 1non-i~ntr~ssmmctr~i:11, .  Thur 21 (Izhrl l r ~ r  S V I I I I I I C ~ ~  

RTm ind 321i has symmetry ~ 3 m .  

6.8.2 Neighbors, coordination sequences, and identifiing packings 

It should he noted that closest sphere packings differ in numbers of nth geometrical 
neighbors. For unit diameter spheres the number of neighbors at a given distance are listed 
for the first few shells of ccp and hcp below. Generally snch numbers cannot be used to 
distinguish packings in crystal structures, as the arrangement often only approximates an 
ideal sphere packing, and the numbers of geometrical neighbors rapidly lose any relation to 
those in the ideal packing. 

distance 1 42 d(813) 43 d(ll13) 2 
CCP 12 6 0 24 0 12 
~ C P  12 6 2 18 12 6 

In Chapter 7 we discuss coordination sequences which represent the numbers of 
topological neighbors in shells. In the context of sphere packings, a second topological 
neighbor of a sphere is one (other than the reference sphere) in contact with first neighbors; 
third neighbors are those (other than first neighbors) that are in contact with second 
neighbors; and so on. The number of kth neighbors in this sense is nk. It is interesting that 
nk fork > 1 is greater for hcp than for ccp. For hcp the sequence is 12,44,96 ... for ccp 

I ~ h e  symbols for these pvckings could be abbreviated <I>, <121> and 4 2 5  respectively 
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it is 12, 42, 92 .... Be sure to distinguish ropological neighbors (discussed here) with 
geometrical neighbors (discussed in the previous paragraph). 

For lattice sphere packings [ cP ,  cI, cF,  tI (bct) and hP (cla = I)] with N first 
neighbors there is a simple expression for the numbers of topological neighbors: 

Some other equations are (brackets indicate rounding down to an integer): 

cco  nk = [17k2/2 + 21 (6.3) 

Once the nearest neighbors of atoms in a structure have been identified (for example, on 
the basis of interatomic distance) the coordination sequence for each atom is uniquely 
defined and the packing can often be identified from the coordination sequences even when 
the arrangement departs significantly from the ideal geometry. In particular each kind of 
atom in a cp  structure (h, c,  hc, etc.) has a unique coordination sequence and this fact may 
be exploited to determine the nature of the packing.[ 

6.5.3 Close packing orpolyhedron packing? An unsolved problem 

Many "ionic" crystal structures are hased on approximately cp arrangements of cations 
andlor anions (and just as importantly, many are not). The well known structures of spinel 
(MgA1204) and olivine (MgzSi04) are examples in which the anion arrangement is 
approximately ccp and hcp respectively. A popular view (to which we do not subscribe) is 
that the reason for such structures occurring is that "large" anions are close packed (why, 
for heaven's sake?) and the "small" cations fit more-or-less snugly in the tetrahedral andlor 
octahedral interstices. One objection to this proposal is that many (e.g. oxide) structures are 
not based on cp arrays, or if they are, they are often cp cation arrays; hut nevertheless one 
is lead to ask why so many structures based on cp  (or better eutaxy) do occur. 

A possible answer is as follows. The most common coordination figures found in 
oxides and related materials are ( M I X 4  tetrahedra and [M)Xg octahedra [even in 
compounds which are not based on cp  such as enstatite (MgSi03)l. In order to make a 
crystal of the appropriate stoichiometry, the individual polyhedra must be condensed 
together by sharing corners and/or edges andlor faces. To take a concrete example: 
MgA1204 is constructed of [MgIOq tetrahedra and (AIJO6 octahedra combined in the ratio 
1:2 and sharing 0 atoms so that there are four 0 atoms per MgA12. With regular polyhedra 
of equal edges it is conjectured that any periodic way of combining them subject to the 
foregoing constraints will result in a cp array of 0 atoms. 

The unsolved (we think) problem which we offer the reader is this: What stoichiometries 

'The program EUTAX does this for a number of simpie structures. Users of this program might like to 
find the cp m a y  of the I atoms in Exercise I I. Note that the numbers in  the coordination sequence are 
largest for hep and smallest for eep (ie. all other ep structures have intermediate values). 

and combinations of octahedra and tetrahedra will lead inexorably to the polyhedron 
vertices being on a cp  (i.e. eutactic) array? 

In applications to crystal chemistry additional constraints might be added, such as not 
allowing tetrahedra to share faces (which would allow their central atoms to come rather 
close together), and to eliminate configurations that result in very asymmetric coordinations 
around the polyhedron vertices [see E. W. Gorter, 3. SolidSrare Chem. 1, 279 (1970).] 

The term "close packing" is sometimes used rather loosely. For example in a discussion 
of the stability of the feldspar structure (specifically sanidine = KAlSi308) in a well known 
text it is stated that the oxygen atoms "approximate rather crudely to cubic close 
packing ...p erbaps this r e l a t i~~om~ac tnes s~~on t r i bu t e s  to the stability." The feldspar 
structure is based on a framework of corner-sharing Oa tetrahedra and it would therefore he - .  
expected (see 5 6.8.5) that each 0 atom will have six near neighbors and indeed this is the 
case. The six nearest neighbors of 0 atoms in sanidine are in the distance range 2.60-2.74 
A (corresponding to tetrahedron edges) and the next six neighbors are in a distance range of 
3.30-4.48 A. 

6.5.4 More on the relationship between bcc and hcp: AuCd 

In 5 66.3 we described a relationship between bcc and hcp. Some metallic elements 
such as Ti and Zr have both structures (the high temoerature or D form is bcc) and the - 
transition occurs very nearly at constant volume. The orthorhombic cells given in 5 6.3.3 
become in units of V1I3 for bcc: a ,  b, c = 0.794, 1.122, 1.122 and for hcp: a ,  b,  c = 
0.707, 1.225, 1.154, so that the transformation from bcc on cooling requires about a 10% 
decrease in a and a 10% increase in b. In CuZn compounds alternate { 100) layers of bcc 
are Cu and Zn; some of these transform at low temperatures to a superstructure of hcp by 
the mechanism described. Fig 6.69 shows the resulting structure which is called AuCd, as 
the martensitic transformation has been well studied in that compound. In the binary 
compound the symmetry is Pmma and the unit cell is derived from the one described here 
by (0 0 1 I 1 0 0 1 0  1 0). Data for two forms of AuCd are given in Appendix 5. The low 
temperature form is close to ideal hcp; the 12 shortest distances are 2.89-3.16 A. 

Fig 6.h9 L:ic :'I,. ('11711 $I~..N(~c 1pr~11~ice.1 10 I L I  K ~ i h l  :hc A U C ~  .IIA:IU~C I I I I I I C ~  018 (1110 ,,i ille 
P,n,,tn : i l l  el h c h.~r~,c,nl.l . 11 ibr. piper  Itcr\) :#~ .e ,  in..-k ': .e po\:lhln ,i 11  I0 p l ~ n r ,  di  CuZn l h d  
become cp planes in AuCd. If all the atoms were the same this figure would also illustrate che relationship 
of bee (left) to hep (right). Compare Fig. 6.24 (p. 232). 
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6.8.5 More sphere packings 

A complete enumeration of sphere packings would be a big task and has not been done 
to our knowledge. Cubic sphere packings have been enumerated by W. Fischer [Zeits. 
Kristallogr. 138, 129 (1973); 140, 50 (1974)l who found no examples with 10- or 
11-coordination. An article on sphere packings is in the International Tables C. The study 
of lattice sphere packings in N-dimensional space is an active area of research in 
mathematics-see Appendix 2. 

Here we describe some additional structures confined (so far!) to fewercrystal structure 
types than most of the structures described above. 

Another 10-coordinated sphere packing, and the TisTe4 structure 

Cubes with four faces capped by square pyramids (half octahedra) can be packed as 
shown in Fig. 6.70. The cubes share their uncapped faces to form rods pmllel  to c of a 
tetragonal cell, and the pyramids, which cap the other four faces of the cubes, share edges. 
The structure is less dense than the other 10-coordinated sphere packings described in this 
chapter: 

141m. 0 = d1171(14 -4128)~ = 2.5156, c = 1, p =  (56- 32iiZ)rr/51 = 0.6619 
Centers in 8 h: I f  (xs.0 :j*,O), x = (6 - d2)117 = 0.2697, y = (7 - h2)117 = 0.0790 

The Te arrangement in TigTeq is quite close to this packing. The Ti atoms center all the 
cube faces, so  the Ti arrangement consists of rods of octahedra sharing opposite vertices. 
About a dozen compounds (e.g. VsS4, TagSbq) have the same structure. 

Fig. 6.70. A 10-coordinated sphere packing projected down thee axis. Open circles are at r = 0 and filled 
circles aro at z = In .  

If the cubes with capped faces are deformed into cuboctahedra the result is a 

9-coordinated packing corresponding to ccp with 115 of the atoms removed (compare with 
another 9-coordinated packing described below). The parameters would now be a = 45, c 
= d2, alc  = 1.58 x = 3110, y = 1110 and the sites at 4 d: I + (0,112,114 ; 1/2,0,114) are in 
regular tetrahedra. In P-BaFezS4, alc = 1.45, S atoms are in 8 h with x = 0.301, y = 
0.120, Ba centers the cuboctahedra of S and Fe 1s in the S4 tetrahedra (for data see 
Appendix 5). Ga~Teg = Te(l)Ga~Te(Z)q is i so -~ t~c tu ra l  [with Te(1) playing the role of Ba 
and Te(2) playing the role of Sl. 

Some 9-coordinated sphere packings 

One symmetrical arrangement is: 

lj3rn. o = 48. Centers in 24 g: I + ( x j , r  : T j , i  : r$,i:  Fd,z)k, x = 318, r = 118 

This arrangement represents a way of removing 114 of the spheres of cubic eutaxy so 
that each sphere has nine neighbors (compare the 8-coordinated J arrangement, which can 
also be described as cubic eutaxy with. 114 of the spheres removed). The density is 
accordingly p = d 3 2  = 0.5554. This packing is a special case of the anion packing in the 
mineral sodalite discussed under 6-coordinated sphere packings below (p. 274). 

A second 9-coordinated sphere packing that occurs in a variety of contexts (for example 
as the Al arrangement in W A I I ~ )  is also discussed below (p. 278) as an example of a 
sphere packing with icosahedral interstices. Fischer's compilation, referred to above, 
includes two other examples of 9-coordination with cubic symmetry. 

Another 8-coordinated sphere packing: the NaZnl3 structure 

About 50 compounds, mostly MZn13 and m e l 3  (here M is a "big" atom from the first 
three columns of the periodic table) have the N a n 1 3  structure (for crystallographic data 
see Appendix 5). We describe it here, as it is an elegant example of how an apparently 
complex stlucture is built up from very simple principles. 

We start by assembling an infinite structure by joining together snub cubes (34.4) 
sharing square faces in every possible direction; every polyhedron of one hand (recall the 
symmetry of a snub cube is 432) is joined in this way to six polyhedra of the other hand. 
Each vertex of this assembly will have eight nearest neighbors, so it may be considered an 
8-coordinated sphere packing. A formal description is: 

Snub cube centen in 8 a: F i (114,114,114) 
Icosahedron cenlen in 8 b: F + (0.0.0 ; 112,112,1/2) 

As well as the large holes at the centers of the snub cubes (filled by Na in NaZn13) with 
symmetry 432, there are holes surro_uuded by 12 equidistant spheres forming almost 
regular icosahedra with symmetry m3. In NaZnlj, Zn atoms center these icosahedra 
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forming Znl3 groups. (The unit cell therefore contains 96 + 8 = 104 Zn atoms and 8 Na 
atoms, i.e. eight NaZn13 units.) In the real structure the free parameters for Zn are quite 
close to the ideal ones given above. 

Figure 6.71 shows a beginning of the packing of snub cubes. The place where an 
icosahedron can nestle between the snub cubes should be identified. The firmre also shows - .I muhcube sharing trl;lngtll3r 132c* with eight ~cosahcdra Inotr. thdt thc latter occur in tuu 
ditrsrc.nt ori:nvations). The tnnngular <dues oi  the ,nub rube and the ~lxker-sh~Ier l  i x e s  of 
the icosahedra are equilateral triangles. The icosahedron edges parallel to the cubic axes are 
about 4% longer than the others. 

Fig. 6.71. Left: snub cubes (two of each hand) sharing squvre faces. Right: a snub cube (darker shaded and 
mostly obscured) sharing triangular faces with icosahedra as in the NaZn13 structure. 

A remarkable example of this structure is in a rare form of opal from Brazil. Two 
different-sized spheres of silica pack as Na and Zn. (Common opals have one size of 
sphere in cp). The spheres are now much bigger than atoms: about 0.5 p m  [see 1. V. 
Sanders & M. J. Murray, Nature 275, 201 (1975) and Phil. Mag. 42, 721 (1980)l. 

More 6-coordinated sphere packings 

Frameworks of corner-connected (regular) tetrahedra such as the T Structure are 
6-coordinated sphere packings. The 0 atoms in quartz (5 3.6) form another such .. . 
framework. The ba toms  in the sodalite Structure are also an example. For reference we 
give coordinates for regular tetrahedra of unit edee leneth. The centers of tetrahedra (here - .  
labeled Si for convenience) are on a w net: 

ImTm, a = 2 + 42 = 3.4142, p = 0.3157 
Sphere centers (0) in 24 h: I + ( O S l , l r f K ,  r = 1/48 = 0.3536 
Tetrahedron centers (Si) in  12 d: I*  (1/4.0,1/2)~ 

This is a special high-symmetry, low-density case of a more general 6-coordinated 
packing with symmetry 1q3rn, in which the tetrahedron centers remain in the same 
positions (also labeled 12 d) but the vertices are in positions 24 g: I + (x,x,z ; F,x,f ; X,?,z 

X , Z , ~ K .  For a 6-coordinated sphere packing (regular tetrahedra sharing vertices), x = 
d(z? + 118) with 0 I z < 118. When z = 0 we regain the lm?m structure with an Si-0-Si 
angle of 160.57'. In real sodalites (alumina-silicates) the bond angle is typically 14V 
colresponding to  z = 0.06. When z s 118 the structure is the 9-coordinated structure 
refel~ed to above, and the Si-0-Si angle would then be 109.4g. 

Figure 6.72 shows a fragment of the structure in its mnimum and maximum density 
forms. For unit tetrahedron edge length, the unit cell parameter is a = 3.142 in the 
minimum density form and a = 2.818 in the maximum density form and the density has 
increased by about 39%.l 

Yet another framework of regular tetrahedra has tetrahedron centers, T, on lattice 
complex S' (318,0,114 ; etc. of Ia3d). The veltices, X (sphere centers) are given by: 

l&d, a = &2-43) = 33.637, p = 0.4357 
X in 48 g: (lA~,l/4-x : etc.), x = 112 - 4318 = 0.2835 ; T-X-T = 150' 

An important elemental structure type is that of P-Sn (white tin). Here we give 
parameters for a slight idealization with six equal distances: 

14l/omd, o = d1512. c = 1. p = 0.5585 Sphere centers in 4 a: I ?  (0,314,118) 

Except for the unit cell parameters this structure has the same description as the 
8-coordinated structure described in 8 6.3.4 (p. 234). The two structures are very different 
though; in 8-Sn cia = 0.516, m the 8-coordinated structure cia = 3.46. This again 
emphdsizcr the PJCI tha in ndn-cubic structt.res .,\!:!I i3tioi shduid be :dwiully cons~dersJ 
before cunclurt~rl,: char tan ,t~:turr.i .uc 111s unmc or relacd . 111 fir.? thc ,dme purlll.lns or 
1411amd with c ia=  1.414 corresponds to the diamond struchlre. 

We canld have devoted a section of this chapter to space-filling packings of polyhedra. 

1The relevance of this structure and its transformations to crystal chemistry has been the subject of 
much discussion. Three papers on the topic appeared in Acia CrystoNogr A37, 1-17 (1981). 
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. , We have seen, for example, how space-filling packings of tetrahedra and octahedra give 
rise to eutactic arrangements; and the Tstructure may be considered a packing of tetrahedra 
and truncated tetrahedra. In the next chapter we will meet 4- and 5-connected structures that 
arise from other packings of regular andlor Archimedean polyhedra. Here are two 
6soordinated examples involving rhornbicuboctahedra (3.43, Fig. 5.5) which we call rco's 
for short. 

An rco has two kinds of square faces: There are six having edges in common only with 
other squares; these are parallel to the faces of a cube. Joining rco's through these faces 
will result in a swcture in which the centers of the rco's are on a primitive cubic lattice and 
the remaining space is a labyrinth of face-sharing cubes and cuboctahedra. Crystallographic 
data are: 

(a) Cubes, cuhoctahedra (3.4.3.4) and rco's (33.4): 

Pmsm, o = 1 + 62 = 2.4142, p = 0.4465 
Sphere centers in  12 i: (O,h,tz]rx= 1/(2 + 62) = 0.2929 

We illustrate the structure in three ways in Fig. 6.73. Note particularly that if we 
consider just the packing of cubes and cuhoctahedra (so that the "emDtv" soace consists of 
rco's) we have a continuous three-dimensional surface tiled with po1;gons. We will 
discuss such infinite polyhedra in the next chapter (see also Appendix 3). In this example 
all the vertices are equivalent and are 3.42.3.42. 

Fig. 6.73. Space filling by cubes, eubocfaihedra and rco '~ .  Left: the combination of cuboctahedra and 
rco's. Center: the combination of cubes and rco's. Right: the combination of cubes and cuboctahedra. 

(b) Tetrahedra, cubes and rco's: 

F&. a = 2 +62 = 3.4142, p = 0.4210 
Sphere centers in 32f: Ff (xy,+l;)r,x= 11(4 + $8) = 0.1464 

An rco has also twelve square faces with two edges in common with triangles. Joining 
them by these faces produces a structure in which the centers of the rco's are on a face- 
centered cubic lattice. The remaining space consists of cubes and tetrahedra (1 and 2 
respectively per rco) sharing vertices. Fig. 6.74 should provide sufficient information for 
model buildecr to proceed. 
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Fig. 6.74. Part of a space filling by cubes, tetrahedra and rco's 

This is the 0 arrangement in compounds Ag7OyY (X is a monovalent anion such as F- 
or NO-- which is in the center of the rcoi. Ap atoms are of two kinds: those centering the .. . -, . - 
cubes (8-coordinated by 0 )  and those centering the square faces (4-coordinated) of the rco 
that are not shared with cubes. 

Another 6-coordinated structure is obtained by joining together rco's and octahedra. 
Each triangular face of each rco is shared with an octahedron, and each octahedron shares a 
pair of opposite faces with rco's (this makes i rather elegant model). We discuss this 
structure as an example of an infinite polyhedron 33.43 in Appendix 3. Data are: 

Im2m, o = 3.8857, p = 0.4284 
Sphere centers in 48 k: 1 + (ir,h,+z)~, x =  0.3713, z = 0.1893 

Finally, we consider a fascinating 6soordinated structure with only two parameters: 

P4132, a = 8/[36(7 -333)l = 2.3800, p = 0.4661 
Sphere centers in  12 d. (1/8,x,l/4+x: etc.), x = (9 -433)116 =0.2035 

In this structure three equilateral triangles twisted as in a three-bladed propeller meet at a 
point. There are two next-nearest neighbors at a distance 1.23 times the shortest distance. If 
all eight neighbors are counted, the structure may be described as a three-dimensional 
framework of comer-connected metaprisms. Three fifths of the Mn atoms in P M n  have 
this arrangement; the remaining two fifths cap the equilateral triangular faces of the 
metaprisms, forming almost regular tetrahedra. 

6.8.6 Spherepackings with icosahedra: WAlu  and AuZn3 

Strictly regular icosahedra are incompatible with crystallographic symmetry (which 
precludes the presence of 5-fold axes); but nature is very clever at designing periodic 
structures that feature almost regular icosahedra. Here we discuss two structures that may 
be considered as derived from the J structure (5 6.3.6, Fig. 6.27) and which arise in a 
variety of contexts. 

The J structure, considered as a packing of octahedra (sharing vertices with each other) 
and cuboctahedra (sharing faces), contains one of each polyhedron and a total of three 
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vertices per unit cell. If the cubic cell edge is doubled there will be 8 (= 2 x 2 x 2) of each 
polyhedron in the larger cell. We can take the octahedron centers to be at f (1/4,1/4,1/4 ; 
1/4,3/4,3/4)r in this cell and the cuboctahedron centers to be at 0,0,0 ; 1/2,1/2,1/2 and 
(112,O.O ; 112,112,0)~. The first two cuboctahedra (centered at the cell origin and body 
center each with I2  vertices) are isolated from each other and account for the 8 x 3 = 24 
vertices in the doubled cell of the J structure. Let's now convert these two cuboctahedra to 
icosahedra as indicated in Fig. 2.25 (p. 54), and arrange them so that the shortest distance 
between vertices of neighboring icosahedra are the same as their edge lengths. It is 
remarkable that the vansfomation can be much more elegantly, and informatively, describ- 
ed in t e r n  of concerted rotations of the comer-connected octahedra of the smcture (which 
remain regular) as illustrated in Fig. 6.75. The resulting structure has symmetq ImT. 

Fig. 6.75. The A1 array in WAIIZ. Left: as vertex-sharing octahedra. Rtght: as a badysentered array of 
icosahedm. 

The octahedra are rotated about axes parallel to <I1 I>. Let the angle of rotation (the 
same for every octahedron) be 4. The structure is described as follows:' 

ImT, a = (8cos$+ 4Ild18. Vertices in 24 g: f + ( 0 y . i ~ ) ~ .  
y = (3cos$ - d3sin$)/(xcos$ + 41, z = (3cos$ + dsin$)/(Xcos$ + 4) 

For regular icosahedra the mtation angle is given by tan$ = d3(r-  l ) / ( r+  1) = 22.2. 
and y = 3/[4(1 + z+ 4211 = 0.1860, z = ?v = 0.3010. [Here, as usual, r =  (45 + 1)/2.] 

Centering the octahedra with atoms B produces stoichiometry BX3. It is interesting that 
at ordinau pressure Re03 has the simple cubic structure with $ = 0, but under pressure it 
suddenly crumples to produce the body-centered structure with $ >  0.2 

Centering the icosahedra of X with atoms A produces stoichiometry AX12 and we have 

l~eaders who are anxious to derive chis and related results for th~mselven should apply the rotation 
matrix of Eq. 2.3 (S 2.5.1) to a point originally at 0.114,1/4 ($ = 0). 

'AS the mechanism of compression changes from bond compression (initially), to buckling (angle 
bending). the bulk modulus (inverse of compressibility) of Re03 decreases with pressure [see B. Batlogg 
er oL, Phys. Rev. B 29, 3762 (198411. For materials with just one made of compression, the bulk modulus 
invariably increases with pressure. 

the structure of WAllz which has coordinates very close to the ideal ones given here (see 
Appendix 5 for data). 

What happened to the other six cuboctahedra originally ($= 0) in the unit cell? Four of 
their vertices have moved close to the center to produce rectangles with edges in the ratio 
1:1.07 (i.e. almost square). A large family of oxides, typified by CaCu3Ti4012, is known 
in which Ca centers the icosahedra of the collapsed structure, Cu centers the rectangles and 
T i  centers the octahedra. Centering just the icosahedra and octahedra produces 
stoichiometry AB~XIZ;  many compounds of this type are known, examples are LaFe4P12 
and LaFeqSbl?. 

Considered as a sphere packing, the ideal X arrangement, with regular icosahedra, is 
9-coordinated, although as mentioned above, each point has a tenth neighbor just 1.07 
times as far away. Also to be noted is that although regular icosahedra are possible, 
icosahedral symmetry is not; in fact the symmetry at the cenler of the icosahedra is m3. 

The structure we have described represents just the most symmetrical way of collapsing 
the J smcNre by rotations (or tilts) of the octahedra. In Volume I1 of this series we show 
how other important structures are derived by different patterns of tilts. 

If the icosahedron at the body center of the cell in the above gucNre  is rotated 9 V  about 
an axis parallel to a cube edge the symmetry is changed to Pm3n and, as before, there are 
24 vertices in the unit cell A new sphere packing with only seven neighbors results if the 
shortest distance between vertices of neighboring icosahedra is the same as the edge length. 
This is illustrated in Fig. 6.76. Crystallographic data are: 

Pm%, n = Il(2y) = 2.8859, p = 0.5232 
vertices in 24 k:  i(O.iy,z : lI2,112~.1/2+y)x. 
y = IR - d(2 + 61)1(4 + 4z) = 0.1733. r = ty = 0.2803 

Fig. 6.76. The ~ m ? n  arrangement of icorahedrh. Left: as an array of corner-connected prisms. Right: the 
m a y  of icosahedra. Compare with Fig. 6.75. 

The array of corner-sharing octahedra in the WAllz structure has now become an array 
of corner-sharing (somewhat distorted) trigonal prisms. This structure has a nice surprise 
in store. The unit cell also contains six (again distorted) cuboctahedra with centers at 6 c: 
k(1/4,0,1/2)~. If atoms A (at 0,0,0 and 1/2,1/2,1/2) center the Xlz icosahedra and B center 
the cuboctahedra, the stoichiometry is AB3X12. This is in fact the structure of AuZn3 [= 
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Au(l)Au(2)3Znlzl in which the Zn parameters are quite close to the "ideal" ones given 
above (see Appendix 5 for crystallographic data). 

The AB3 arrangement in A B ~ X I Z  is the very common structure type CrjSi or pW 
( 5  6.6.4). One form of UH3, which we write as U(I)U(2)3Hi2 has the AuZn3 structure. 
We might think of this as CrjSi U(l)U(2)3 with H in tetrahedral interstices. 

There are also some germanides and stannides, e.g. Pr3Rh4Sn13, in which there are 
Gel3 or Snl3 groups obtained by centering the icosahedra. Pr atoms are in the cub- 
octahedra of Sn, and Rh atoms are in the trigonal pnsms of Sn (for data see Appendix 5). 

The symmetry of the AuZn3 structure should lead us to expect (see 5 6.8.10) to find a 
rod packing based on the /%W cubic cylinder packing. Fig. 6.77 illustrates the arrangement 
of cuboctahedra which consists of rods of face-sharing cuboctahedra packed in this way. 

Fig. 6.77. The packng of cads of face-sharing cuboctahedra in the AuZn) structure. The rods run parallel 
to the three cubeaxes. 

Fig. 6.78. A low density packing of icosahedra and octahedra; an infinite polyhedron 3'. Ct Fig. 6.75. 

Finally, we observe that half of the icosahedra of the WA112 structure (Fig. 6.75) could 
be omitted, leaving each icosahedron wlth just four neighboring icosahedra and with the 
centers of the icosahedra arranged as in the diamond net (§ 7.3.1). The resulting structure 
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is illustrated in Fig. 6.78. Note that (excluding the shared face) seven equilateral triangles 
meet at each vertex so we have an infinite polyhedron 37 as discussed in Appendix 3. The 
structure is a low-density 7-coordinated sphere packing, indeed the least dense that we 
know of. Crystallographic data for unit edge length are: 

F&, a = 5.376. p = 0.3235 
Sphere centers in 96 g: (x,y,r, etc.), x = 0.0320, y = 118, r = 0.2755 

6.8.7 Cubic invariant lattice complexes 

The symbols for some of these complexes (as given in the International Tables A) have 
been given already in this chapter but are summarized here for convenient reference, 
together with their highest symmetry occurrences. A prefixed "+" or "-" is used for 
enantiomorphous pairs and an affixed "*" indicates that the lattice complex is derived by 
combining two lattice complexes (one displaced from the other) with the same symbol but 
without the affix. In the table below N is the coordination number. The atoms in bold in 
chemical formulas lie on the lattice complex; the symmetry may be lower in the actual 
compound (cf. NbO). V' and r* (a combination of two F) correspond to two intergrown 
(but not inter-connected) nets. 

complex 

F 
I 
J 
S 
P 
T 

+Y 
-Y 
D 
+V 
-V 
J' 
W" 
S' 
v' 

+Y* 
-Y* 
Y** 
W 

position 

4 a 
2 o 

3 c 

12aorb 
1 a 

16cord 
4n 
4 a  

8aorb  
12 c 

12 d 

6 6 
12 d 
24 d 
24 c 

8 a 
8 b 
16 b 

6cord 

space @up 

Fm3m 
ImJm 
Pm3m 
1z3d 

pm3m 
F&m 
P4332 
P4132 
Fd3m 
14132 
14132 
Im3nz 
1m3m 
l a d  
l a d  
14132 
14132 
Ia3d 
Pn8n 

N 

12 
8 
8 
8 

6 
6 
6 
6 
4 
4 
4 
4 
4 
4 
4 
3 
3 
3 
2 

remarks 

face-eentered cubic 
bdycente~d cubic 

Fig. 6.27 
ThsP4, Fig. 6.30 

primitive cubic 
Fig. 6.32 

FeSi, Fig. 6.34 
enantiomorph of above 

diamond, Fig. 7.9 
Fig. 7.36 

enantiomorph of above 

NbO, Fig. 7.31 
sodalife, Fig. 7.30 

Fig. 7.35 
two V nets 

SrSi2, Fig. 7.6 
enantiomorph of above 
two f nets, Fig.7.34 

Cr3Si, Fig. 6.60 
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. , An invariant lattice complex may occur in more than one space group. Thus J also 
occurs as positions c and d of Pz3m and (with doubled cell) as positions c and d of Fm?c. 

Other lattice complexes with symbols include +Q for the Si atom positions in /?-quartz 
(5 3.6) with symmetry P6222 and -Q for the enantiomorph (P6422). G for a 63 layer and 
N for a 3.6.3.6 (kagome) layer. We used these last two symbols in 8 6.1.6. 

6.8.8 Common cubic unit cells for arrays 

In 8 5.6.12 we discussed common unit cells for plane patterns. There is an analogous 
problem in three dimensions involving cubic patterns. The smallest cubic supercell of a 
primitive cell has edges 2a, i.e. 8 times the volume. The next will have 27 times the 
volume. The number of symmetry-related points in a cubic cell is a divisor of 192 so in 
practice, to investigate relationships between cubic structures of symmetry-related points in 
which a cubic cell is maintained, it is only necessa j to consider relationships of this kind 
between structures with either the same number of points or differing by a factor of eight. 
There are then six sets of compatible numbers which are: 

(i) 1,8,64 
(ii) 2, 16 
(iii) 3, 24, 192 
(iv) 4, 32 
(v) 6 4 8  
(VI) 12, 96 

We now give some examples of the use of these numbers. The fact that the anions in the 
spinel structure (5 3.4) are in 32 e of FdTm: F i (x&,x ; (x,1/4-x,114-x)k) (with x 
typically = 0.26) suggests a possible relationship to ccp with four points per cubic cell 
[case (iv) above]. The reader is invited to c o n f m  that if x = 114 the structure is indeed a 
face-centered cubic lattice described with a 2 x 2 x 2 cell.1 

Another example is provided by the structure of Th3P4 which has symmetry 1z3d with P 
atoms in 16 c: I + (x,x,x ; 1/4+x,1/4+x,1/4+x ; (1/2+x,112-x.z ; 3/4+x,1/4-~,314-x)~) 
with x = 0.08. In this case the reader may confirm that forx = 0, the arrangement is body- 
centered cubic [2 atoms per cell: case (ii) above] described with a 2 x 2 x 2 cell. 

Note also the relationship of the cubic 7-coordinated sphere packing of 5 6.3.8 (p. 238) 
with symmetry P a 3  and eight points per cell to the primitive cubic structure with one per 
cell [case (i)]. 

A formal description of the garnet structure of Ca3A12Si3012 was given in 5 3.4. The 
cubic cell contains 96 0 atoms. A well known reference work states that this structure has 
"oxygen ions in cubic close packing." Reference to case (vi) above shows that this 

'11 is amusing that a rare sphere packing (described in the next chapter) also has the same formal 
description (points in 32 e of Fd3m) but with r = 11(8 + 496) = 0.056 ... so one must be a little cautious. 
Structures with the same formal description, but differing in the values of one or more parameters, may be 
very different. 
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arrangement with 96 atoms per cubic cell can only be compatible with other cubic structures 
with 12 atoms per unit cell. In particular it is incompatible with eep (four per cell). Actually 
in Ca3AI~Si3012 the first twelve 0 neighbors of an 0 atom range in distance from 2.57 - 
3.85 A and the thirteenth neighbor is at 3.89 A so we can, in any case, discount the claim 
on those grounds. We can also use the coordination sequence (as described in 5 6.8.2) 
based on the first twelve neighbors to show that the arrangement does not correspond 
topologically to any cp arrangement. 

The A1 positions in gamet are in 16 a of la?d and correspond to bee (2 per cell) 
described by a 2 x 2 x 2 cell [case(ii)l and the combination of the Ca and Si positions (24 
c and 24 d respectively) corresponds to lattice complex W (6 points per cell) described by a 
2 x 2 x 2 cell [case (v)]. 

Cubic supercells of cubic cells with axes not parallel to the original one may occur, but 
they are probably not of much interest because of the size of the new cell. A simple 
example is that obtained by the transformation (3 4 0 1-4 3 0 1 0  0 5) with edge length of 
5a. A cubic supercell with ed e an irrational multiple of a (in the same way as a square cell 
has supercells d2a x d2a or ? 5a x d5a) cannot occur however. 

6.8.9 Packing of two sizes of sphere: "kissing" numbers 

In this chapter, the emphasis has been on sphere packings with one kind of sphere, 
because these commonly occur in simple crystal structures. However, some structures of 
intermetallic compounds can be considered as efficient (dense) packings of two or more 
kinds of sphere of different slzes. The structure of MgCu2 (5 6.6.3) is an often cited 
example of an efficient packing of two kinds of sphere and that of NaZn13 (5 6.8.5) is 
another. Verv little systematic research has been done on the vrohlem of classifying ~. 
packings of spheres of two sizes, but it has an obvious relevance to crystal chemistry and 
some results would be exoected to lead to useful insiahts into intermetallic structures. For 
packings of two sizes of circles see L. Fejes T6th, Regular Figures {Pergamon Press, 
Oxford (1964)l. For the packing of two sizes of sphere see M. J. Murray & 1. V. Sanders, 
Phil. Mag. A42, 721 (1980). These last authors were interested also in the structures of 
opals which are packings of (typically micron-sized) silica spheres. In contrast to crystals, 
opals really are packings of hard spheres.] 

The maximum number of equal spheres that can touch a similar central one is known as 
the kissing number. It seems astonishing that the answer in three dimensions was once 
controversial and involved Newton (who correctly said twelve) and Gregory (who thought 
the answer might be thirteen). However, such questions are difficult to settle to the 
satisfaction of mathematicians, who are uncommonly hard to please in such matters. 

In intermetallic structures, higher kissing numbers are commonly found; for example, in 
NaZnt3, Na has 24 equidistant Zn neighbors. In general, in such structures, nature 
conuives to design an arrangement in which every atom is highly coordinated. At the same 
time she is tolerant of small variations in interatomic distance-it is this aspect of the topic 

LThe "fire" in  opal comes from Bmgg diffraction of light from the planes in the periodic packng of 
spheres, in a similar way as crystals diffract X-rays. 
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which makes it virtually inWactable from the point of view of formal geometry. 
A related question which is of some importance to crystal chemistry concerns kissing 

numbers in binary (ternary etc.) compounds (extended structures) in which spheres (atoms) 
of one kind kiss only spheres of another kind. We call these numbers heterosphere kissing 
numbers. Typically in "ionic" crystals the "cations" have only "anions" as nearest 
neighbors and vice versa, and the question of heterosphere kissing numbers is particularly 
relevant for this class of compounds. 

To take a specific example: in a binary compound AmB, (in the strict sense in which all 
A are equivalent as are all B) with d(A-B) < d(A-A) and d(B-B), what is the maximum 
possible coordination ofA by B? 

We pause first to remark that if the coordination of A by B is p and the coordination of B 
by A is q, then pm = qn. This almost trivial observation turns out to be of some 
consequence in determining possible coordination numbers in "ionic" crystals. 

Our guess, based on observed crystal structures, for the answer to the above question 
for compounds AB, is that the maximum coordination number (heterosphere kissing 
number) is 8, and for compounds AmB, that the average coordination number (i.e. 
averaged over all the atoms) can never exceed 8 as long as d(A-B) < d(A-A) and d(B-B). 

6.8.10 The occurrence of cubic cylinderpackings 

s.g. garnet 

U,U,U 

f a d  e, p%cl 
1a3d C, p3ct 
103 C ,  PZ 
Pa? c. p3 

s.g. garnet 

U,U,I (  

14132 e, p3 
P4132 c, p3 
P4332 c ,p3  
D l 3  n.p3 
P213 0 . ~ 3  

s.g. B W  (0,i.u  or^,^,^) 
Pm% g or h, p4zlmmc 
PT3n h org, &c 

P4232 i orj ,  p4222 
P"3 for g, pmmm 
P23 g or h, p222 

e.pZI1 

s p 2 l l  
b. p l l 2  

(b,  pl)  

Cubic cylinder packings are of particular interest in the description of complex crystal 
svuctures that otherwise resist description. Here (on the previous oaee) we list the cubic 

y-Si 
1 2  -+U,-+U.U 
3 3 
h, p312, p322 
e, ~ 3 1 .  P32 
e .  P31, P32 
d.  ~ 3 1 .  ~ 3 2  

SrSiz  

. - 
space groups with non-intersecting symmetry axes and the axis locations. The entries in the 
table are the Wyckoff posltlons and compatible - rod symmetry (Appendix 1). For example 

1 2  
~+L(,-+u,U 3 
i, p312 
e,p322 
e,p322 
c, p31 
b.p32 

. . 
e ,p41  
e,p2221 
c. p2221 
6,  ~ 1 1 2 1  

we see that the substitution u,u,u in Ia3d corresponds to positions e and represents the 

B-W ( ~ 2 )  

2 1 
~+u,-+U," 3 
i, p322 
e,p312 
e ,p312  
C. ~ 3 2  
6. ~3 I 

. . 
e, ~ 2 2 2 1  
e. p43 
c, ~ 2 2 2 1  
b, p l l 2 1  

axes of the garnet packing. Rods along these axeb have symmetry ~ ? c l .  
Non-intersecting 4-fold or 2-fold axes also occur in the space erouos with non- 

1 
0 . p  

f, pzc2 
d, pS 
d, p e d  
d ,  ple l  

- . - .  
intersecting 3-fold axes. They fall into two sets, each corresponding to the axes of &W 
described by a doubled cell. We label this PW (x2). Thus, again for Ia3d. the substitution 
0,114,~ will produce1 the set (0,114,~ ; 0,314,~ : 112,314,~ ; 112.114r)~ corresponding to 

I 
;,0.u 

h, ~ 4 1 2 2 ,  ~ 4 3 2 2  
e.p2221 
e, p2221 
d, ~ 1 1 2 1  

positions 4Xfln.l nrJ s! rnmclrtsc wrll he g r ?  Tht, re1 rr illuslr~tcl ac 3 c )  lindcr pack~ng 
~n Plr. 6 t,7 with rhe un11 ;ell a down Ilje page, b horizontal 311d c up out of [he page, . - 
origin appropriately located. The other set of non-intersecting 4-fold ixes are 41 and43 
axes alone the lines generated by the substitution 114.0.~. Please note that the table is - - 
appropriate only for the choices of origin made in the International Tables. 

The 8-W structure without a doubled cell occurs in a separate set of soace erouos as . - .  
shown. In these space groups the 3-fold axes intersect. 

6.9 Exercises 

1. Americium is hexagonal: 

Describe the structure in terms of stacking 36 nets (A, B and C) and in terms of h and c. 

2. Other cp  arrays with just two kinds of sphere are: 

hcc (6H) P63lntmc. el0 = 64(2/3) 
h in  2 6: t(O,O,L/4) ; c i n 4 j  f(113,213,z ; 113.213.LiZ-r), z = 1/12 

hhc (9R) R?m, c/o = 94(2/3) 
c in 3 o: R + (0,O.O) ; h in 6 c: R f (0.01). i = 219 

hhcc (12R) R S ~ ,  c/o = 124(2/3) 
c in 6 c: R ? (0.0,~). r = 5124 ; h in 6 c: R f (0.0,~). z = 318 

3. Mercury has a rhombohedra1 structure (space group R%) with one atom in the unit 
cell. a = 2.993 A, a= 70.74". What are the distances to the 12 nearest neighbors of a Hg 
atom? Transform to a face-centered rhombohedra1 cell (four atoms per cell) for a 
comparison with face centered cubic. What is a f o r  this cell? [Hint see 5 4.4.1 

[The reader who wishes to verify this sraternent should note, for example, that the line 0,114,~ is [he 
same line as 0,114.ll4-u; it is a line parallcl to e passing through 0,114.0. 



286 Chapter 6 

4. What is the arrangement obtained from two interpenetrating fcc lattices, one at 0,o.O 
and one at 1R,1/2J12. (i.e. a combination of positions 4 a and 4 b of F m h ) ?  What is the 
arrangement of points in 8 c ofFm5m [ F i  (1/4,1/4,1/4)1 ? If we combine all these 
positions (4 a, 4 b and 8 c) we will have combined four fcc lattices (16 points). What is the 
arrangement now? 

5. Positions 16a of IaTd are I + (0,0,0 ; 1/4,1/4,1/4 ; 0,1/2,1/2 ; 1/4,1/4,3/4j~. What 
simple arrangement is this? 

6.  Here are two examples of structures based on cp. Note that although they are quite 
different, they differ only in the numerical values (i.e. they have the same space group and 
atoms in the same sets of positions-they are isopunta0. 

This  approximately cp; what is the stacking sequence? N atoms fill tetrahedral and/or 
octahedral interstices. Answer (with A,B,C for cations and a,@,yior anions): 

hhc Th; sequence = A.yBa.@A.yB.a.CpyB.a.C.P.AyaC.P. 

S is approximately cp; what is the stacking sequence? Fe atoms fill octahedral 
interstices. Answer (with AB,C for anions and a , a y  for cations): 

hhcc S ;  sequence =A.yB.yA-yB.  ., C.P.A.p.C.p.A...B.a.C.a.B.a.C ... 

7. The structures of the mtile form of Ti@ and of CaCIz are closely related: 

Plot both stmctures in projection down the short axis and compare with Fig. 6.20 (p. 
229). What (approximately) is the anion packing? 
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8. The structure of MozBC la. 

MozBC Cmcm,a = 3.086, b = 17.35, c = 3.047 
Ma(tj in 4 c: C + (O,y,114), y = 0.3139 : Mo(2) in 4 c, y = 0.0721 
Bin  4 c, y = 0.4731 : C in 4 c, y = 0.1920 

Describe the Mo structure as a stacking of 44 nets along b using the notation A, B, C, D 
and describe the type of site (octahedron, trigonal prism etc.) occupied by B and C .  
Compare the B-B and C-C distances in the structure. 

9. Pa and y-Pu are both 10-coordinated: 

Pa I4/mrnrn, n = 3.932, c = 3.238 A. Pa in 2 a: 1 + (0,0,0) 

Y-pu Fddd, a =3.159, b = 5.768, c = 10.162 A. Pu in 8 o: Ff (1/8,118,1/8) 

Plot the Pa structure projected on (1 10). How do the interatomic distances compare with 
those in the 10-coordinated bct? The y-Pu structure is based on a staclting of 36 nets along 
e in the sequence ADEF (see Fig. 6.40, p. 247). Calculate the ten shortest interatomic 
distances in yPu. What is the next shoaest distance? 

10. Ta3B4 is orthorhombic; 

Describe the T a  arrangement as a staclting of 44 nets along b (as in Exercise 8). What is 
the coordination of the B atoms? Check your answers by drawing the structure in 
projection down a. 

V3B4 is isostructuraI with Ta3B4 and VB is isoswctural with CrB (p. 250). There is 
also reported a composition VsBh (= 2VB + VqB4). Can you guess a possible structure for 
this lkt composition? [See ~ i d e &  ~ n d e r s s o i ( ~ o o k  ~ i s t )  p.227.] 

11. Many halides have structures with c p  anions. Some are rather simple (e.g. CdClz, 
and CdI2, 5 6.1.5), but others have rather complicated low-symmetry structures. Data in 
abbreviated form for some iodides are given below. 
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CHAPTER 7 

Hf'4 n/C.a = 11.787, b 11.801, e = 12.905 kp= 116.3'. All atoms 8f 
Hf 0.4244.0.3610.0.3753 ; I(1) 0.3270,0.3830,0.1309 
I(2) 0.44740.1351.0.3866 ; I(3) 0.1898,0.3761.0.3632 
l(4) 0.4369.0.6154.0.3808 

Pr12 FZ3m, o = 12.360 A. All atoms 16 e,x.x7 etc. 
PI, x = 0.3606 : I(L).x = 0.1115 ; I(Z(. x = 0.6257 

Identify the anion packings (all are cp) and the way the cations occupy the interstices 

12. A tetragonal tetrahedral layer (3 6.4.2) consists of two 44 nets of Y stacked M, with 
a 44 net of X of twice the density in between [so there are (YJXq tetrahedra]. The 
stoichiornew is X2Y2. If n such layers are joined together the stoichiomey ~ S X ~ , Y , + ~  
(the case n = - corresponds to fluorite structure X2Y). In compounds with the KCu4S3 
structure there are double tetrahedral layers (n = 2) of {Cu]S4 telrahedra intenvoven with 
layers of K in [K)S8 cubes: 

Verify that the S packing consists of 44 nets stacked ABB ... and that Cu atoms are in 
[Cu)S4 tetrahedra. Compare the Cu ... Cu distance in the layers with the Cu ... Cu distance 
in elemental Cu (ccp with a = 3.615 A). Speculate on the oxidation states of the atoms. 

13. AlCrzC is one of the so-called H phases found for aluminum-transition metal 
carbides and nitrides. Many other isopuntal compounds are known including examples 
with two non-metallic components (which are still called Hphases): 

Describe the two compounds above in terns of stacking of 36 nets (using ABC,aPy). 
What (if any) sets of atoms approximate closest packing in each case? What are the 
coordination polyhedra around S and C? [Compare TizSC with Tip (g 4.6.3).] 

14. Here is a simple packing of unit diameter spheres: 

f4immm. o = I + 1/2, c = 42. Centen in 8 I. I1 (x,O,O ; 01.0). x = lI(2 + 42) 

Identify the net m the layers normal to c, and the coordination number of the packing. 

NETS AND INFINITE POLYHEDRA 

7.1 Introduction 

In this chapter, in contrast to the last, we discuss some arrays of points with low 
I coordination number, particularly 3- or 4-coordination. These are less usefully considered 
I as sphere p a c h g s ,  and are more commonly described as nets. In some cases it is useful to 

consider the nets as the edges and vertices of packings of polyhedra. As in the previous 
chapter, the emphasis is mainly on the simpler high-symmetty patterns that Occur in a 
variety of structural contexts. Now a systematic organization is more difficult as nets may 

I 

be derived and described in more than one way. To improve continuity we have included in 

i the main body of the text some material that might otherwise have been relegated to the 
Notes. In paaicnlar section numbers in this chapter that are marked with an asterisk may be 
of lesser interest to some readers and may be omitted in a fvst reading. 

The diamond stmchue is a familiar example of a 4-coordinated (or 4-connected) net and 
many other 4-connected nets arise as s t m c m s  of alumino-silicates (includmg the two most 
common crystalline materials in the earth's crust: yuzutz and feldspar). In the latter case the 
Si (or Al) atoms are the nodes (or vertices) of the net and the -0 -  bonds are to be 
considered the links (or edges). The frameworks of zeolites (mainly alumino-silicates and 
alumina-phosphates) are currently of great interest as their catalytic and other properties are 
largely determined by their structures. Other important Cconnected nets occur in covalent 
solids and as the hydrogen-bonded networks in polymorphs of ice and in hydrates. 

Nets can also have mixed coordination; thus the net describing the atoms in St3Nq (= i ivSi3iiiN4), in which Si is connected to four N, and N is connected to three Si, is referred 
to as (3.4)-connected. An important class of nets with mixed coordination is that corre- 
sponding to frameworks of corner-connected octahedra and tetrahedra. For example, In 
Fe2(S04)3, {Fe)O5 octahedra share corners with (SlO4 tetrahedra and vice versa. The Fe 
and S atoms are at vertices and the -0- links correspond to edges of a (4,6)-connected net. 

I We usually describe nets in crystallographic terms. We generally give unit cell 

parameters and coordinates of vertices that correspond to an idealized conformation in 
which the edges are of equal length, and in which the volume, subject to this constraint, is 
a maximum. This conformation is also one of maximum symmetry. Some nets occur in a 
variety of crystal structures and often then have lower symmetry. 

! There appears to be no simple method of giving apurely topological definition of nets, 

but a partial topological characterization of 3- and 4-connected nets is nevertheless useful, 
so we discuss this topic first. A systematic description of nets is difficult and efforts to 
enumerate possibilities have not succeeded in any rigorous manner (many hundreds of 4- 
connected nets have been described in the literature). 

The topology of nets is a source of some fascinating, and mostly unsolved, problems. 
For comments on these aspects see Appendix 3. 
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We caution the reader that it is often very dificult to appreciate the structure of a three- 
dimensional net and virtually impossible to do such things as enumerate rings from a 
drawing. On the other hand models can be made simply and inexpensively (see Notes) and 
it will be found that these are invaluable (and sometimes essential) aids to understanding. 

7.1.1 Circuits, rings and Schlii i  symbols 

Three-dimensional nets can be considered as infiiite periodic graphs; we then tend to 
talk of vertices (atoms) and edges (bonds)--a common practice in graph theory. Apath is 
a continuous sequence of edges, and a circuit is a closed path beginning and ending at the 
same vertex. The term ring is used in a special sense, described below, that is consonant 
with chemical usage. Any two edges with a common vertex defme an angle at that vertex. 

Recall that in Chapter 5 we often characterized finite polyhedra and two-dimensional nets 
by Schlafli symbols, which gave in cyclic order the size of the polygons common to a 
vertex. For 3- and 4-comected three-dimensional nets it is a common practice to extend the 
idea of a Schlafli symbol to include these cases also. Now, instead of polygons, either 
shortest circuits or  shorresr rings are used and we must first make clear the definition of 
these terms and be careful to distinguish between them. 

For each angle at a venex we can find a circuit which is a path that starts out at the vertex 
in question (the home vertex), goes out along one edge, and returns home along the second 
edge of the angle. The shortest such path (one that traverses the least number of edges) is 
the shortest circuit associated with that angle and is signified by the number of edges it 
contains. Some authors characterize three-dimensional nets by giving a "SchlBfli symbol" 
that indicates the size of the shortest circuit at each angle; we give an example of this 
procedure below. 

Fig. 7.1. Two fragments of nets discussed in  the leit. 

The use of shortest circuits is  not always consistent with our earlier treatment of 
polyhedra and two-dimensional nets as we now explain. In Fig. 7.1 (left) let the circle 
labeled "1" be the home vertex, and let a and b be two edges defining the angle ab  at vertex 
"I." The rest of the numbered vertices represent a fragment of a net, which may be finite 
(i.e. the net of a polyhedron) or an infinite two- or three-dimensional net. There is a 6- 
circuit 1,2,3,4,5,6 containing this angle, but there is a "short cut" back to vertex 1 from 

vertex 4. To be consistent with earlier usage, we should not consider circuits that have such 
short cuts and count only those without them. Another circuit containing the angle ab  is 
1,6,7,8,9,10,2; this circuit does not contain short cuts as the path along the circuit between 
any two vertices on the circuit is a shortest path between them. Such circuits are variously 
called "fundamental circuits," "primitive rings," or just "rings:" here we will use the 
simplest term "ring" and reject the 6-circuit 1,2,3,4,5,6 as not being a ring but accept the 7- ! 
circuit 1,6,7,8,9,10,2 as a ring. 

It is not hard to see that an infinite net will have only a finite number of rings for each 
vertex, whereas there is an infinite number of circuits. Interesting unsolved problems are 
how the number and sizes of rings affect properties such as density, and what constraints 
there are on ring size. 1 

Referring to Fig. 7.1 (right) we can see that the circuit 1,2,3,4,5,6 is not counted as a 
ring, but 2,3,4,5,6,7 is. The latter ring is however made up of smaller ones (1,2,3,4 and i 
l,4,5,6 and 1.2.6.7) in the sense that traversing all the edges of the smaller rings will result 

1 

in traversing all the edges of the larger one. Rings that cannot be decomposed in such a 
manner have been called "strong rings." 

It is useful to recognize that the graphs of finite polyhedra usually contain rings that do i 
not enter into the Schlafli symbol. Figure 7.2 (left) is a conventional representation of a 
cube: on the right is a Schlegel diagram. The circuit 1,4,8,7,6,2 (shown as heavier lines) is 
a 6-ring. The presence of 6-rings is not reflected in the Schl%fli symbol (43) for the cube. 

i 
The reader might like to verify that there are also 6-rings (hexagons) in the 

cuboctahedron, 3.4.3.4 (see e.g. Fig. 6.8, p. 215). 
:~ 

Fig. 7.2. Left: a conventional of a cube. Right: a corresponding Schiegel diagram. A 6-ring 
is shown as heavier lines. 

Three angles meet at each node of a three-connected net. In contrast to plane nets, in 
three-dimensional nets more than one ring may be included in an angle (see also the next 
section), so we modify the Schlsfli symbol to read X,.Yy.Zz whereX, Y , Z  are numbers 
that represent the ring size and x,y,z are numbers that indicate the numbers of rings meeting 
at that angle: subscript "I" is omitted. Thus 8.8.82 indicates that at two of the angles there 
is an 8-ring and at the third angle there are two 8-rings. Note that many authors omit the 
subscripts, and the symbol for the vertex in this example is then written 83. 

Just as polyhedra often contain larger rings than those used to specify the Schliifli 
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symbol, three-dimensional nets often contain larger rings in an analogous manner. 
(Remember that we use only the shortest rings at a vertex to construct the vertex symbol.) 

To make clear the distinction between the use of circuits and rings, we give another 
example. Fig. 7.3 shows a fragment of a net. The 3-connected vertex shown as a filled 
circle has a 4-ring, a 6-ring and a 10-ring at the three angles, so using rings the symbol is 
4.6.10 (the fragment shown might represent part of the net of the truncated 
icosidodecahedron). The 10-ring 1s at the angle a b .  There is also an 8-circuit 
(1,2,3,4,5,6,7,8) at the same angle, but we do not count it as a ring because there is a short 
cut between vertices 1 and 4. 

Fig. 7.3. Rings surrounding a 4.6.10 vertex (filled circle). The angle ob is contained in the IO-ring 
(lightly shaded) and also in the 8slrcuit (not a ring) 1,2,3.4,5.6.7,8. 

7.1.2 Schlaf7i symbols for +connected nets 

Let us arbitrarily label the four edges meeting at a vertex of a 4-connected net a ,  b, c and 
d. A pair of edges, such as a b  define an angle at that vertex. There are six angles at each 
vertex defined by pairs of edges: (ab, cd), (ac, bd), (ad, bc). Pairs of angles in parentheses 
have no common edge and are referred to as opposite angles. Pairs of angles with a 
common edges are referred to as adjacent. 

Fig. 7.4. IllusUating two 6.rings containing the same angle (heavy lines) at a vertex (filled circle) in the 
diamond net. This figure is a fragment of Pig. 7.10 (left). 

Far a given angle there may well be several distinct shortest rings. For example, in the 
diamond structure ( 5  7.3.1) two 6-rings are contained in each anele as sketched for one 
angle in Fig. 7.4. 

In order to facilitate comparison with the (rather large) literature on 4-connected nets we 

sometimes use two kinds of "Schlafli" symbol. A "short" one that specifies just the shortest 
circuit contained in each angle (most commonly found in the literature) and a "long" one 
that recognizes only rings and is described next by example. 

In the structure of a feldspar ( 5  7.3.9) such as CaA12Si208, the net of the Al and Si 
atoms has two kinds of vertex.' If we use just the shortest circuits at each angle, the 
symbols for both vertices are 42.63.8; however, using rinps we can distinguish the two 
vertices. The smallest rings and circuits associated witheachangle are given below for each 
vertex. Also listed are the numbers of such rings and circuits for each angle. 

vertpn 1 yenex 2 
angle ring number circuit number dng number circuit number 

ab 4 1 4 1 4 1 4 1 
cd 6 1 6 1 6 2 6 2 
ac 4 1 4 1 4 1 4 I 
bd 6 i 6 1 8 1 8 3 
od 8 2 8 6 6 1 6 1 
bc 10 10 6 1 6 2 6 2 

We now write a long Schlafli symbol for each vertex as follows. We write, m order, the 
symbols of the rings with a subscript for the number of rtngs (omitting the subscript "1"). 
Note that we pair circuits by opposite angles and, subject to that constraint, write the 
smallest numbers first. The symbols for the two vertlces are therefore: 

vertex 1 4~6~4~6 .82~1010  
vertex 2 4.62.4.8.6.62 

Not all nets have distinctive vertex symbols even using long symbols: the pair diamond 
and lonsdaleite (see below) is a conspicuous example; for both nets the vertex symbol is 
67.67.67.67.67.67. 

Note that in our usage short symbols (using shortest circuits) employ superscripts which 
(including the im~l ied  "1"s) add UP to three for 3-connected nets and to six (for the six - 
angles) for Cconnected nets. Long symbols contain three entries for a 3-connected net and 
six entries for a 4connected net and these are se~arated bv a "." and mav (often do) emolov . . , . ,  
subscripts in some of the entries. Although the procedure may appear somewhat 
complicated, it is in fact very readily implemented using a computer, and is of considerable 
help in identifying nets of a given topology in suuctures. 

7.1.3 Coordination sequences 

We briefly mentioned coordination sequences for StNCtUIeS in 5 6.8.2. Each different 
kind of vertex in a net has associated with it a coordination sequence (CS) which is the 

Igut not (as one might first expect) wi!h Si on one kind of vortex and Al on the other. The edges ofthe 
nets correspond to the -0- bonds to (Si,AI) atoms. Ca is accommodated in cavities in the net and is ignored 
in the present context. 
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isoelectronic with P. The formation of three non-coplanar P-P bonds in elemental P is 
ascribed to the presence of a non-bonding pair of valence electrons, and it is tempting to 
suppose that similar considerations apply to the Si-Si bonding in SrSiz. 

Fie. 7.6. Left: The lattice comoler +? oroiected an (0011. The unit cell is shown bv broken lines and - . . . . 
numbrrr ur hebghl, in #t~ull#plir  o r .  , Rlghl: Ihc \Im: :Iruclure ],r~]r.;ted un ,111,. Open. ,h,lcd A ~ J  
l i l l ~ ~ t c ~ ~ ~ l ~ . ~  a< at 11, I , ?  anJ 2 7 o i ~  pnnn~iw wansl~u<.n vc~ror lr-+b-c1~2 A I O P ~  [ l l l ; l .  

The invariant positions of P4332 are 4 a: (118,118,118 ; 318,718,518)~ and 4 b: 
(518,518,518 ; 118,718,318)~ and the invariant positions of P4132 are 4 a: (318,318,318 ; 
118,518,718)~ and 4 b: (718,718,718 ; 118,318,518)~. The symbols for these lattice 
complexes are +Y and -Y respectively (see 8 6.3.10). We can combine these as follows: 

This shows incidentally that 14t32 has both 4, and 43 axes. If we had atoms A on 
positions 4 a and X on 4 b (of P4132 or P4332) we would get a simple (unknown) 
structure with A surrounded by an equilateral triangle of X (and vice versa). Note that it is 
its own "antistructure" (interchanging A and X produces the same structure). 

A second cubic 3-connected net, called 6.82 D, can be constructed with angles of 120': 

A fragment of the structure is shown in Fig. 7.7. A notable feature is the groups (joined 
by edges) of 12 coplanar vertices parallel to { 111 1. The Schlafli symbol is 6.8.8. There are 
two kinds of edge: those on 6-rings, and those not on six-rings. The 6-rings and 8-rings of 
this structure can be considered as covering an infinite surface (named D in Aooendix 4) . . 
and thence form :In lniinitc pol! Ilcdron .IS Jircujicd htcr i.>r wmc i-<<r>rJin3tccl itruuture,. 

A rehted net, :dllcrl 6.8' 1'. ullll the ,:trnc Scbldli ,vmhc,l , h ? h ,  li also <houri in Fir . . 
7.7. Parameters for unit edge length and regular hexagons are: 

6.E2 P ImTm, o = 5.266 
6.8-8 in 48 k .  I + (h,h,iz)lc, x = 0.3275 and r = 0 0949 

The angles are 120' and 114.1' (2x). For slightly different parameters, the bond angles 
can be made all equal to 118.5~. Like the previous net this can be considered as an infinlte 
polyhedron 6-84.' 

Fig. 7.7. Two cubic 3-connected nets, 6-88. Left: 6.s2 D. Right: 6.S2 P .  

Another 3-connected net occurs in silicides such as ThSi2 (for crystallographic data for 
the compound see Appendix 5). It can also be constructed with 12V bond angleX2 

ThSi2 net l4lIomd. o = 43, c = 6 
verrlccs (102 104 104) ~n 8 e I * (0,114,~ , 0.314,1/4+r), z = -1124 

This net is sketched in Fig. 7.8. The Schlafli symbol is 1 0 ~ ~ 1 0 q 1 0 ~ .  
Three-connected nets can also occur in framework oxides with -0-  links serving as 

edges as described for the structure of B203 below. In Pz05 {PI04 tetrahedra share three 
comers with neighbors (so the stoichiometry is PO3120 = 112 P2O5). In one polymorph, 
isolated P4010 molecules are formed in which the P atoms are at the vertices of a 
tetrahedron (see Fig. 5.18, p. 150). In a second form the P-O-P links form a honeycomb 

l'rhese two 6.a2 nets have been considered as possible structures for three-coordinated carbon; see M. 
O'Keeffe er 01.. Phys. Rev. Lerrs. 68. 2325 (1992); this reference explains the origin of the names. The 
P X % I  immucrure is a particularly favorable candidate; it is known to organic chemists as the "Riley structure" 
ur it was apparently first suggested by H. L. Riley [see e.8. J. Gibson. et 01.. J.  Chem. Soc. 456 (194611. 
The (hypothetical) carbon is called "polybenzene." 

2 ~ h i s  is another net that has been considered as a possible carbon suucture; interestingly carbon with 
this srructure is predicted to be denser than graphite and metallic. [R. Hoffmann eioi., I. Amer. Chem. Soc. 
103. 4831 (1983)l. 
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(63) layer. In the third, and apparently most stable, f o m  the P-O-P links have the topology 
of the ThSiz net (see Exercise 11). 

Fig. 7.8. Left: the 3-connecu net of rhe Si atoms in ThSi2. Rtght: the 3-connected net of the B aloms 
in B203. The c axis is vmical and the shaded venices fall on a 10-ring in each case. 

Another 3-connected net (Fig 7.8) that can be constructed with 120' bond angles again 
contains 10-rings. It is the net of the B atoms in B 2 0 3  (for crystallographic data see 
Appendix 5) and is trigonal: 

B203  net P3112.0 =43,  c = 912 
vertices (10~1O210~) in 6 c: (r,y,z : Fr'-y.l13+z : y-xZ,2/3+r ;x~-y,? ; 
y-x.y.113-z ;?.?,2/3-z),x= 113, y = 116,r = 119 

7.3. 4-Connected nets 

The number of Cconnected nets found in crystal structures is very large. Well over IM) 
different topologies are known for framework silicates, particularly natural and synthetic 
zeolites. Some of these have a large number of topologically-distinct vertices and resist 
simple classification. In this chapter we confine ourselves mainly to relatively simple 
examples of nets with particular emphasis on those, such as that of the diamond structure, 
which arise in a number of different contexts. Some of the structures we describe do not 
appear to have been recognized yet in crystal structures. These have been assigned an 
arbitrary number for identification.' 

Recall that unless explicitly stated otherwise, crystallographic parameters refer to unit 
edge (bond) length. For some nets (e.g. diamond) this is sufficient to completely 

I ~ h e s e  index numbers are known to the computer program EUTAX. [See also M. O'Keeffe & N. E. 
Brose. Acra Crystallogr A48. 663 (l992).] With the recent fluny af activity in syntheois of new zeolites 
and related materials we find that we are continually repiacing index numbers with names of known 
materials. 
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determine the structure; for other structures we give parameters for maximum volume 
subject to the constraint of equal edge length. Densities are expressed as r = number of 
vertices per unit volume (for nets of unit edge). In the context of framework alumino- 
silicates, there is considerable interest in the framework &nsiW (FD). usuallv exoressed as . .  . 
the number of tetrahedral atoms (AI,Si) per 1000 A3. As the Si ... Si distance iH typically 
3.06 A in framework silicates, FD = 1000rl3.063 = 34.9r A-3. 

7.3.1 Diamond, lonsdaleite and their polytypes 

The diamond net is of course that of the diamond form of carbon and is also found as the 
structure of the stable forms of Si, Ge and (at low temperatures) Sn. As it occurs in many 
structure types it will prove profitable to become familiar with it. In the structure every 
point is connected to four neighbors at the vertices of a regular tetrahedron as shown in 
Fig. 7.9. A formal description is as follows: 

diamond F&, a = 4/43. r = 0.650 
venices m 8 a: F i (1/8,118,1/8) 

The positions of the vertices correspond to the lattice complex D. 

Fig 7.9. Tho diamond net. On the left in clinographic projection. The unit cell is outlined with dashed 
lines and paints within the cell are shaded. On the right is shown a projection down the direction shown as 
an a m w  (which corresponds to a unit cell edge) of the atoms shaded in the drawing on the left. Numben are 
atom heights in multiples of 118. Small circles are centers of symmetry at he unit cell ongin. 

The long Schlsfli symbol for this structure is 6 ~ 6 2 . 6 2 . 6 2 . 6 2 . 6 ~ .  As we will see, some 
other nets have the same symbol. 

It should be obvious from the formal descnption above, that the diamond array consists 
of two ccp mays (origins at 118,118,118 and -118,-118,-118). each array occupying half of 
the tetrahedral sltes of the other. If the two mays are occupied by different kinds of atom, 
we have the sphalerite structure of ZnS. Recall that in 5 6.1.5 we described sphalerite 
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as a "close packing" of S with Zn in tetrahedral sites (or vice versa). Now we see that the 
structure is equally well (perhaps better) described as a bond network. 

A related 4-connected net occurs as the structure of lonsdaleite, a rare allotrope of 
carbon.' A formal description is: 

The parameters are for the idealized structure with unit edge length and angles equal to 
the "tetrahedral" angle ~ o s - ~ ( - l M )  = 109.47'. 

It should be obvious from the above description [notice that cla = d(813)l that, as in 
diamond, the vertices fall on two c p  mays  (but now hcp) separated by cl8. The vertices 
of one m a y  are in one half the tetrahedral sites of the second one, and vice versa. If the 
two army$ concis1 oidiffcrent ktnJs oiatom we have the ~vurt ' i le  form oiZnS. 

Fir 7.10 \ht,ni the dnmond and lonsdalc~te -1runJres side b, stde fur curnp:uison. In 
the f;gure the direction up the page is [ I l l ]  for the diamond structure and [001] for 
lonsdaleite. To facilitate the comparison, note that the diamond structure can be described 
using a hexagonal cell with vertices in R i (0,0,118), a = d(8/3), c = 4. It should also be 
noted that the nets could also be described as a stacking of puckered 63 nets (3-connected) 
with additional bonds between the layers. In terms of the symbols introduced in the 
previous chapter (3 6.1.6) the stacking of (puckered) 63 nets (G) in lonsdaleite is GlGt ... 
and in diamond it is GIG2G 3.... Later we will describe some other 4-connected nets derived 
from 63 in related ways. 

In the diamond crructurc all the 6-ctrcuits :IW ,kew hexaponc in "ihni '~oniormiliun. In 
IonrJ~letle the lhcagonr not norm~l  to [(MI1 I ar: in "boar" conionn3tion ,see Fis. 7.101. 

INamed for Kathleen Lonsdale who made many contributions to carbon chemistry, notably the fint 
demonstration (by X-ray diffraction) of the planarity of the benzene ring. She was the first woman to be 
elected to fellowrhi~ in the Royal Society of London. 

~..~. 
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The Schlafli symbol of the lonsdaleite net is the same as that of diamond, "is. 
62.62.62.62.62.62. Accordingly to distinguish between these nets topologically we need to 
consider numbers of kth neighbors. These are: 

k 1 2 3 4 5 6 7 8 9 1 0  
diamond 4 12 24 42 64 92 124 162 204 252 

lonsdalelte 4 12 25 44 67 96 130 170 214 264 
diffnrence 0 0 1 2 3 4 6 8 10 12 

It may be seen that lonsdaleite has more topological neighbors (i.e. is topologically 
denser1) than diamond for third and subsequent neighbors. In these cases s i m ~ l e  
expressions, in which brackets indicate rounding downio an integer, obtain for nk, ;he 
number of kth neighbors: 

diamond: nk = [Sk2/2] + 2 (7.1) 

lonsdaleite: nk = [21k2/8] + 2 (7.2) 

Dixnond 2nd lunrdaleitc btruatlr?s mav be dcrt\.cd from. rcapcvtively, <"hic 3nd 
hex~gonal eulst? by rilling one-halivf thc tztmlirdrdl site. (ather :ill those ooinr~nr down. - ~. 
or all those pointing up). Related polytypes can be obtained in a similar way from more 
complicated closest packings. The simplest of these, derived from hc (4H) packing (i.e. 
two hc c p  mays  with points of one m a y  in tetrahedral interstices of the other), is: 

carbon 4H P63/mrnc, a = 4(8/3), c =1613, r = 0.650 
c vertices in 4 e: i(O,O,r ; O,O,l12+~), z = 3/32 
h venices in 4 3  i(l13,213.r ; 1/3,7J3,lR-r), r = 5132 

A commonly encountered projection of these, and related structures, is shown in Fig. 
7.1 1. For diamond, this is a projection on (1 10) of the cubic cell; for the hexagonal cell of 
the other two nets it is on (1120). Single lines represent bonds in the plane of the 
projection; double lines represent bonds out of the plane but superimposed in projection. 
Readers interested in topics such as stacking faults in Si and similar defects will find it well 
worth the effort it takes to learn to interpret such diagrams. In particular notice that the 
double lines represent a zig-zag chain of vertices seen in projection; we encounter such a 
motif repeatedly in the next few sections. 

"Diamond" (used as an abrasive) made by shock compression of graphite is usually a 
rather disordered mixture of polytypes. S i c  also occurs as many polytypes; a cubic 
spha le r i t e  form (known as P-Sic), a wur tz i t e  form, and other hexagonal and 
rhombohedra1 forms. The term a-Sic  is sometimes used for the non-cubic forms. Under 
the trade name "carborundum" it is used on a large scale as an abrasive. The polytypes have 
been studied very extensively as S i c  is also potentially a valuable material for 

'In the ropologicol sense. In geometdc terms the two nets in their mast regular forms with equal edges 
have the same density (vertices per unit volume). 



302 Chapter 7 I Three-Dimensional Nets and Infinite Polyhedra 303 

microelectronic applications. Unfortunately the electronic properties are very sensitive to 
structure and it is still far from certain what factors determine which polytype will form, 
and most preparations consist of intergrowths of different polytypes. The structure and 
isotopic composition of meteoritic S i c  (moissanite) is also currently of considerable 
interest. 

In the Notes (8 7.1 1.4) we describe some of these polytypes in mote detail and give 
coordinates for idealized versions of some of the simpler struchlres. 

Forms of silica ( S i q )  with vertex-sharing ( ~ i l ~ ~ t e t r a h e d r a  and with the Si-(0)-Si nets 
having the diamond and lonsdaleite touoloev are known as cristobalite and tridvmite - . -. 
respectively. 

Fig17.11. Lpft the diamond structure projected on (110). Middle: the lonsdaleite structure projected on 
(1120). Right: the hc diamond polytype similarly prajectcd. Double lines represent bonds up and down out 
of the plane of the paper. 

*7.3.2 Two more uniform nets, 66 

Fig. 7.12 shows a net that is a first cousin to the diamond-lonsdaleite family (compare 
Fig. 7.11). It i s  also uniform (66) but now the extended symbol is 6.6.6.62.62.62. There 
are also ten 10-rings meeting at each vertex in addition to the nine 6-rings. We have not 
found a good name for this net so it is arbitrarily named net #9. A crystallographic 
description is (note that it is denser than diamond): 

net #9 Fddd,n=4.644,b=3.061,~=1.532,r=0.735 
6.6-6.62.6262 in 16 e: F t (x.1/8,1/8 : 114-x. 118,118), x = 0.3057 

Another simple uniform net (which we call net #5) is also shown in Fig. 7.12. Like the 
previous net (and lonsdaleite) there are only four vertices in the primitive cell. The 
extended symbol is 6.6.62.62.63.63. There are also eight 8-rings and ten 10-rings meeting 
at each vertex in additian to the nine 6-rings. A cqstallographic description is: 

net #5 P4122, 0 = 2.030, c = 1.414, r = 0.686 
66-62626363 in 4 o: (0,x.O ; O,f,in : 1.0.314 : x.0,114), x = 0.3258 

challenge, and counting rings by hand quite difficult. 
It appears that all un~form Cconnected nets are 66 (some more examples are given 

below).l In contrast uniform 3-connected nets ranging from 73 to 123 are known (see 
Notes). 

Fig 7.12. Left: net #9 projected on (001) with a horizontal on the page. Open circles are at r = 118. 
lightly shaded circles ar r = 318, darker shaded at r = 518 and filled circles at r = 718. Right: net #5 
projected on (OOL). Open circler are at z = 0, lightly shaded circles at r = 114, darker shaded at r = ti2 and 
filled circles at z = 314. In both figures broken lines represent b n d s  to atoms with either r < Oor z > I. 

7.3.3 Nets derived from 63: CrB4 

As mentioned above, it is possible to derive Cconnected nets in a formal way by linking 
stacked planar 3-connected nets. Lonsdaleite is a simple example of a 4-connected net 
derived by linking 63 nets (Fig. 7.13, left). Two more ways of deriving Cconnected nets 
from 63 are also shown in Fig. 7.13. In the figure, open and filled circles are to be 
interpreted as links up and down from a given layer and in opposite directions in adjacent 
layers so that each vertex is 4-connected. This description is sufficient to specify the 
topology (connectivity) of the net. Note that edges connecting pain of open or filled circles 
correspond to Crings seen in projection. Except for lonsdaleite, all nets derived in this 
way contain Crings. 

Each of the two new nets derived in the figure is uninodal and the long Schlafli symbol 
is also the same in both cases: 4.62.6-6.6.6 (short symbol 4.65). 

The first new net, in the middle in Fig. 7.13, is the net of the B atoms in CrB4 (which 
has the orthorhombic structure described for MnB4 in 5 4.6.5-see also Appendix 5) so 
we call it the CrB4 net. The other net is found as the arrangement of Ga atoms in CaGa204 
(edges correspond to Ga-O-Ga bonds). A formal description of the first net is: 

Despite their simplicity, model builders will find constructing these last two nets a I A ~  example of a net with only 7-rings is given below (5 75.1). bur one angle contains no rings. 
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Fig. 7.13. Durnx.on ~r ?.i.>nnc;icu i ~ l r  f rxn  \ t r k r . . l  hJ "el. ,see text,. On the Iclr. longdulei~~ i, 
Jeined. 10 ~hc m d  llr. C r 4 .  And an th: rcr.hl C -CJ~OI  In c x n  :;r,c ~dtlic~onai h~jttJ, go UP Joun, i r ~ m  
upen fil!sd :WII.. to \&nuial ncti +J.J \ .~  i b l o u ,  the on<\ 

'The net is I I I U I ~ I J I C ~  in >c(er~l  u13ys in F I ~ .  7.14. On ihc lcit it ih projccled on 1001,. 1 

proicctiun that SUgpeits th:tt 11 io t~ld  3150 he dertvr.3 irortl thc olansr 4.82 net in ..n nh\,~ntl, . ~ ~- . . ~ ~ - ~  
way. This projection should also be compared with that of net #I09 on the left of Fig. 
7.15. The projection in the middle of Fig 7.14 corresponds to that in the middle of Fig. 
7.13 (but rotated by 907. 

Fig. 7.14. The CrBq net. Left: a projection on (001); tilled and opsn circles are at z = 0 and l a  
respectively. Middle: the slructure projected on (100); tilted circles are at x = 1116 and open circles at x = 
*1/3. Right: us a clinographic projection (e vertical). 

We meet the CrB4 net in several disguises. The 8 h positions of I4lmmm can split into 
two groups of 3 corresponding to the positions 4 f and 4 g of P42lmnm: 

If these positions are separately occupied by Be and 0 atoms (with x = 116) we obtain 
the structure of P B e O  (for the real PBeO structure see Appendix 5). 

The same net appears as the AI,Si net in one form of CaAlzSizO8 (cf the paracelsian 
net in 8 7.3.6 which is the net of another form of CaAlzSi208). 

The reader is encouraged to draw the second net (that of CaGa204). This net also occurs 
as the AI,P net in the mineral variscite, AIP04-2H20 (the corresponding net in 
metavariscite, which has the same composition, has the C r B 4  topology). The 
crystallographic description is: 
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CaGa204 Cmca, a =?.823, b=3.291,c=2.794, r=0.616 
4.626.6.6.6 in 16 8: C i. (ix,y.z ; +--r,1/2-y,112+z). 
x = 0.177. y = 0.133, r = 0.087 

*7.3.4 Two nets related to CrB4 with zig-zag rods 

Fig. 7.14 shows (left) how CrB4 may be derived from the two-dimensional net 4.82 by 
reolacine some of the edees (those not on sauares) bv zie-zag lines (which are shown as . - - .  . . . - u  
double lines in the projection) representing edges connecting layers above and below. A 
related net can be derived from 4.a2 bv an analoeous ~rocedure if the sauares are sliehtlv - - u .  - .  
tilted out of the plane as shown in Fig. 7.15 (left). We label this net #109. 

.-\nolher nsl that occurs & the tr\l,P) irallle\v~rk in 3 fdnlt 01 ,UP04 knotvn si UI'04-3 I 
i, dcmved r~mihrly irom thc luo-din~snslon:il ~ C I  4.612 [see Fig. 7.1 5 ,nglui]. 

Fig. 7.15. Left: net #I09 projected on (001). Increasing depth of shading indicates elevations of d8. 
3d8. 5d8 and 7d8. Right: AIPOd-31 projected on (WI). Increasing depth of shading indicates elevations 
of L/12,3d12,5d12,7d12,9d12 and lld12. 

Crystallographic data for these structures are: 

net #I09 14llornd. a = 5.856, c = 1.423, r = 0.656 
4.626.6.6.6 in 32 i: IJ.(x,y,r ; etc.),x =0.085, y = 0.080, z = 0.125 

AIPO4-31 RTm, a =6.800, c =  1.578. r=0.570 
4.6~.6.6~.6.63 in 36 i: R 1 (x,y,r ; etc.), x = 0.1992, y = O.?51, z = 0.25 

The nets of this and the orevious section can be distinguished by numbers of topological - . . 
neighbors nk (the coordination sequence). Values for the first three are rather close to each 
other as might be expected for nets with the same Schlifli symbols. 
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7.3.5 SrAI2, cancrinite, and related nets with double zig-zags 

Two more ways of connecting 63 nets are shown in Fig. 7.16. These both give rise to 
uninodal nets that are of interest in crystal chemistry. The net on the left is found as the A1 
arrangement in SrAIz, so we name it after that compound.' The same topology also occurs 
(considerably distorted from the geometry given above) as the network of ponds in a-Np. 

Fig. 7.16. Derivation of the SrAlz (left) and paraeelsian (right) nets from 63 (compare Fig. 7.13). 
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Other occurrences of this net are as the (A1,Si) framework in RbAlSi04 and in the 
synthetic zeolite known as Li-A with stoichiometry LiAISi04.H20. 

A closely related net occurs in the synthetic zeolite with (M$AI,P) as framework atoms 
known as MAPO-39. The f o d  description of this net is: 

The relationship of this net to SrAlz should be apparent from Fig. 7.17. Both structures 
feature double zig-zags of vertices which make up a puckered ladder as shown 
schematically on the left in Fig. 7.18. The two nets differ only in the way the double zig- 
zags are interconnected. Note that in Fig. 7.17 the projection is along the axis of the double 
zig-zag (which projects as a rectangle). 

A description of the SrAlz net is: r Fig. 7.18. Left: p a t  of n double dg-zag. Right: part of a double crankshaft. 

The net on the right in Fig. 7.16 occurs as the (A1,Si) framework in paracelsian and is 
discussed in 5 7.3.6. 

Another simple net containing double zig-zags occurs in the structure of cancrinite, 
The structure is simply illustrated as a projection down the short axis (b); it is shown in which has ideal formula CaNa6A16Si602qC03.2H20. This net is shown in projection in 

this way as Fig. 7.17 (left). Fig. 7.19. Crystallographic data are: 

Fig 7.17. Left the SrAl2 net projected on (010). a is horizontal on the page. Filicd and empty circles are 
at y = 114 and 314 respectively. Right: MAPO-39 projected on (001). Filled and empty circles are at i = 0 
and 112 rerpectiuely. In both cases single lines are edges in the plane of the projection; double lines 
represent edges up and down out of the plane. 

I ~ h e  "type" compound is often taken as CeCuz, structural data for which are to be found in Exercise 
3.1 1. If you did that exercise, campare your drawing with Fig. 7.17. 

Fig. 7.19. The eonerinite net projected on (001). Open circles are at z = 114 and filled ciicles at r = 314. 
Double lines repicsent "Ug-zags" viewed in projection. 

Note that the unit cell consists of hexagons centered at 113,213,114 and 213,113,314 so the 
centers of the hexagons are stacked in a sequence AB ... as in hexagonal close packing. We 
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will meet a number of related nets based on stackings of hexagons in 5 7.8.5. 

*7.3.6. Some nets derived from 4.82 with double crankshafts 

The derivation in Fig. 7.13 of some 4-connected nets from 63 by addition of a founh 
link (either "up" to a net above or "down" to a net below), suggests that nets could be 
similarly derived from stacked 4.S2 nets. Four uninodal examples, one of which we have 
already met, are given here. Fig. 7.20, which is to be interpreted in the same way as Figs. 
7.13 and7.16, provides a definition of their topologies. Another way of deriving nets from 
4.S2 is suggested by Fig. 7.17; we meet yet another way in our discussion of the feldspar 
net.' 

A feature of the structures in this and the next section is the occurrence of rods of atoms 
arranged in what is known as a "double crankshaft" configuration as shown in the right- 
hand part of Fig. 7.18 (above). 

On a double crankshaft rod, all vertices are three-connected and related 4-connected nets 
(discussed here) differ in the mode of cross-linlang the rods, which all have their axes 
parallel. In projection along the axis of the double crankshaft it appears as a rectangle with 
two links "up" on one long edge and two links "down" on the opposite edge. (In Fig. 7.20 
we have used an idealized representation in which the rectangles appear as squares- 
contrast Figs. 7.17 and 7.19.) 

Fig 7.20. An idealized representation of 4-connected ncts dedved from stacked 4.X2. From the left: net 
$75, the paraeelsinn net [compare Fig. 7.16 (right)], the merlinoite net, and the gismondine net. 
Pounh edger go up fmm open cimles and down from filled circles. 

The net derived second from the left in Fig. 7.20 is in fact the same as that shown on the 
right of Fig. 7.16; (see below). It occurs as the (A1,Si) framework in paracelsian, 
B ~ S ~ ~ O X . ~  Other compounds with the same framework are danhurite, CaB2Si208 and 
hurlbutlte, CaBe2PzOx. 

A crystallographic description of the paracelsian net is: 

 or a systematic account af the derivation of 4-connected nets from 4.82 see 1. V. Smith, Amer 
Mineral. 63. 960 (1978). 

2 ~ e  celsian modification of BaAl~Si~08 has the feldspar structure (B 7.3.9). 

The net derived on the left in Fig. 7.20 has the same Schlafli symbol as paracelsian. 
We have not identified it in a known material so it is arbitrarily labeled net W15. The 
description is: 

net #75 I4imcm, a = 4.509, c = 2.844, r = 0.553 
4.6.4.6-6.81 in 32 m:  l i  ( x . y , h  ; h i ?  ;x,%l/2& : y4,li&), 
x = 0.101, y = 0.243. z = 0.176 

As it is vely useful to be able to interpret projections of nets, in Fig. 7.21 we repeat the 
two projections of paracelsian using the coordinates given above.' In the first (left) the 
projection [on (OOl)] is along the axes of the double crankshafts and the second (second 
left) the projection [on (ICQ)] is normal to the double crankshafts. 

Fig. 7.21. Left: paracelsian projected on (001) with b up the page. Open circles are vertices at r = 0.07 
and 0.43; filied circles are vertices at r = 0.57 and 0.93. Double crankshafts project as rectangles. Second 
left: the same net projected on (100) with b up the page. Open circles are vertices at r = 0.15 and 0.85; 
filled circier are vertices at z = 0.35 and 0.65. Double crankshafts project as single crankshafts of all filled 
or all open circles. Second right: net #78 projected on (100) with c up the page. Open circles are vertices 
at x = 0.17 and 0.83; filled circles arc vertices at r = 0.33 and 0.67. Right: the same net in clinogrvphic 
projection with double crankshafts shaded. 

These two projections suggest the possibility of a family of nets with double crankshafts 
running in two perpendicular directions. The simplest such net (and possibly the only one 
with one kind of vertex) is shown in the two right-band drawings of Fig. 7.21. Data for 
this net (#78) are: 

net #78 14llnmd, o = 3.020. c = 6.210, r = 0.565 
4.6.4.82.6-6 in 32 i: I +  (x,y,r ; etc.).x = 0.165, y = 0.085, i = 0.069 

The other two nets of Fig. 7.20 are found in the structures of merlinoite and in 
gismondine; they both have Schlafli symbols 4.4.4.82.8.8 (note the short symbol is now 
43.628 in both cases) and are illustrated in Fig. 7.57 (p. 342). These nets are less dense 
than the other two, and alumino-silicates based on these frameworks accommodate a 
substantial amount of water (as typical for zeolites). Ideal formulas are merlinoite, 
K5Ca2A19Si23064.24H20, and gismondine, CaAl2Si208.4H2O. 

'Once one learns to "read" such diagrams, it will be found very easy to consuuct "spaghetti" models 
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merlinoite I4Immm. 0 =4.482, c = 3.312. r = 0.481 
4.4.4.82.8.8 in 32 0: Ii: (x.i:y,L? ; y , i r . i l ) ,  x = 0.112, y = 0.269, r = 0.151. 

gismondine I4llamd, a = 1013, c = 48013 = 2.981, r = 0.483 
4-4.4.828.8 in 16 g: I f  (C-r,114h.718), r = 3120 

Coordination sequences for nets of this and the last section, nk, are: 

k 1 2 3 4 5 6 7  
SrAI2, MAPO-39 4 10 21 36 54 78 106 
paraerlsian 4 10 21 37 57 81 109 
#75 4 10 21 37 57 81 110 
#78 4 10 21 37 58 83 I l l  
caoerinite 4 10 20 34 54 78 104 
merlinoite 4 9 18 32 49 69 93 
gismondine 4 9 18 32 48 67 92 

The nets are generally distinguished by numbers of neighbors, nk, although SrAl2 and 
MAPO-39 have the same sequence (but these nets are distinguished by their Schl2fli 
symbols). Notice that SrAlz, paracelsian, net #75 and net #78 have very similar 
geometrical densities ( r )  and also have very similar numbers of topological neighbors (nk). 
The same is true for merlinoite and gismondine. Generally it is found (see $ 7.5) that 
the geomet~ical density, r, and the topological density as measured by sum of nk (over, say 
ten coordin;ltion shells), are rather well correlated. 

*7.3.7Anoiher net with doubIe crankshafts: gmelinite 

Fig. 7.22. The gmelinite net projected on (001). Open circles are vertices at r = DO9 and 0.41 and filled 
circles are vertices at 2 = 0.59 and 0.9 1 .  Lines joining filled circles and lines joining open circles represent 
edges normal toe (ie. parallel to the plane of the paper). The oiher lines represent edges going up and down 
so the rectangles represent double crankshafts in projection. 

Another simple net with double crankshafts is found as the (A1,Si) framework of the 
natural zeolite gmelinite, which has approximate formula Na~,CaxAlzSi4012.6H20. As 
shown in Fig. 7.22, the structure is now derived from the two-dimensional net 4.6.12. 

Note that the structure contains hexagonal prisms centered at 1/3,U3,114 and 213,1/3,1/4. 
... The hexagon stacking could therefore be symbolized AABB Contrast cancrinite (Fig. 

... 7.19, p. 307) in which hexagons are stacked AB Crystallographic data are: 

gmelinite P6gImmc. n = 4.418. c = 3.149, r = 0.451 
4.4.4.8.6.8 in 24 I: 2(x,y,r ; etc.), r = In ,  y = 0.440, z = 0.091 

73.8 Alternating "up-down" nets 

Tl,ere i, a lllrgc : I ~ s s  o i  nets rlerivcd iron1 a w c k ~ n g  uf 3-cunnc;url tan-d1mcna10n:ll 
nets with f.,unh hnkj irum c x h  v c n c i  in the lsscr dlternari~ti: up to a llyrr abovc or jonn .~ - - ~~ . . 
to a layer below. For such alternation to be possible, the rings in the two-dimensional net 
must all be even, and for a given two-dimensional net there is only one distinct three- 
dimensional "up-down" net. Accordingly there are only three nets in this class with one 
kind of vertex; they are derived from 63.4.82 and 4.6.12 respectively. The net derived 
from 63 is in fact lonsdaleite (5 7.3.1). The net derived from 4.a2 is found as the Zn and 
Sh net of TlZn2Shz so we name it after that compound (recall that bold face names refer to 
structures-in this case a net). The net derived from 4.6.12 is found in the alumino- 
phosphate zeolite known as AIPO4.5. Data for the last two (illustrated in Fig. 7.23) are: 

Fig 7.23. Left: projection of TlZn~Sbz on (001). Right: projection of AIPOJ-5 on (001). In both 
cases open circles are vertices at r = 0.39 and 0.61. and filled circles are venices at 3.19. Edges go down 
from filled circles to a layer below, and up from empty circles to one above. 

A conspicuous feature of these nets is the rods of atoms that project as a square with 
connections up-down-up-down (UDUD).I This may be contrasted with the double 
crankshaft which projects as a rectangle with connections UUDD. A fragment of an UDUD 
rod is shown in Fig. 7.24. 

'For the ease of of two or mare rods fused together (when the "squares" become rectangles) see 4 7.1 1.8 
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Fig. 7.24. Left: a fragment of T l Z n ~ S b t  (Fig. 7.23) illustrating an UDUD rod (full lines and filled 
circles). Right: the same cod with connecting vertices as in seapolite. 

Several other "up-down" nets found in zeolites are described in g 7.8.4. A simple net 
with UDUD rods occurs in minerals of the scapolite family.[ We include it here as it 
illustrates several useful points. Crystallographic data are: 

seapolite 141mmm. n = 4.338, c = 2.294, r = 0.556 
4.52-82.82-82.82 in 8 i: I f  (x,O,O : OJ,~), x s 0.163 
4-82.5.5-5.5 in 16 n: I f  (0,y.iz : y.0.k). y = 0.339, z = 0.230 

Fig. 7.25.:Left: the seapolite net projected on (001). Numbers are elevations in units of c. Right: the 
4.a2 net i n  its most-symmeuicai. minimum-density form (top) and partly collapsed (bottom). 

The net consists of UDUD rods linked by single squares of vertices. In Fig 7.24 (right) 
one vertex of each such square is shown as an open circle. Fig. 7.25 shows the structure in 
projection on (0011 and it is worth the effort it takes to read the projection. Note in 
particular that squares at z = 0 and z = 112 represent planar square groups, but that the other 
squares represent UDUD rods. As usual we show pairs of edges inclined up and down a s  

l~cilpolite has approximate formula Nq.41~Sig024CI. 
the temhedraily-coordinated atoms (in his case A1 and Si). 

that the net is the structure of only 
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double lines. 

The crystallographic data given above for scapolite are for the highest symmetry form 
and the most open structure. In fact it is common for nets of this son to "collapse" to a 
denser structure, with the extent of coilapse determined by the nature (and size) of the 
material in the cavities of the net (in scapolite this is Na and CI, other members of the 
family contain C 0 3  and SO4 groups). Fig. 7.25 also shows schematically a common mode 
of collapse of a rod structure (such as scapolite) based on 4.82 nets. 

An isolated UDUD rod of (TI04  tetrahedra has stoichiometrv T?O5. In narsarsukite .-, , - .  
cuclt ro,i, 1rcloine.1 by ;.,lur!!n, uivr.ndr;-.,haring [Ti (0, i,ct;~hr.Jra ru produce A >truauru 
trlth cump.,,ltton S.12l'tO Sl:Oj 2 .  F x  rn%,rr. un ndri~r,.jkltc. ,cc Fucr;ii< 7.12 14 

7.3.9 Feldspar  and coesite 

The feldspars are a large and complex group of minerals with general formula 
A(AI,Si)408. The (AI,Si) atoms are on a 4-connected net linked by 0 atoms. In the 
structure of coesite (a high-pressure polymorph of SiOz) the Si atoms are on a different, 
but closely related net. Derivation of the feldspar net from 4.82 is shown in Fig. 7.26. To 
interpret this figure, it should be noted that distorted 4.g2 nets are packed in a two layer 
repeat; the net in solid lines alternating with that shown by broken lines. Filled and open 
circles represent respectively edges going (almost) vertically up and down from the soiid- 
line net to the broken-line net above or below. 

Fig. 7.26. Derivation of the feldspar net From 4s2. See lent. 

A crystallographic description of this net (as usual with unit edges and in its highest- 
symmetry, maximum-volume form) is: 

feldspar C21m,a*3.189, b=3.951,c=2.346.P= 115.C,r=0.599 
vertices in 8 j: C + ( x . t y , z )  
4.62.4.8-6-62: x = 0.287. y = 0.373, z = 0.376 
4.6.46.82.1010: x =0.000, y = 0.231, : = 0.213 

Note that the net of the real mineral is somewhat collapsed from the maximum volume 
form. Parameters more representattve of real minerals (again for unit edge) are a = 2.780, b 
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= 4.202, c = 2.314, P = 116.0', r = 0.659, vettices in 0.215, 0.381, 0.337 and 0.011, 
0.176.0.222. Ordering of silicon and aluminum in real materials also lowers the symmetry 
and leads in some instances to larger unit cells; the topology of the net stays the same, of 
course. 

Why, with simple, symmetrical nets such as those of the previous sections available, did 
nature choose this more-complex, lower-symmetry net as the basis of the structure of the 
most common of all minerals on the face of the eaah? 

Fig 7.27. Projection of the feldspar net on (010). The points shown are a slab with It2 c y < I. A second 
slab lies beneath and related to the first by a mirror plane at y = ID. Shaded circles represent one type of 
vertex, open and filled circles the other. Vertices connected by heaviest lines are approximately in u plane 
and above the plane of those connected by Ulc lightest lines. Additional edges go venically up from vertices 
shown by open circles and down fmm vertices shown as filled circles. 

Fig. 7.28. Feldspar projected 0" (001) showing the twisted double crankshafts (shaded). An ab face of 
the unit cell is shown and the m o w  marked e is the praiection of that axis on the plane. Open, lightly 
shaded, darker shaded and tilled circles are vertices at elevations approximately 0.45, 0.80, 1.32 and 1.67 
above the plane. As e is not normal to the page successive layers are displaced up the page by the 
projection of c. The coordinates used in the drawing are for the denser of the two sen given above. 

As an aid to constructing a model a projection of the feldspar net is shown in Fig. 
7.27. The twisted double crankshafts now run horizontallv across the oaee (oarallel to a). . - .. 
In making a "spaghetti" model the best strategy is to first consmct the doublecrankshafts, 
secondly link them to make the layer shown in the figure (the double crankshafts will now 
twist) and finally connect layen to their minor images using the remaining unused links as - - - 
shown in Fig. 7.28 in which the twisted crankshafts are seen in a projection on (001). 

A related net. that is also made UD of twisted double crankshafts, is that of the Si atoms 
in the coesite form of Si02 (a high-pressure polymorph; for data see Appendix 5). The net 
is made up of layers similar (topologically identical) to those shown for feldspar in Fig. 
7.27. The linkage between layers makes the topology difficult to describe and results in 
rings of edges being looped as in a chain. Fig 7.29 (which should be contrasted with Fig. 
7.28) shows how the layers of crankshafts are linked. Model builders should first construct 
double-crankshaft layers as for feldspar, then link them using Fig. 7.29 as a guide. Note 
that the middles of these linking edges are at centers of symmetry. 

Fig. 7.29. The linkage of doublc-cranksha8 layers in coesite shown in projecrian on (001). Only one 
double crankshait of each layer is shown. On the left, the middle double crankshaft is connected to two 
higher in elevarian, on the right the same (middle) double crankshaft is connected to two others of lower 
elevation. Vertices with the same shading have approximately the same elevation. 

The coesite net contains odd (9.) rings. This means that if there are two kinds of atoms 
(A and B)  at the vertlces they cannot be arranged so thatA has only B neighbors and vice 
versa. Data for a form of the coesite net are given below. Note the high density (r). Coesite 
is the densest known form of silica wlth Si in Ccoordination by oxygen. 

coesi te  CZic,a=2.327, b = 4 . 1 5 2 , c = 2 . 2 8 1 , P =  120.V,r=0.845 

7.3.10 Sodalite 

A simple quasi-regular four-connected net that arises in many contexts is the net we call 
the sodalite net. A formal description is, for unit edge length: 
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sodalite I d m ,  a = $8, r =  0.530 
4.4.6.6.6.6 in 12 d: l f L114.0,112)~ 

We met this pattern earlier ( 8  6.2) as that of the tetrahedral sites of bcc packing. It may 
also he recalled that this arrangement is that of the vertices of a space-filling by truncated 
octahedra (illustrated in Fig. 7.30). The centers of the tmncated octahedra are on the nodes 
of a bcc lattice. 

Fig. 7.30. Left qaee-filling by truncated octahedra (4.62). Right: the edges and vertices shown as the 
four-connected sodalite net. 

The net corresponds to the arrangement of the (Si,Al) atoms in the mineral sodalitel: 
NuSi3A13012CI. although in the real structure the 0 arrangement lowers the symmetry to 
lz3m (see Fig. 6.72, p. 275) and Si,AI ordering further lowers the symmetry to PZ3n. m e  
positions of the vertices of the net are also those of the lattice complex W". The same 
pattern is shown as a Cconnected net in Fig. 7.30. The Schlafli symbol of the vertices is 
4.4.6.6.6.6. Note that for a net derived from a packing of polyhedra each angle contains 
just one ring (the Schliifli symbol has no subscripts). 

The number of topological neighbors is given by the very simple f o m l a :  

7.3.11 NbO and quartz 

The positions of the Nh and 0 atoms in the simple cubic structure of NbO (for 
crystallographic data see Appendix 5) taken together are at the nodes of another quasi- 
regular net (Fig. 7.31). For unit edge length, the crystallographic description is: 

'Minerals of this group are often called ultramarines. Ordering and the occurrence of incommensurate 
phases in sodalitas such as CaqA160~2W04 (CAW) and SrqA16012Mo04 (SAM) are currently lively 
topics of investigation. Yet another sodalite camposition is CuA16013 (withone 0 atom in the cage). 

NbO ImTm, a i 2, r = 0.75 
62.62.62.62.82.82 in 6 b: I + (O,112,lf2)~ 

The vertices of the net correspond to the invariant lattice complex S . I  They also represent 
the distribution of "octahedral sites" in the bcc srmcture and so the vertices are at the centers 
of the squares in the s o d a l i t e  net. The Schlafli symbol of the vertices is 
62.62.6~.6~.82.82. Note that the edge angles are four of 90' and two of 1 8 0 ~  and that the 
vertices fall on three mutually-perpendicular strings that intersect in pairs. 

Fig. 731. Left tho NbO net. Right: the quartz net (e is vertical). 

Another quasi-regular net, that we will see is related to the NbO net, is the quartz net. It 
describes the positions of the Si atoms in the quartz f o m  of Si02 (the most stable form at 
mom temperature and pressure). In the maximum volume configuration the structure is: 

quartz P6222, n = d(813). c r 43, r = 0.75 
6.6-6262.87.87 in 3 c: 112.0.0 ; 0,112,213 ; 112,112,113 

The net is enantiomorphic; its mirror image has symmetry P6422 with coordinates 
112,0,0 ; 0,112,113 ; 112,112,213. The structure (also illustrated in Fig. 7.31) again 
corresponds to an invariant lattice complex: the two enantiomers are labeled +Q and -Q 
respectively. The edges are all equivalent, so the net is quasiregular. The angles are two of 
90'. two of cos-I(-113) = 109.4T and two of cas-'(-213) = 131.81". 

The NbO and quar tz  nets have the same short Schlafli symbol: 64.82 and the same 
density (r = 0.75). The relationship between them is shown in Fig. 7.32 in which a 
projection of the NbO net on (1 11) is compared with a projection of the quartz net on 
(001). It is to be noted that the repeat distance normal to the plane of projection is the same 
in the two cases, and that both nets contain the same number of vertices per unit volume 
(i.e. they have the same geometrical density). The main difference is that NbO contains 
three-fold spirals of two hands whereas quartz contains spirals of only one hand. 

'NO* that in NbO the Nb and 0 atoms (each 4-coordinated in a square by the other) are each on a J 
lattice cornpier; two such complexes separated by 112,112,112 combine to give f. 
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A third net is related to these two. It is of some interest because, like them, it has only 
three vertices in the primitive cell. The projection in Fig. 7.33 should make the family 
relationship clear (compare Fig. 7.32). Wells (see the Notes at the end of this chapter) calls 
it "net 2" so we label it WZ. It is found as the arrangement of Ni atoms in heazlewoodite, 
Ni3S2 (for crystallographic data see Appendix 5). and is a rare example o f a  net containing 
only odd rings. A formal description is: 

Fig. 7.32. Left: the NbO net projected on (111). Right: the quartz net projected on (001). Open, shaded 
and filled circles are at 0. 113 and 213 of the repeat distance normal to the plane of projection. 

Fig. 7.33 The net W 2  drawn for comparison wtth Fig. 7.32 

The nets differ in topological density: The values of nkare given by: 

NbO nk = 3kZ + 2 - (k mod2) (7.4) 

quartz nk = 19k216 + 2 (k  = 6i) 
nk = [(19k2 + 10)161 (2 < k # 6i) (7.5) 

Here i is a positive integer, and brackets indicate rounding down to an integer. n l  = 4 
for W2 (as, of course, for all 4-connected nets). Topologically, quartz is the densest of 

- 1 
these nets (has most topological neighbors) and W2 (which contains 3-rings) is 
topologically less dense than the other two. (See $7.5 for a discussion of density.) 

*7.3.12 More quasi-regular and/or uniform nets: y-Si 

Three other nets of interest are described briefly here. They are all cubic and although 
there is only a small number of vertices in the repeat unit, they provide an interesting 
challenee to the model builder. - 

The first 1s found as the structure of a lugh-pressure polymorph of elemental s~bcon (for 
data see Append~x 5). so we call n the y-Si net. Data for the ~dealized net arc 

The vertices in y-Si have long Schlifli symbol 6.62.6.62.6.62 so that this is another 
uniform net. Note that there are two different angles: three of 97.94" and three of 118.13~. 

There are several interesting features of the structure. If the value of x is increasecto 118 
= 0.125 the vertices are on the lattice complex y* which is the positions 16 b of Ia3d and 
corresponds to an intergrowth of the +F and -p lattice complex. We saw (g 7.2) that these 
latter represent the two enantiomers of the Si net in SrSiz. Thus y-Si can be considered as 
derived from two inter-grown S r S i z  (3-connected) nets. The y-Si and T' structures are 
compared in Fig. 7.34. 

Fig. 7.34. Left: the y-Si net projected on (OOl), vertices in the top layer are at approximately z = 1 . 1 ~  
and 0 . 9 ~  and those in the bottom layer at 0 . 4 ~  and 0 . 6 ~ .  Broken bonds go to layers above or below those 
shown in the figure. Right: The lattice complex shown arr two intergrown three-connected nets (i?) 
projected on (001). Open circles ;at c18. light shaded at 3~18, darker shaded at 5cI8 and filled at 7ci8. 

The positions 16 c of la7 can also be considered to be a combination of two sets of 8 a 
of 1213: I + (x,x,x ; x,112-x,1/2+x)~, with x = u l  and x = uz. If ul + uz = 112 the 
symmetry is achially stillla7. In ySi  u l  = 0.104 and uz = 0.386. If these are changed to 
u l  = 0.0 and uz = 0.25 the structure is transformed to the body-centered cubic m a y  
(described with a cell of twice the edge length). This suggests that the material found after 
application of pressure may have transformed from a body-centered cubic lattice at high 
pressure as the pressure was released. It has been suggested that the diamond form of 
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carbon will transform to ySi  at very high pressure (about 800 GPa).' 

As 'psi approximates the r** structure (two intergrown Y* nets) it contains intergrown 
31 and 32 helices of Si atoms each arranged as in SrSiz. For this reason the cylinder 
packing consisting of two interlaced SrSiz packings was named the p s i  packing in 
4 6.7.3. 

are ten 10-rings meeting at each vertex. The structure is the third of four 4-coordinated rare 
sohere ~ack inzs  discussed bv Heesch and Laves (see S 7.5.21 so we label it HL4,. . - 

In much thesame way as;?" and -P can interpenetrate (Fig. 7.34) so can +V and -Vto 
produce the lattice complex V which corresponds to the positions 24 c of l d d :  

"~ ~ 

Two other invariant lattice complexes are 4-connected nets. They are of less importance 
in crystal chemistry and are frustratingly difficult to illustrate (as our figures below attest), 
but we include them here for completeness. Model makers will find that they are 
challenging to construct but very beautiful. 

This is another uniform net. It is also quasi-regular. A feature of the structure is that 
there are large non-intersecting tunnels parallel to < I l l >  arranged as in the garnet cylinder 
pachng ( 5  6.7.3). The projection on (111) shown in Fig. 7.35 reveals one such set of 
tunnels. 

Fig. 735. The lettlce complex S' projected on (I 11). Points in order of increasing depth of shading are at 
heights (in units of la+b+clR) of 1/12, 3/12, 5/12,7/12, 9/12 and 11/12. 

The second invariant lattice complex is an enantlomorphous pair: 

This is also a quasi-regular net. The net is very open; now m o  3-rings meet at each 
vertex (Fig. 7.36 emphasizes this aspect of the srrucmre) and the other rings in the structure 

rig. 7.36. A ciinographic projection of the latt~ce complex +V (HLQ) 

7.3.13 Silica (Si02) and water nets: keatite and moganite 

The planet we inhabit is made largely of silicates, and its surface consists largely of 
water (solid and liquid) and framework silicates. Silica (Si02) itself is of importance in a 
variety of contexts, and at least twelve polymorphs have been described. Low pressure 
forms of silica consist of framework structures of (Si)Od tetrahedra sharing vertices and 
the 4-connected nets corresponding to some of these structures have been met already: here 
we discuss several others. Silica is also found as a very-high-pressure rntile form (with 
six-coordinated Si) known as stishovite. BeF2 and Ge02 and ternary derivatives such as 
AlPOd also adoot at least some of the silica structures. Note that most of the silica 
polymorphs have lower symmetry than the idealized net on which the structure is based. 

Solid water (ice) in rts low oressure forms is also based on Cconnected nets of 0 atoms I . . ~ ~ , , 
joined by -H... bonds and the nets are the same as in some of the silica polymorphs. In 
higher pressure forms the structures are based on two inter-penetrating Cconnected nets. 

(i) Quartz, the stable form of silica at ordinary temperature and pressure, was described 
in $ 3.6 and the 4-connected net discussed in $7.3.1 1. 

'R. Biswas el 0 1 ,  Phys. Rev. 835,  9559 (1988) (ii) At high temperature, quartz transforms to cristobalite which 1s based on the 
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diamond net (3 7.3.1). This is the net of ice I, which is stable at very low temperatures. 
Ice VII (formed at pressures above about 2 GPa = 20 kbar) consists of two mter- 
penetrating cristobalite nets. 

(iii) Tridymite is a (possibly metastable) f o m  of silica based on the lonsdaleite net 
This is the net of the familiar ice (Ih) stable at atmospheric pressure below 0 'C. 

(iv) Coesite is the first crystalline phase of silica obtained when quartz is subject to 
pressure (about 2 GPa). The net of this structure was discussed in 8 7.3.9. 

(v) Melanophlogite is rare naturallyaccurring form of silica that is based on the net of 
the Type I gas hydrate net (3 7.6). 

(vi) Keatite is another rare metastable form of silica. The net (Fig. 7.37) contains two 
kinds of node and occurs also as the structure of y-Ge (a form recovered from high 
pressure) and as the net of ice 111 (which is produced from ice Ih at a pressure of about 200 
MPa). Data for keatite SiOz and yGe are given in Appendix 5. The keatite cell is tet~agonal 
(P43212, a = 7.46, c = 8.61 A); in the mnximum volume form of the net, r = 0.668. The 
Schlafli symbols are Si(l): 5 .5 .5~72.8~82 and Si(2): 5.7.5.7.5.72. 

Fig. 7.37. Left: the Si atoms of keatia projected on (001). Increasing depth of shading indicated vertices 
at approximately r = 0, 114, 112, and 314. The positions of the 43 ares in the unit cell (broken lines) is 
indicated. Right: the moganite net projected on (010). a is horizontal across the page. Progressively darker 
shaded circles represent vertices aty = 0, 114, 112 and 314. 

I Y I !  hlugan~tc i r   noth her ~0l)nl0I'ph diSi0: u hl.41 I\ reponedl to be ~nuno;lirl~~ ll?lu, 
R:ccnt rc>uit., iu?:r.,t tlrit o~~gi l t l~ tc  o ~ c u r i  more ~on~nlonl \  than sncr. jupposeJ in libroui 
forms of "quartz" known as chalcedony, agate, chert, flint, Ltc.2 The ide&ied 4-connected 
net of the Si atoms is illustrated in Fig. 7.37. For unit edge crystallographic data are: 

'G. Miehe & H. Graetsch, Eur J Mineral. 4, 693 (1992). 
'P. I. Heaney &I .  E. Post, Scirnce 255, 441 (1992). 
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For more on moganite and its relationship to quartz see 5 7.11.7. Crystallographic 

data for the real material are given in Appendix 5. 

(viii) When molten silica is cooled, it forms a glass (amorphous silica) which is a 
random network of vertex-sharing (Si lo4 tetrahedra. This is often referred to as quartz 
glass but the term "quartz" should be restricted to the crystalline polymorph. An amorphous 
silica is also obtained when quartz is compressed at low temperatures; amorphous ice can 
similarly be obtained from crystalline ice. 

(ix) The structure of ice VI  (stable between about 0.6 and 2 GPa at room temperature) is 
based on two inter-penetrating edingtonite nets (see 5 7.8.7) 

7.4 Nets and  infinite polyhedra 

We now expand our consideration of nets constructed from polyhedra sharing faces. 
They may be derived as a space filling (tiling) by finite polyhedra or considered as an 
infmite surface tiled with polygonal faces (infinite polyhedra). The most important of these 
nets are those of zeolites. The simplest such structure, the sudalite net, was described in 
§ 7.3.10. 

7.4.1 Linde A: an rnfinite polyhedron 42.62 

The first such new net is that of the zeolite known as Linde A: 

Linde A PmTrn, a = 1 +<8 = 3.828, r = 0.428 
4.6.4.6.4-8 in 24 k: (0.3,ir ; O&,iy)K, y = ll(4 + $2) = 0.1847, r = 2y 

In Fig. 7.38 (left) the structure is illustrated as an assembly of cubes and truncated 
octahedra (4d2) sharing square faces. Considered as a Cconnected net it has the Schlafli 
symbol 4.6.4.6.4.8 given above. However we can also consider thls structure as an 
infinite nolyhedron: at each vertex two squares and two hexaeons meet, and the interior of . . 
ths  pol! h c J r ~ n  I.: the s p ~ i ?  uccupic.l b! thr cubes w d  trun;.ltr.J <r;t3hr.rlra. Cunsidercd .* 
3pd,hr.,lr<,n the Sclll~lli ,) t~tbol I \  J?.b2 Saw the dtrtirl:tidn bctaeen the ncr Jcwr~ptis?n 
and the pulyhedrorl dcscr~ptio,l-in the iormer a,s :c,unl rtn;; at str :tnglr., .it th: vcniuc.,. 
ih the latter ($2 t i n  .vclt: or.lerl unls vulvro!~z .rn the .;urC.i<e <,i the o<~lvhr.dron. , . . ,. .- . . 

The empty space in the above structure consists of truncated cuboctahedra (4.6.8) 
sharing octagonal faces as shown in Fig. 7.38 (right). This is likewise an infinite 
~olyhedron 42.62 and the "interior" of the polyhedron is the space occupied by the 
kdcated cuboctahedra. 
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It may be seen that we have two infinite polyhedra, each of which fills the empty space 
of the other. Such pairs of infinite polyhedra are termed complementary. Taken together 
they represent an example of space filling (tiling) by regular and/or Archimedean 
polyhedra. In each case the same polygons are on the surfaces of both polyhedra. 

Fig. 7.38. The Linde A structure. Left: as an assembly of cubes and truncaled octahedra. Right: as an 
assembly of truncated cuboctahedra. 

For such an apparently complicated structure the number of topological neighbors is 
given by a very simple formula (brackets indicate rounding down to an integer): 

n~ = [(8k2 + 13)/5] 

7.4.2 Zeolite rho: infinite polyhedra 43.6 and 4.8.4.8 

The structure of the zeolite known as rho gives rise to another &connected net that can 
also be described as a space-filling by Archimedean polyhedra as shown in Fig. 7.39. Data 
for unit edge are: 

rho Im?m. 0 = 2 + 48 = 4.828, r = 0.426 
4.4.4.6.8.8 In 48 i: I + (1/4,Fr,l/Zfx ; 1/4,1/2lr,&r)k. x = (42 - 1)/4 = 0.1035 

This structure may be cons~dered as constructed of truncated cuboctahedra (4.6.8) and 
octagonal prisms (42.8) sharing octagonal faces.' From this point of view it is an infinite 
polyhedron 43.6. The empty space is an identical infinite polyhedron, so it is its own 
complement. The comhinaio" 02 the infinite polyhedron and its c&nplement corresponds a 
space-filling by truncated cuboctahedra and octagonal prisms. 

lCompare Fig. 7.38 in which truncated cuboctahedra share octagonal faces without the intervening 
octagonal prisms. 

Fig. 7.39. The smcture of zeolite rho. Left: as a packing of truncated cuboctahedra (4.6.8) and octagonal 
prisms (42.8) forming the polyhedron 43.6. Right: as the polyhedron 4.8.4.8 fomed from fused octagonal 
prisms. 

Alternatively the same set of vertices may be described as derived from an assembly of 
octagonal prisms sharing square faces as also shown in Fig. 7.39. In this description, the 
structure is an infinite polyhedron 4.8.4.8. The complement of this infinite polyhedron is 
the one (not shown) derived from truncated cuboctahedra sharing their hexagonal faces. 

Rho and Linde A have very similar densities, r. Remarkably, equation 7.7a (p. 324) 
holds foi the coordination sequences of both struch~res. 

7.4.3 Zeolite ZK-5 and an infinite polyhedron 43.8 

We have already met two structures involving the truncated cuboctahedron (4.6.8). One 
description of the Linde A structure involved linking them by sharing octagonal faces (note 
that they also are linked by cubes). Similarly the zeolite rho structure was obtained by 
linking truncated cuboctahedra by octagonal prisms attached to the octagonal faces. A third 
possibility involves linkage by hexagonal prisms attached to the hexagonal faces. This 
produces a structure (Fig. 7.40) that is the framework of the zeolite known as ZK-5 and is 
an infinite polyhedron 43.8. Considered as a 4-connected net the Schlafli symbol is 
4.4.4.8.6.8. The crystallographic description is: 

The CS is given by (cf. Eq. 7.7a): 
nk = [(12k2+ 16)nI 
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Fig. 7.40. Part of the zeolite ZK-5 structure 

7.4.4 Faujasite: a second infinite polyhedron 43.6 

Fig. 7.41. A fragment of the fvujasite structure projected on (111). The black hexagons are hexagonal 
prisms seen in projection and sharing a hexagonal face with a truncated octahedron underneath. The shaded 
regulvr hexagons ure top Faces of uuncated octahedra connected to hexagonal prisms on the bottom face. 

Another net that may be derived from a packing of polyhedra is that of the natural zeolite 
faujasite. This is obtained by fusing hexagonal prisms on four non-adjacent faces of a 
truncated octahedron (4.62). Adding four more truncated octahedra to the other hexagonal 
faces of the prisms results in a tetrahedral arrangement of the four truncated octahedra about 

the first one. Continuing so that a diamond arrav of truncated octahedra is obtained - 
produces the faujasite net, which is an infinite polyhedron 43.6. A potytype is obtained if 
the truncated cuboctahedra are connected as in lonsdaleite (rather than as in diamond): it . . 
should be clear that an infinite number of other polytypes is possible. Fig. 7.41 shows pan 
of one layer of the structure. Considered as Cconnected nets all veltices in these structures 
have symbol 4.4.4.6.6.12. 

Crystallographic data for the cubic (c-) and hexagonal (h-) faujasite nets are: 

h-fa~jasite P6jlmrnc. a = 5.633, c = 9.199. r =  0.380 
ail vertices 4-44.6.6.12 in 24 1: *(x.y.z ; etc.) 
vertex 1: x,y.r = 0.371, 0.097. 0.0181 ;vertex 2: xy.z = 0.156. 0.489. 0.0706 
vertex 3: r.y.z = 0.430, 0.037. 0.1069 ;vertex 4: xg .2  = 0.489, 0.156. 0.1957 

*7.4.5 An open structure, W 8  and a related zeolite 

Fig. 7.42. Part of a rare net 4.4.4.8.4.12 (W'S) shown as an infinite polyhedron 43.8. 

If cubes are inserted between the square faces common to the octagonal prisms in Fig. 
7.39 (right), a very open 4-connected net 4.4.4-8 4.12 results (Fig. 7.42). An alternative 
descr~ption is as an infinite polyhedron 43.8 (cf. the ZK-5 polyhedron, p. 325). For 
reasons to become apparent (9 7.5.2) we label this net W 8 .  

Crystallographic data for the CV*8 structure are (see also p. 373): 
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The density corresponds to a silicate with framework density FD = 10.5 tetrahedral 
atoms per 1000 A3. We do not know of a zeolite based on this framework; the most open 
known structures based on Cconnected nets have FD = 12.5. The 12-rings in W*S are not 
planar; they have angles of 135" (compare 15W for plane dodecagons). The stmcture also 
contains 24-rings. 

A closely related stmcture occurs in the synthetic zeolite known as CoAPO-50 which has 
a framework with composition Co3AIsP8032. The structure (Fig. 7.43) contains cubes 
connected by squares forming hexagonal layers containing 12-rings. The layers are joined 
by edges connecting opposite vertices of the cubes. Crystallographic data for the ideal form 
of t h ~ s  structure (which has a density close to that of faujasite) are: 

Fig. 7.43. The CoAPO-50 net viewed almost down c. 

A related net is that of MAPSO-46 which is left as an exercise (7.12.12). 

*7.5 Rare  and  dense 4-connected nets 

In the Chapter 6 we discussed sphere packings with particular attention to the densest 
packings of equivalent spheres. It is natural to ask also what is the rarest (least dense) 
packing of equivalent spheres. If we require the sphere packing to be stable, i.e. each 
sphere to be in contact with at least four others with points of contact not all on the same 
hemisphere, we must consider 4-coordinated sphere packings, or what is equivalent, 4- 
connected nets with equal edges. 

We remind the reader that the density, expressed as vertices per unit volume, we call the 
geometric density. In the context of nets, we consider one to be topologically dense if it 
has a large number of kth neighbors (obviously, all 4-connected nets have four first 
neighbors). As a measure of density in this respect, we arbitrarily use the cumulative sum 
of the numbers of topological neighbors, nk, for the first ten coordination shells (i.e. k = 1 
to 10) as a measure of the topological density. Appendix 3 elaborates on this topic. 
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The catalytic activity of zeolites is intimately bound up with the sizes of the rings in the 
structure, and considerable discussion has focused on topics such as the connection 
between ring size and density (in both senses). The same topic is also of interest in 
connection with glasses; for these a direct measure of ring sizes is generally unavailable, 
but can possibly be inferred from the density. 

*7.5.1 Two dense nets 

We consider here a second net (the first is diamond) with only two vertices in the 
repeat unit and a fourth net (the other three were described in 6 7.3.11) with only three 
vekces in the repeat unit. 

To derive the first new net we svstematicallv remove one third of the edees of the 
6-connected net of the primitive cubic lattice. The way that it is done is illustrated on the left 
in Fig. 7.44. The arrangement of the vertices is cubic, but if the edges are considered, the 
symmetry is tetragonal: P421mmc a = 1, c = 2 with vertices in 2 a: 0,0,0 ; 0,0,112. The net 
can be distoned so that each vertex has only four (instead of six) geometrical nearest 
neighbors as suggested in the center of the figure. The symmetry is now I4llacd and 
vertices are in 16 e: I k (x,0,1/4 ; x,112,3/4 ; 114,114-x.0 ; 114,314-x,O). For unit edge 
length and the next nearest distance as large as possible ('/5/2), a = 2, c = 414 and x = 118 
(r  = 1.069). Note that distortion slightly increases the geometrical density. 

Fig 7.44. Left: the CdS04 net derived fmm a primitive cubic array. Center: the same net distoned so 
that each vertex has only four geomolcic nearest neighbors. Right: a dense net with three vertices in the 
repeat unit. 

This net is found as that of Cd,S (joined by -0.) in CdS04 (HgS04 is isostructural) 
hence the name, CdS04 net. The short symbol for the vertices is 65.8. It is interesting that 
one of the angles is not contained on any ring, as all circuits containing that angle have 
shortcuts (cf. 5 7.1.1). We use -to symbolize such an angle and the long S c h l a i  symbol 
becomes 6.6.6.6.62.0.. It is very dense in the topological sense; the numbers of neighbors 
are: 
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Our second dense net (Fig. 7.44, right) is derived analogously by deleting one half of 
the edges corresponding to nearest neighbor distances in a primitive hexagonal lattice. 
Taking into account the edges the symmetry is P6222. Unlike the previous one, this net 
does not appear to be realizable with shortest dtstances corresponding only to equal edges. 
It does, however, have some interesting properties that merit mention. Like the previous 
net, one angle is not contained in a ring and the long symbol is 72.-.73.73.7y73 (short 
symbol 75.9). It is the only 4-connected net that has been described that does not have at 
least one 6- or smaller ring. It also has the largest number of topological neighbors of any 
known Cconnected net, so we call it dense net; the numbers of neighbors are given by: 

*7.5.2 Rare sphere packings 

This topic was considered many years ago by Heesch and Laves who found what was 
long considered to be the rarest (least dense) stable sphere packing. This structure is 
derived by replacing the vertices of the diamond net by groups of four spheres in contact 
(so that their centers form a regular tetrahedron). The tetrahedral groups are arranged so 
that they make contact along the diamond structure edges. We name this sflucture HL44 or 
0 4  (because the vertices of the D lattice complex are replaced by groups of four); see 
below for a crystallographic descriptton. 

A fragment of the structure is shown in Fig. 7.45. In the figure shaded tetrahedra replace 
vertices of the diamond net. 

Fig. 7.45. Illussating how HL44 is obtained by decorating the vertices of diamond 

\Vc L J I I  t h~s  proccr of rcplacmg .A \cnex of 3 -Icdnnc;ad rler u ith 3 vtrahzdral group uf 
\enl,.er i < c u r ~ , r u ~  It turns our t h ~ t  31 liisl IJLll utlt~r rncts C J ~  he de~ocilted in thrs wdy 10 - 
give new nninodal nets. They are derived from the lattice complexes +Q (quartz), SX, 
(sodalite) and +V. We label them +Q4, S14, W'L4 and +V4. Here are their crystallographic 
data in abbreviated form: 

The last of these is the rarest, but does not correspond to a stable sphere packing as the 
four contacts of spheres are all on the same hemisphere. The others, and 0 4 ,  are stable 
sphere packings. W*4 is illustrated in Fig. 7.46 which shows how it is derived by 
decorating the sndalite net. It is possibly the rarest stable sphere packing. The density 
(fraction of space filled by spheres in contact 1s 8d(2  + 3d2)3 = 0.1033 (compare with the 
density of d d 1 8  = 0.7404 for closest packing). 

Fig. 7.46. The rare (low density) sphere-packing net W'4 obtained by decorating the sodalite net with 
tetrahedral gmups (shaded). 

It is worth noting the apparently paradoxical fact that the most open nets are 
characterized by having a large number of small rings. The rare nets listed above all have 
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three 3-rings or four 4-rings in their symbols (they also have large rings as a consequence). 
On the other hand dense nets generally have a small number of 3- or 4-rings, often shortest 
rings of 6 (7 in the case of the dense net). 

1t is interesting that density (or rarity) in the geometrical sense is correlated with density 
in the tooolonical sense. In Table 7.1 we list (for maximum volume form) the number of . - 
vertices per unit volume, r, for some mostly dense or rare nets. Also listed is clo, the 
cumulative number of topological neighbors out to tenth neighbors. The net 4.4.4.8.4.12 
( w 8 )  was described in B 7.4.5. It can be derived bv revlacing the vertices of the sodalite . . - 
( w )  net by cubes of vertices (the centers of the cubes are on a sodalite net). It is possibly 
the rarest uninodal net that does not contain 3-rings. 

Note that if the restriction to uninodal nets is lifted, nets (but not stable sphere packings) 
can be constructed of arbitrarily low density by repeating the process of decoration.1 

Table 7.1. Some dense and rare nee compared 

net Schlofli symbol C t O  
dense 77-7~73-7373 1.155 2078 
CdSOq 6.6.6.6.62.- 1.W0 1488 
eoesitr 4.6.4.6.8.92 0.845 1324 

4-8.4.97-6.8 0.845 1321 
quartz 6.6.62.62.87.87 0.750 1230 
NbO 62.62.62-62.8282 0.750 1186 
diamond 62.62.62.62-62.62 0.650 980 
sodalite 4-4.6-6.66 0.530 790 
W*8 4.4.4.8.4.12 0.302 453 
D4 = HL44 3.122.3.122.3.122 0.236 496 
w*4 3.8-3.12.3.12 0.197 409 
+V4 3.6.3.202.3.202 0.151 350 

Fig. 7.47. The two inter-penetntrng D4 neu (light and darker shaded) ~n ~ 4 * .  

The 0 4  (HL44) net (among others) can be intergrown with itself in a way such that the 

'M. O'Keeffe & S. T. Hyde, 2 i t r .  Kristailogr (1996). 

shortest distance between vertices of the two nets is greater than the edge length (in much 
the same way as +p and -Y* intergrow to produce r*, see 5 7.3.12). The two intergrown 
0 4  nets are called D4*. The unit cell edge is now only half that the original fcc cell and a 
lattice vector translates from a vertex on one 0 4  net to an identical vertex on the other net 
(see Fig. 7.47).' The structure of LiCo(C0)a is based on this principle with {LiJ04 and 
(ColC4 tetrahedra joined by C-0  bonds. Zn(CN)* = Zn(l)Zn(Z)(CN)4 is isostructnral. In 
the structure of Z n b  there are tetrahedral Znk grouos ioined hv common comers to f o m  a . - . "  
supertetrahedron (Fig. 5.18, p. 150) and the Zn arrangement is topologically the same. The 
Pb arrangement in NaPb is similar. (Data for these compounds are given in Appendix 5.) 

7.6 Clathrate hydrates, foam, a n d  grains 

Imagine a foam of equal-sized bubbles. The surface of the bubbles will form space- 
filling oolvhedra with edges and faces curved so as to minimize their surface area. Three -. . 
faces meet at an edge with dihedral angle 12V and four edges meet at a vertex with angles 
of 109.47~. so the vertices and edges will form a 4-connected net. The structures can also 
be considered as packings of with 4-, 5- and 6-gon faces. As discussed by 
Kelvin over a hundred vears ago, the sim~lest such net will be sodalite which, as we have - 
seen (p. 315). is based on a space-filling by truncated octahedra. 

Similar arraneements are found in a number of different contexts such as the crvstallites - 
of a fine-grained metal or ceramic and aggregates of biological cells. The crystal structures . ~- - 

of clathrate hydrates are also based on these principles, for example the hydrogen-bonded 
framework of 0 atoms in HPFc6H20 is sodalite. Framework silicates with structures . . 
based on these nets are known as clathrasils. 

It is common in this context to use symbols for polyhedra that specify the number and 
types of faces. Specifically a symbol [Mm.N" ....I refers to a polyhedron with m faces that 
are M-gons, n faces that are N gons, etc. Thus the space-filling truncated octahedron is a 
14-hedron with six square faces and eight hexagonal and has symbol [46.681. For 
polyhedra with three edges at every vertex the numb& of vertices is (LM + nN+ ... 113. 

Interesting related soace-filling oolvhedra were discovered by Wi1liams.z Converting - - .  . 
tu,o r.lu.ire il,cc and ruo hcug>naI  i..m % a i [ ~ ( ' . h d ]  lntJ iour p < n t ~ g ~ n c  a l l l  produce .I 
ojl! h d n r n  14'5 '661 $$ ilh ,\ illnletr\ m,n2 11131 h3, iour ~ ~ ~ i d r ~ n g ~ l i r ,  idur pcnllpun.11 . , - . . 
and six hexagonal faces as shown in Fig. 7.48. This polyhedron (with slightly curved 
edges) will fill space to produce the first Williams structure. Although there is just one kind 
of polyhedron, there are now four kinds of vertex. 

Crystallographic data for the Structure are: 

I N O I ~  that two intergrown D (diamond) nets are just bcc and again the unit cell for the intergrowth 
has half the edge of the original. 

ZR. E. Williams. Science 161. 276 (1968). 
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Williams 1 P42lncm. 0 = 2.302. c = 7.969, r = 0.573 
4.4.6.6.6.6 in 4 o: fi314.114.0 : 314.114.112~ 

Fig. 7.48. The mm2 14-hedron in a space-filling configuration. The two vspects shown uie related by 
rotation by 180' about a horizontal axis. 

There is a second uolvhedron with the same symbol 144.54.661, now with symmetv 
222, that also fills space: It is found in the struct~re of B ~ C U ~ P ~  in which the k u  and P 
atoms form a 4-connected net (the coordinations are (CulP6 and ( P I C U ~ P ~ ) .  . . .  . . - -. 
Crystallographic data for the net withunit edge are given below. 

The structure (Fig. 7.49) contains equal numbers of both enantiomorphs of the 
polyhedron. Another feature of the structure is that it contains rods of (CutP4 tetrahedra 
sharing opposite edges that run alternately along [ lo l l  and [10Tl and connected by P-P 
bonds. Ba atoms are at the centroids of the polyhedra (for crystallographic data see 
Auwndix 5). . . 

Cunlinuing thu process of ior~vcntng ,qt~aret - hsxagons n, pentagons u1I1 produce the 
ccond William\ .;r>;ae tillinl: polvhcdron 142.5b.611 n ~ r h  tw., w u w .  tichr nr.ntni..,nxI ~ n . 1  -. . - .  - 
four hexagonal faces. The structure of the polyhedron packing is now rather simple (Fig. 
7.50): 

Williams 2 P4?lmnm. a = 2.325. c = 3 880. r = 0572 

Fig 7.50. The P421mnm space filling by polyhedra shown projected on (110). Filled circles are the 
5 5-5 5.6 6 vertices (in 4 4. 

Finishing the process of eliminating squares produces a polyhedron [512.62] with hvelve 
pentagonal faces and two hexagonal faces.1 This polyhedron does not fill space but the 
structure of the hydrogen-bonded framework of the cubic chlorine hydrate (of approximate 
composition 2C12.15H~O) is made of a packing of pentagonal dodecahedra [5'21 and these 
14-hedra [512.62] in the ratio 1:3 (Fig. 7.51). This is sometimes known as the type I 
hydrate stmcture. The same framework occurs in the naturally-occurring (impure) form of . . 
s t l l i ~  knuun 3; muldnophlopttc. The same .;rrLsturc I, ~ l , v  imnd in alkali cilt;ilu< 311d 
ncrrnxn~dci tvp~iled bv N u S i ~ i  in v l ~ ~ c l ~  Si *tam> ire i t  the ventce, .mJ \.I xumh center 
fhe larger poi;hedra. A stereoiiew of the net a in Fig. 7.89 ( 5  7.1 1.8). 

The structure of the hvdrates of a number of molecules such as CHCI? contains 
dodecahedra again and also 16-hedra [512.64] packed in the ratio 2 1 .  This is known as the 
tvne hvdrate structure. The 16-hedron is shown m Fie. 7.52: it has svmmetrv 33m.2 
,A - 

Data for the nets with unit edge length (this condition is sufficient to fix all the 
coordinates) are: 

l~h i s  polyhedron is the dual of the bicapped hexagonal antiprism (Fig. 5.12, p. 143). 
Z ~ h i s  polyhedron is the dual of the Friauf polyhedron (Fig. 5.12. p. 143). 
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Type I1 Fdjm, 0 = 6.2054, r = 0.552 
5.5.5.5.5.5 in 8 a: F i (1/8.1/8,1/8) 
5.5.5.5.5.5 in 32 e: F i ( x . r . r  ;~,1/4-x.l/&x)x.x = 0.2180 
5.5.5.5.5.6 in 96 g: F +  (x4.z : z,1/4-x,1/4-z : 114-x~,1/&r : ll&x.l/4-x,~)~. 

Fig. 7.51. A fragment of the Type I hydrate (clathrasil) structure viewed down [OOII. Dodecahedra are 
shown with heavily shaded faces. Tetrakvidecahedra share hexagonal faces to form rods along <IW>. The 
rods are packed (by sharing pen~zgonal faces) us in the ,?-W cylinder packing. Dodecahedra fill inlentices in 
this rod packing. 

The last structure (Type 11) comes close to having all vertices 56. The unit cell contains 
sixteen 12-hedra, eight 16-hedra, 144 5-gons and sixteen 6-gons. It does not appear 
possible to make 4-connected nets with aN 5-rings, although model builders (see Notes at 
the end of this chapter) will find that remarkably large clusters of packed pentagonal 
dodecahedra can be made before strain becomes too severe to continue. To construct a 
",p~gheltl" model oi  the lypr  I1 ne! il hs bs<t to make one 16-hetlmn and 1hr.n lo duns1ru:t 
dodccahcdr3 on e x h  of (19 pen1.1fion31 i ~ c c ,  (there is onl) one w3v lo do thi,~: ir should be . - 
obvious how to proceed thereafter. A stereo view of the net is in Fig. 7.90 (5 7.1 1.8). 

Fig 7.52. The henakaidecvhedron appearing in  the Type U hydrate nct. 

The Type I1 net also occurs as Si or Ge frameworks in compounds M,Si or M,Ge 
formed by decomposition (loss of M = alkali metal) of MSi or MGe at high temperatures 
under vacuum. The synthetic zeolite dodecasil 3C is also based on this net. 

The polyhedra in this section have three polygons (not necessarily regular or even 
planar) meeting at each vertex. For such a polyhedron (see the exercises in Chapter 5 )  the 
number of faces, F and vertices, V are related by 2 F  = V+ 4, and the number of edges, E 
= 3V12. If there areF4 faces with four edges and F 5  faces with five edges then 2F4 + Fs = 
12. There is no constraint on the number of faces with six edges. 

We revisit the clathrate hydrate structures in Appendix 4 where two further structures are 
mentioned. Attention is also directed to the structures of the zeolite clathrasils (5 7.8.6). 

7.7 A summary of the simpler 4-connected nets 

Here (Table 7.2) is a list of the simpler uninodal4-connected nets either with less than 4 
vertices in the topological repeat unit or quasi-regular. Z is the number of vertices in the 
topological repeat unit (primitive unit cell). '9.c." refers to the symbol for an invariant lattice 
complex. It would be of interest to know if this list is complete. The list for Z= 4 would be 
quite long.' The dense net is uniform in that it contains only 7-rings. 

Table 7.2. Names and properties of some simple 4-connected nets 

7.8 Zeolite nets 

The current considerable interest in zeolites stems from their value as catalysts and 
"molecular sieves" and each year sees a number of new structures discovered. Their 

uniform 

yes 
yes 
DO 

no 
no 

yes 
no 
no 

yes 

[Nets not realizable with shortest distances between vertices corresponding to edges probably should be 
encludcd. There are five uninodo; nets with Z = 4 in this chapter, we know of only one other. See M. 
O'Keeffe. Phys Ckem. Minerals 22,504 (1995). 
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3.7.7-7-7272 

72.--737373.73 
4-4-6-6.6.6 
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6-6.62.62.62.62 
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diamond 
CdS04 
quartz 

NbO 
W2 

dense 
sodal i te  
HL43 
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regular 
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yes 
no 

quai 
quasi 

no 
no 

quasi 
quasi 
quasi 

Z 

2 
2 
3 
3 
3 
3 
6 
6 
12 
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properties are, to a large extent, determined by their StmcNres, so we devote some space to 
this topic (but by no means exhaust it).l 

An invaluable guide to zeolite nets is the Atlas of Zeolite Structure Types2 which 
includes eighty Cconnected nets of natural and synthetic zeolites. The Atlas contains stereo 
diagrams of each net, coordination sequences for each vertex, references and synonyms. 
Some sauctures appear dauntingly complex, but many can be described rather simolv as . . . . . 
they contain a short axis suitable for projection. Once one learns to "read" the projection, it 
will be found that the three-dimensional structure mav readilv be reconstmcted (model 
making is highly recommended). As in many instances we provide coordinates for 
idealized nets (not given in the Atlas), they can be readily studied by computer.' 

The term zeolite is not rigorously defined: it is used looselv to refer to anv oxide with an 
open structure (say r < 0.6)based bn a framework of comerconnected (Ti04 tetrahed~a.~ 
Some authors use the term clathrasil to refer to those structures without laree channels 
(shortest ring at each angle a dring or smaller). From this point of view sodalite is a 
clathrasil. Pentasils are open silica-rich alumino-silicate structures in which the smallest 
rings are 5-rings. Some of these are referred to as silicnlites. 

A number of simpler zeolite nets have already been described (an index to zeolite nets in 
this chaoter is eiven in 8 7.8.8. D. 353). Here we describe some more. usine easilv- . . , ~~~, 
recognized structural units (such as "zig-zag" or "crankshaft" rods) as an organizing 
principle. The reader uninterested in zeolites is invited to scan through this section quickly, 
pausing perhaps to admire some of the more-beautiful structures that occur. 

*7.8.1 Zig-zag structures 

In 5 7.3.3-7.3.5 we described some nets, including those of zeolites LI-A, MAPO-39, 
A1P04-31 and cancrinite, which contain parallel zig-zag rods of vertices. The repeat 
distance for a unit edge zig-zag is typically about 1.65 time the edge length (about 1.65 x 
3.05 1 5  .& for zeolites) and many zig-zag stmCNres have one short axis of about this size, 
and have all vertices lying on mirror planes, so that they are readily shown in projection. In 
such a projection the framework appears as a two-dimensional 3-connected net. 
Cancriniie for example (Fig. 7.19, p. 307), projects as the 4.6.12 net. 

I A  good introduction to the properties and uses of zeolites is the article by J. M. Newsam in Solid Store 
Chemistry: compoundr (A. K Cheethvm & P. Day,, eds.) Oxford (1992). A good source of data concerning 
zeolites is Hondbook of Molecular Sieves by R. Swsiak [Van Nostrand. New York (1992)l. 

Z ~ .  M. Meier & D. H. Olsen, Arlos of Zeolite Structure Types, Third Ed. Butterworth-Heinemuon 
(1992). This also appeared as issue 5 of the journal Zeolites, 12 (1992). Natural Zeolites by G. Gotardi & 
R. Galli [Springer. Berlin (1985)l has gwd  drawings that will be appreciated by model builders. 

 he symmetry of real materials is generaily lower that the maximum symmetry of the net. For 
structures for which we do not give coordinates, see the references given in the Atlas of Zeolite Srmcrure 
Types. Note also that our coordinates may, in some instances, be rather different from those in real 
structures: they do however serve to define tho topology of the net. 

4 ~ h e n  heated, zeolite rmnoralr give off water as steam, and the name comes from the Greek For hdiling 
stone. Purists insist that the term "zeolite" should be restricted to alumino-silicate minerals, but the wider 
sense used in this section (and in the Atlas) now has general currency. 

A particularly simple net with both double and single zig-zags occurs in the zeolite 
known as NaJ with ideal composition Na2AI2Si208.H20. The net is illustrated both as a 
projection down the zig-zags and in clinographic projection in Fig. 7.53. Crystallographic 
data are: 

Fig. 7.53. The NaJ  net. Left: projected on (LOO) with open and filled circler at .t = 114 and 314 
rcspecrively. Right: in .zlinogrvphic projection. Compare with Fig. 7.62 (AIP04-25) p. 346. 

Fig. 7.54, The N1APO-36 net projected on (001) with b horizontal on the page. Open and tilled circles 
arc at 2 = 0 and I12 respectively. Note that zipzags shown as double lines and that double zig-zags 
pioject us rectangles. 

The net of the zeolite MAPO-36 (with a MgAll 1P12048 framework) projects as 4.6.12 
with the squares changed to rectangles representing a double zlg-zag in projection (and the 
hexagons and dodecagons also distorted) as shown in Fig 7.54 (contrast with cancrinite, 
Fig. 7.19, p. 307). Data for this net are: 
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A number of zeolite nets with zig-zags project as two-dimensional nets containing 
pentagons. Two simple examples base on pentagon-octagon nets are those of bikitaite 
(LiNSiz06.HzO) and CsAlSisOl~ (Fig. 7.55). Data are: 

biki tai te  Cmcm,o=2.365,b=5.104,c= 1.656,r=0.600 

52.62.6-6.6.6 in 4 c: C f (O,y,II4), y = 0.055 
5.5.5.5.6-82 in 8 g: C * (iz,y,ll4), x = 0 289, y = 0.198 

C s A l S i 5 0 1 ~  Cmcm, a = 1.602, b = 4.713, c = 5.151, r =  0.617 
5.6.5.6.526 in 8/: 'i (0.y.r ; O.y,112-2). y = 0.045, z = 0.088 
5.5-5.5-6.82 in 8f, y = 0.255, r = 0.058 
5.6.5-6.62.82 in 8 f, y = 0.440, r = 0.153 

Fig. 7.56. n e e  zeolite nets with zig-zags (shown as double lines) projected down the short axis. Top 
left: ZSM-12. Top right: theta-1. Bottom: ZSM.23. Filled and open circles differ in elevation by 112 

Fig. 7.55. Left bikitaite projected on (001) with b vertical on the page. Open and filled circles are at r 
= 114 and 314 respectively. Right: CsAISi501~ projected on (100) with e vertical on the page. Open and 
filled circles are atx = 0 and 112 respectively. 

The synthetic zeolltes ZSM-12, ZSM-23 and theta-l (essentially hydrous silica with 
small amounts of Na and Al) are also derived from two-dimensional nets, but now 
including either decagons or dodecagons (see Fig. 7.56). The nets of the first two contan 
seven different types of vertex, but theta-1 has a simple description: 

theta-1 Cmcm.0 =4.575, b =5.638, c =  1.625, r =0.573 
5.5.5-5.62.102 in 4 c: C f (0,~,114), y = 0.262 
555.5.62,- in 4 c, y = 0.635 (note the absence of a ring at one angle) 
5.5.5.5.6-102 in 8 g: Cf (0,y,114), x =0.209, y = 0.210 
5 ~ 6 2 6 . 6 ~ . 6 6 ~  in 8 g. x = 0.307, y = 0.052 

the verfical repeat distance. 

*7.8.2 Crankshafr structures 

In 8 7.3.6 (p. 308) we discussed some nets derived from the two-dimensional net 4.S2 

that contained vertices arranged on double crankshafts. In that section coordinates and a 
schematic illustration of merlinoite and gismondine were given. It might be noted that 
the reDeat distance of a crankshaft is about 3.3 times an edge length: this translates into a 
repea; distance of about 3.3 x 3 A = 10 A for silicates and related materials (alumino- 
ohosnhates etc.). In vroiections down the crankshaft axes, vertices are at elevations about . . . . 
30.15 (In uniis a i thr .  projecu6,n 3Y1r  lensth iram lntrror pl:tne> uhicil A!< uilllcr at 0 :lnd 
I,? or 21 11.1 mJ 31.1,. H:rc ac Jeiunbe t \ ro  mdre rluubl~' a ~ n k s i ~ ~ i t  itru.'turr'r. The 11r.t - ~~ 

is found in the aluminosilicate phillipsite and the second in a form of aluminum 
phosphate known as AIPOrC.  
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Crystallographic data for phillipsite and AIPO+C are: 

phillipsite Cmcm, 0 = 3.446, b =4.222, c =4.359. r = 0.505 
both vertices 4.4-4.828.8 in 16 h: C + (h,y.z ; +r,y ,~i~-z)  
vertex I:  x =  0.145, y = 0109, r = 0.044 
vertex 2: x = 0.355, y = 0.243, r = 0.135 

These nets, together with merlinoite and gismondine are illustrated in Fig. 7.57. 
Note that in the figure the projection is down the axis of the double crankshaft (which 
projects as a rectangle). Note also that merlinoite contains octagonal prisms (shaded) 
centered at 0,0,0 and 1/2,1/2,112. Some relacionships between the structures (all based on 
4.82) should be apparent from the figure. 

Fig. 7.57. Top left: gismondine piqlected on (100) with e vertical on the page. Top right: AIPOcC 
prqiected an (100) with e vertical on the page. Bottom left: phillipsite (100) with b vertical on the page. 
Bamm right: merlinoite projected on (001). In each case open circles are vertices at about k0.15 and 
filled circles are vertices at about 0 .5s .  15. Double crankshafts project as rectangles. 

Another zeolite framework with double crankshafts is gmelinite ($ 7.3.7, p. 310): this 
is based on the two-dimensional net 4.6.12. 

A simple zeolite framework containing both single and double crankshafts is found in 
AIP04-12 (A1P04-33 has the same framework). Data for this structure (illustrated in Fig. 
7.58) are: 

The short axis of AIPO.4-12 is b. It might be noted that along this direction (horizontal in 
Fig. 7.58) vertices form rods (either all filled or all empty circles in the figure) that are 
referred to as "saw-tooth." We use a projection down saw-tooth rods in 5 7.8.3 (next). 

Fig. 7.58. AlP04-12 projected on (1W) with b ho"zonta1 on the page. Double crankshafts project as 
rectangles. Vertices not on a double crankshafl are on asingle crankshaft. Open circler are vertices at x =  0.1 
and 0.4: filled circles are vertices at x = 0.6 and 0.9. Compare with Fig. 7.53 (Nal) ,  p. 339. 

*7.8.3 Saw-tooth structures 

A rod intermediate between a dg-zag and a crankshaft is known as a saw tooth. A 
double saw-tooth rod is illustrated in Fig. 7.59. Now there are two kinds of vertex-the 
"teeth" (T) and the "base" (B)-in the ratio 1:2 on the rod. The repeat distfnce of a saw- 
tooth rod is about 2.4-2.6 times the edge length (about 2.5 x 3.0 A = 7.5 A in zeolites). 
The T vertices are on minor planes at elevation either 0 and 112 or at 114 and 314 in 
projection down the rod, and the B vertices are about m.2 from the mirror planes. Again 
some zeoiite structures are conveniently shown as projections, but the figures must be 
interpreted with care (see, for example, the legend for Fig. 7.60). 

Fig. 7.59. A double "saw-tooth" rod. ' B a n d  "Y indicate a base and a tooth vertex 
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Two simple nets featuring double saw-tooth rods are found in the nets of the zeolites 
Linde-L and mazzite (both silica-rich aluminosilicates) shown in Fig. 7.60. 

Linde L P61mmm. a = 6.007, c = 2.354, r = 0.489 
483.4-81612 i n  I2 p:  i(r.y.0; etc.). x = 0.096. y = 0.359 
444.66-8 in 24 r:  t(x,y,z ; etc.). x = 0.167. y = 0.500. r = 0.288 

Fig. 7.60. Top: Linde L projected on (001). Open circles are T veflices at r = 0. shaded circles are B 
vertices at r = i.0.29. The latter form hexagonal prisms centered a, 113.213,112 and 213,113,112. Borrom: 
mazzite projected on (001). Open and fillcd circles are T vertices at r = 114 and r = 314 respectively. 
Shaded circles on saw-tooth rods with teerh at i = 114 are B veniccs at i = 4 . 0 5  and0.55: shaddcircles on 
saw-tooth rods with teeth at r = 314 arc B vertices al i = 0.45 and 1.05. Note that here the rectangles are 
projections of !he "doublo saw-tooth" rods of Fig. 7.59. 

Some other saw-tooth nets found in silica-rich alumina-silicate nets are found in 
mordenite, dachiardite, ferrierite and ZSM-57. Symmetries and unit cell parameters (for 
unit edge) of these nets are: 

mordenite Cmcm, a = 5.60, b = 6.80, c = 2.42. r = 0.52 
dachiardite C2lm,o 35.84. b=2.48, c=3.30,!3= 112.W. i=0 .54  
ferrierite Immrn,a =6.25, b=4.34, c=2.41. r=0 .55  
ZSM.57 l m m 2 . a c 2 . 4 4 . b = 4 . 6 3 , c = 6 . 1 3 , r = 0 . 5 2  

The nets are shown in projection in Fig. 7.61. To interpret the diagrams note that (a) 
filled and open circles are T vertices on mirror planes separated by 112 the projection 
distance; (bj shaded circles are B vertices at elevations ofapproximately 0.3 above and 
below the T vertices to which they are connected, (c) saw-tooth rods are shown as double 
lines. 

Fig. 7.61. Top left: mordenite projected on (001) with a horizontal on the page. Bottom left: ZSM- 
57 projected on (IW) with c horizontal on the page. Top right: daehiardite projected on (010) with F 
horizontal on the page. Bottom rbght: ferrierite projected on (001) with a horizontal on the page. See also 
the text 
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*78.4 More up-down structures 

In 5 7.3.8 we described two nets (one was of the zeolite AIP04-5) based on "up- 
dawn" connections of two-dimensional nets. Some rather complicated AIP04 structures 
that have recently been discovered are based on this principle, so again there is a short axis, 
and they are readily depicted as projections down that axis (Fig. 7.62). The repeat distance 
along the projection axis is about 2.7 the edge length (i.e. about 8.4 A in alumino- 
phosphates). Note that these nets contaln only even rings and that in the real materials A1 
and P alternate (lowering the symmetry). 

Data for the two simpler o i  these nets with unit edge are: 

VPI-5 P631mcm. n = 6.086, c = 2.674, r = 0.406 
4 6 3  4-6?-664 in 12 k: i(x.O.2 : erc.), x = 0.4227, z = 0.063 
4 .62663.626)  in 24 i: t(r .y,r  ; etc.), x = 0.1786, y = 0.5120, i = 0.563 

Fig. 7.62. Top left: AlP04-11 projected on (100) with b horizontal on the page. Top right: 
AIP04-41 projected on (001) with b horizontal on the page. Bottom left: VPI-5 projected on (001). 
Bottom right: AIP04-25 projected on (100) with b horizantal an the page. Additional edges go "up" iiam 
open circles and "down" from filled circles. 

The AIP04-41 net has symmetry Cmcm and four different kinds of vertex; The 
A I P O p l l  net has symmetry Zmma and three different hnds of vertex. 

Another member of this family that has recently been discovered is known as AlP04-8. 
This beautiful structure, shown (again slightly idealized) in Fig. 7.63, has five different 
kinds of vertex and contains 14-rings. The symmetry of the net is also Cmcm. 

Fig. 7.63. AIP04-8 ~ r o j e c t ~ d  on (001) with a horizontvl an the pagc 

*7.8.5 The "ABC-6" family 

Fig. 7.64 soda lit^ projected on (I 11) with a hexagonal cell outlined. Open circies at 116, shaded circles 
at 112 and filled circles at 516 of the repeat unit i12<111>. Edger joining vertices at 516 to those at 716 (ie. 
116) are not shown. 

In 8 7.3.5 (p. 306) we commented on cancrinite which we described as a stacking of 
plane hexagons centered at 113,213,114 and 213,113,314. By analogy with the nomenclature 
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used for sphere packing ( 5  6.1.11, we could describe that stacking sequence AB ... The 
inclined edges linking the hexagons formed double zig-zag rods. Similarly in gmelinite 
($ 7.3.7, p. 310) there we hexagonal prisms centered at 1/3,2/3,1/4 and 2/3,113,3/4 and 
the stacking of hexagons could be described as AABB.. and the edges not perpendicular to 
the stacking direction form a double crankshaft rod. 

A sequence of hexagons stacked AAB ... produces a structure based on saw-tooth rods. 
This is found in the zeolite offretite. 

The primitive cell of sodalite (5 7.3.10) is rhombohedral with a = 46, n = cos-I(-113) 
= 109.47~ and contains six vertices with x g , z  equal to the six permutations of 114,112,314. 
These comprise a planar hexagon normal to [I 111 and centered at 1/2,1/2,1/2. Packing the 
rhombohedral cells will result in the hexagons being stacked ABC along a 3-fold axis as 
shown in Fig. 7.65.' 

Nets derived by stacking hexagons in positions A,  B or Care known as ABC-6 nets and 
about a dozen have been recognized in natural and synthetic zeolites.2 Some of these we 
summarized in Table 7.3. The entries under "vertex types" are the numbers of 
topologically-distinct kinds of vertex. 

Chabazite is Ca3Al6Siiz036.20H20; The net contains a rhombohedral stacking of 
hexagonal prisms (contrast sodalite which has a rhombohedral stacking of single 
hexagons). The remaining space consists of large (36-vertex) polyhedra as illustrated in 
Fig. 7.65. Data for the net are: 

chabazite Rsm, 0 =4.404, c = 4.757, r = 0.451 
4-4.4.8.68 in 36 i: R f (r.y.2 ; etc.), x = 0.106, y = 0.439, z = 0.062 

Fig. 7.65. The large polyhedron in ehabarike formcd by a linked stacking OF hexagonal prisms. For two 
hexagonal prisms only one square face is shown (shaded). 

l ~ h e  skeptical reader may wish to transform sadalite to a hexagonal cell as outlined in 5 4.4.2.   he 
cell has o = 4  and c = 46 and contains 18 vertices. Compare with the 12-vertex cell oicancrinite given in 
5 7.3.5 (p. 306) which has the same a, and c two-rhirds as large. 

I ~ o r  a systematic discussion of possible ABCd structures and their symmetries. see 1. V.  Smith a 1. 
M. Bennett, Amer Minrrol. 66, 777 (1981). 

sequence 
AB 

ABC 
ABAC 

ABABAC 
ABABACAC 

AABB 

AABBCC 

AABBCCBBAACC 
AAB 

ABBACC 
AABAAC 

AABCCABBC 

Table 7.3. Some ABC~6 nets 

net 
eanerinite 
sodalite 
losod 
l iot t i te  
afghanite 
gmel ini te  
chabszite 
A l P 0 4 ~ 5 2  
offretite 
TMA-E 
erionite 
levyne 

Y 8 . 6  Pentasils (silicalites), clathrasils and related structures 

We have already met the frameworks of melanophlogite (Si02) and dodecasil-3C 
in Q 7.6 where they were identified as the frameworks of clathrate hydrates called Type I 
and Type I1 respectively. (A zeolite named ZSM-39 also has the latter structure). Another 
simple structure based on a space filling of polyhedra is oetadecasil (the same framework 
has been found in AIPO4-16). In this structure cubes pack with truncated rhombic 
dodecahedra in the ratio 1: 1 to fill space as shown in Fig. 7.66. The large polyhedron with 
18 faces (an octadecahedron = [46.6'2]) may be derived by truncating the acute vertices 
(where four edges meet) of a rhombic dodecahedron. The centers of each set of polyhedra 
fall on points of an fcc lattice: accordingly, taken together the centers have a NaC1 
arrangement. Data for this net are given on the next page. 

Fig. 7.66. The oetadeeasil net. Left: ar cubes connected by isolated tetrahedral venices (Filled circles). 
Right: the actadccahedron. 
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A particularly beautiful clathrasil known as sigma-2 has recently been described. This is 
based on a packing of 36-veitex icosahedra [5'2.6*] and enneahedra (43.561. The large 
polyhedron, which has symmetry 42m, is called the "tennis bali" because the pentagons 
form an endless strip rather like the seam of a tennis ball (see Fig. 7.67).1 Like that of most 
clathrasils, the stmchlre is difficult to illustrate satisfactonily, but it is easy to make a model. 
In sigma3 the "tennis balls" share opposite hexagonal faces to form rods along <loo> as 
indicated in Fig. 7.67, and the smaller polyhedra (also shown in the figure) fill the 
interstices of the packing. The rods of face-sharing tennis balls are packed as in the 4-layer 
cylinder packing of § 6.7.2 (b) (p. 264). 

The c~ystallographic description is fairly simple: 

connected net derived from packing polyhedra. (As the net contains 8-rings, most authors 
would not classify this material ss a clathrasil.) The net is shown in projection in Fig. 7.68. 
Model builders will discover thar it is made up of equal numbers of two kinds of polyhedra; 
one with 10 faces [46.64] and the other with 18 faces [48.68.82] (Fig. 7.68). Each kind of 
polyhedron forms rods along c by sharing opposite faces. Crystallographic data for the 
ideal net are: 

The 4.4-4.6.6.6 vertices form squares at z = 0 and the 4.4.6.6-6.8 vertices form octagons 
at z = +0.35. How the polygons are connected should be evident from Fig. 7.68. 

Fig. 7.68. Left: the ALPOq-22 net projected on (001). Open, shaded and filled circler we at r = 0.0.35 
and 0.65 respectively. Right: the two kinds of polyhedra in thc structure (e is vertical). The top and bottom 
faces of the polyhedra are separated by c. 

Fig. 7.67. Left: The "tennis bali" icosahedron as it appears in sigma-2. The ;i axis is vertical on the 
page. Middle: part of me icosahedron packing of sigma-2 viewed down 10011. Cght: Lhe enneahedrv that 
fill the interstices are shown in two different oiientationr. 

A zeolite named AIP04-22 is included here because it is another simple example of a 4- 

'For more on chis and relared polyhedra see Appendix 4. 

Fig. 7.69. Lee: a penraail unit. Right: three condensed pentasil units 

The structures known as silicalites are rather more complicated. The net of silicalite 1 
(ZSM-5) has twelve different kinds of vertex and that of silicalite 2 (ZSM-11) has eight 
different kinds. 5- and 6-~ings dominate but there are also 4- and ]O-rings in the structures. 
A basic building block in these structures is the "pentasil unit" (shown in Fig. 7.69) which 
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is a polyhedron with eight pentagonal faces (a "pentagonal octahedron") and two divalent 
vertices. These can be condensed into cormgated slabs as hinted in the figure. The silicalite 
structures are then derived by joining the slabs either across mirror planes to form silicalite 
2 or through inversion centers to form silicalite 1.' 

*7.8.7 Fibrous zeolites 

The materials under this heading are a group of natural and synthetic zeolites with some 
fascinatine, crvstal chemistrv. The basic buildine unit is the rod of vertices shown on the - .  
left in Fig. 7.70. These rods can be linked in two directions perpendicular to the rod axis as 
shown on the right in the figure which illustrates the linkage in edingtonite. 

Fig. 7.70. Left the building unit of the fibrous zeolites. Right: the linkage of rods in edingtonite 

Fig. 7.71. Left: edingtonite piojccted on (001); numbers are elevations in multiples of cllOO. Right: 
natrolite projected an (001); numberr are approximate elevations in rnultipler of c18. 

I ~ o a d  illustrated accounts of these structures are given by C. A. Fyfe et ol., J. Amer Chem. Sac. 111. 
2470 (1989) and D. H. Olsen er ai, J. Phys. Chem. 85. 2238 (1981). Silicvlires are important commeicial 
catsly~ts. 

The two simplest topologies are: 

edingtonite Pzm2, a = 2.204, c =2.122, r=0.485 
4242.84.8484.84 in  1 a: 0,0,0 
4X3.483.42.84 in 4 j: (Ir.0.r ; O & . 3 ,  r = 0.273. r = 0.376 

natrolite 14110md, a = 4.406. c = 2.124, r = 0.485 
424z84.84.8484 in 46: 1 * (0,114,318) 
4.82.48y42.8& in 1611: 1 +_ (0.y.r ; lR,y,llZ-r ; 114+y,114,314+z ; 
114+y,314.114-I), y = 0.387, r = -0.001 

Fig 7.71 shows, on the left, edingtonite in projection. The rods project as centered 
squares and together with the links between rods forn a 4.82 pattern. It is important to 
recognize that we have described the net in its most-symmetrical minimum-density form. In 
real material (edingtonite has the ideal formula BaA12Si301vH~O) the framework collapses 
as discussed for scapolite in 5 7.3.8 (see Fig. 7.25, p. 312) and the unit cell is doubled. In 
the real material the symmetry is further lowered by Si,AI ordering and is in fact P21212. 

Fie. 7.71 also shows natrolite in oroiection. The links between rods are now at four . . 
.I~lrcrcnt elevaltdns anJ ton!, r .~d\  m a n $ e j  ds in the ~ J I I I - ~ ? < T  ;) ltn.kr pa:kin~ .>I' 4 b ' 2  
.h  \Ialrolia i t r s l i l ~ s ,  [he LJPJI iurnn~>sil~un S A ~ . - \ I ~ S ~ ? O I  2 l h O  Thc ir~menork ir , , - - - . "  - 
found in other minerals such as scolecite, CaA12Si301v3H20 (note the substitution of 2Na 
hv CxrH20 2nd ~1 ,o  in ml~vdrouc \ynthe[U m3teri~ls ~uc l l  dr Rh?Gd:GcjCl~ . .Ag:~ln lhc 
irame\rurk 1s nutl, ;oll3nscJ and it ,  rsmnlctn I.. I;ls,crcd i c ~ m  141li1,1al [a l l ? d  SI :\I . . 
ordering in natrolite further lowers the symmetry to Fdd2 (with a doubled cell) and in 
scolecite Ca, H z 0  ordering reduces the symmetry further to Cc. It is common to use the 
same size of cell for these structures: this entails using a face ce_ntered cell for all four 
symmetries. The tetragonal space groups become F4llddm and F4d2 (see 5 3.3.4, p.73) 
and Cc becomes Fd. The descent in symmetry is in terns of full symbols: 

parent structure F 41ld 2ld 2lm 
collansed F z d 2  
~ k o r d e r  F d d 2  
CalH2O order F l d l  

The conventional Cc cell is obtlned from Fd by (0 0 i I 0  1 0 1 112 0 112). 
Thompsonite, which has approximate composition NaCa2.4lgSi5020.6H~O. has a close- 

ly related smcture with a different linkage of rods.' 

7.8.8 Zeolire net narnenclarure and index 

The bewildering variety of names for natutal and synthetic zeolites has lead the Structure 
Commission of the International Zeolite Association to establish three-letter symbols for 

l ~ o r  a systemetic account of linkages and symmetries possible for fibrous silicates, see J. Y. Smith, 
Zeits. Kn'stollogr 165, 191 (1983). 
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structure topologies.' These are given in Table 7.4 for the zeolite nets discussed in this 
chapter (three of these are in the Exercises § 7.12) together with the names that we have 
used, so this section can serve as an index to those structures. It is a pity that no generally 
agreed symbols are available for other common nets (such as diamond and keatite) 
which occur in many different contexts. 

ABW 
AEL 
AET 
AFG 
Ar? 
AFO 
AFS 
A m  
AFY 
ANA 
APC 
AST 
A m  
AT0 
ATS 
ATT 
A n ,  
AWW 
BM 
CAN 
CAS 
CHA 
DAK 
E m  
ED1 
EMT 
ERI 
FAU 
FER 

Table 7.4. Symbols, names and sections for some zeolite nets 

SrAlz 
A I V O o 1 1  
AlP04.8 
afghanite 
AIPOd-5 
AIP04-41  
MAPSO-46 
AIPO4-52 
Co APO-50 
analeime 
AIP00-C 
oetadeensil 
MAPO-39 
AIPOd-31 
MAPO-36 
AIPOd-12 
AIP04-25  
AIP04-22 
bikitaite 
fanerini te  
C s A l S i 5 0 1 ~  
chabazite 
dachiardite 
TMA-E 
edingtonite 
hex. faujasite 
erionite 
faviasite 
ferrierite 

7.9 5-connected nets 

5 7.3.5 GIS 
5 7.8.4 GME 
6 7.8.4 .mW 

5 7.8.6 MEP 
3 7.3.5 MER 
8 7.3.4 MFI 
5 7.8.1 MFS 
5 7.8.2 MON 
5 7.8.4 MOR 
8 7.8.6 lrfTN 
8 7.8.1 MTT 
5 7.3.5 M'nv 
5 7.8.1 NAT 
5 7.8.5 OFF 
8 7.8.3 PHI 
9 7.8.5 RHO 
8 7.8.7 SGT 
8 7.4.4 SOD 
5 78.5 TON 
5 7.4.4 VR 
§ 7.8.3 

girmondine 
gmelini te  
NaJ 
ZK-5 
levyne 
1iot t i te  
losod 
Linde A 
Linde L 
mazzite 
siliealite 2 (ZSM.11) 
melanophlogite 
merlinoite 
silicalite I (ZSM-5) 
ZSM-57 
montssomrnaite 
mordenite 
type n (ZSM-39) 
ZSM-23 
ZSM-12 
natrolite 
offretite 
phi l l ipsi te  
rho 
s igma-2 
sodalite 
theta-1 
VP1-5 

Five-connected nets have received comparatively little attention. Describing them by 
Schlafli symbols gets a little cumbersome as there are now ten angles and they cannot be all 
equivalent.2 Some examples are to be found in the structures of borides which often have 
extended B-B bonding with connectivity ranging from 2 (forming rods) through 3 (forming 

index of the Afin3 of Zeolite Structure Types has 332 entries. 
2 ~ h i s  follows from the fact that the complete graph wich five points is not planar and rheretaie cannot 

represent the verticer and edges of a three-dirnensionai polyhedron. 

layers) to 4 , 5  or 6 (forming three-dimensional frameworks). 
Our first three examples also represent space filling by regular and Archimedean 

polyhedra. The first of these is a space-filling by octahedra and truncated cubes (3.a2) and 
is found in nature as the B structure of CaB6 and similar borides such as KB6 and LaB6. It 
is illustrated in Fig.7.72. This is a simple cubic smcture; data far unit edge length are: 

CaBs PmTm, n = 1 1.42 = 2.4142, r = 0.426 
vertices in 6 e: i (xO,O)r, r = li(2 + 42) = 0.2929 

In CaB6 a = 4.151 A, Ca is at 1/2,1/2,1/2 in the center of the tmncated cube (24- 
coordinated by B), and the x parameter (0.302) for B is close to the ideal value given 
above. 

Fig. 7.72. Lcft: the net oi B atoms in CaBg. Right: a truncated cube formed by 24 vertices of the net 

Fig. 7.73. The boron airangement in U B i 2  

The second five-connected structure is a space-filling by truncated octahedra, 
cuboctahedra and truncated tetrahedra that is the B structure of UB12 and isostmctural 
borides (e.g NiB12, LuBlz). The crystallographic description is again very simple: 
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U B l z  F d m ,  o = dl8 = 4.2426, r = 0.629 [o = 7.473 for UB12] 
verrices in 48 i: F k  (lIZs,ix)k. x = 113 

A sketch of part of the structure is shown in Fig. 7.73. In UB12, U atoms in 4 a: F + 
(0,O.O) center the B24 truncated octahedra. The centers of the cuboctahedra are at 4 b: F + 
(1/2,1/2,1/2) and the centers ofthe truncated tetrahedra are at 8 c: F k  (ll4,1/4,1/4). 

If the tntncated octahedra and half the truncated tetrahedra are omited, the remaining 
truncated tetrahedra and cuboctahedra f o m ~  an infinite polyhedron 3.4.62.4. The symmetry 
of the figure is now F;(3m, but the positions of the vertices are the same (see Fig. 7.74). 

The third polyhedron packing is a space-filling by cubes, octagonal prisms, rhombi- 
cuboctahedra (3.J3) and truncated cubes (3.82). In Fig. 7.74 the network of cubes and 
rhombicuboctahedra is shown as an infinite polyhedron 3.44. The complementary 
polyhedron (also 3.44) consists of tmncated cubes (3.82) joined with octagonal prisms. 

Fig. 7.74. Left: a fragment of an infinite polyhedron 3.4.62.4. Right: Rharnbicubacrahedia and cubes 
farming an intinire polyhedron 3.44. 

Crystallographic data for this structure are: 

Per unit cell there is one rhombicuboctahedron (center at cell comer), one truncated cube 
(center at cell center), thee  octagonal prisms (centers in cell faces) and three cubes (centers 
in middle of cell edges). As an example of the occurrence of this structure we cite the 
structure of Pd17Se15 (for crystallographic data see Appendix 5) which is truly a 
polyhedrist's delight. In the unit cell of this structure, 24 Pd atoms make up the 
5-coordinated packing and additionally: ( PdtSeg octahedra center the rhombicubnctahedra, 
P d g S e ~ z  clusters consisting of Pd6 octahedra edge-capped by Se forming a Se12 
cuboctahedron (cf. 5.2.4, Fig. 5.32, p. 159) center the truncated cube and iPdJSe4 
squares center the octagonal prisms. The unit cell content is accordingly 
PdSe@PdgSelz.(PdSe4)3.Pdz4 = Pd3qSe30. Rh17S15 is isostructural. 

Two more five-connected infinite polyhedra follow. The first (Fig. 7.75) is 33.62 and is 
made up of truncated tetrahedra sharing triangular faces with octahedra (so that two 

opposite faces of an octahedron are shared with truncated tetrahedra). Crystallographic data 
are: 

33 .62 F d h ,  n = 6.6024, r = 0.333 
vertices in 96 g: F t  (xs.i etc.), s = 0.0714. z = -0.0357 

In this structure, the connectivity of the truncated tetrahedra (by octahedra acting as 
links) has the diamond topology (the centers of the truncated tetrahedra form a diamond 
net). The structure can also be considered as octahedra joined to six neighboring octahedra 
by a fifth edge, as in CaBs, but now the topology is different-the centers of the 
octahedra are at the points of the Tlattice complex. 

Fig. 7.75. Left: part of an infinite polyhedron 33.62. Right: part of an infinite polyhedron 3.44 

Another infinite polyhedron with vertices 3.44 consists of truncated tetrahedra sharing 
hexagonal faces with hexagonal prisms (Fig. 7.75). This arrangement is a conspicuous part 
of the so-called E structure which occurs for compositions such as Mg3A118Cr2, ZrZnZZ 
and AIIoV. Crystallographic data for the five-coordinated packing are: 

3.e4 Fa%, 0 = 5.138, r = 0.709 
verrices in 96 g: F f  ( x j , r  etc.). x = 0.0562, r = 0.3314 

7.10 Nets with mired connectivity 

Nets with mixed connectivity inevitably involve more than one kind of vertex. Here we 
give some examples of such nets withjust two kinds of veflex. 

*710.1 (3,4)-connected nets 

A very simple cubic structure (Fig. 7.76) has been proposed for Pt304 in which the 
atoms lie on invariant lattice complexes: 
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In this structure there are (P t J04  squares and (OlPt3 equilateral triangles with the Pt-0 
distance equal to ald8. The 0 atoms are on the points of a primitive cubic lattice. The Pt 
atom positions correspond to lattice complex Wand form non-intersecting rods of Pt atoms 
a distance a12 apart. The rods, parallel to the cube axes, are packed as in the F W  cylinder 
packing (5 6.7.3). 

Fig. 7.76. The structure of Pt304 as a (3.4) connected net 

Boron in borates is commonly found as (B103 triangles and ( B j 0 4  tetrahedra forming 
frameworks by sharing vertices. Exercise 2 gives an example of a Cconnected net derived 
from vertex sharing tetrahedra in CaB2Oq and the structure of Bz03 was cited (5 7.2) as 
providing an example of a 3-connected net derived from vertex-sharing triangles. The 
structure of boracite, Mg3B7013C1, which contains ( B J 0 3  triangles and ( B J 0 4  tetrahedra 
provides an elegant example of a (3.4) connected net of B atoms. Per formula unit there are 
4BOyz + 3BOuz = B701z in the B-O-B framework. 

Here we describe just the idealized (3.4)-connected net. The basic unit consists of an 
octahedron of Cconnected vertices (B) with 3-connected vertices (A) centering four of the 
octahedron faces to form an AqBgcluster (shown in Fig. 5.31, p. 159). Joining these 
octahedra by vertex sharing as shown in Fig. 7.77 [in the same way as in the J lattice 
complex (Fig. 6.27)] produces stoichiometry A48612 =AqB3. For unit edge the 
crystallographic description is: 

borscite net ~43rn. a = 46 
3-connected in 4 e: (XJJ ; T.Fwc)r, x = 116 
4-connected in 3 d: (112,0,0)r 

In the real structure of boracite at high temperature, the unit cell edge is doubled to allow 
suitable B-O-B configurations, and the symmetty is Fz3c. Below 300 'C, the symmetry is 
lowered to Pca21 but the topology of the framework is unaltered. 

Fig. 7.77. The (3.4)-connected net o l  B atoms in  boiacite. On the right one AqB6 cluster is rhown. 

Fig. 7.78. Generation of 3- and (3.4)-connected nets from diamond (left). The (3.4)-connected net 
discussed in the text i i  shown in  the middle and the ThSiz net is shown on the right. In each case a body- 
centered tetnganvl cell is shown and in  the projection on (100). e is vertical, and points shown as filled and 
empty circles have elevations differing by 6x = 112. 

3-connected nets can simply be derived from 4-connected nets by replacing each 
4-connected vertex by a pair of 3-connected vertices as shown in Fig. 7.78. The figure 
shows how to generate the ThSiz net from diamond in this way. On the left diamond 
projected on (1 10) (cf. Fig. 7.11, p. 302) and on the right the ThSiz net is projected on 
(100) of its tetragonal (14jlarnd) cell (cf. Fig. 7.8, p. 298). Notice how each diamond 
vertex becomes a pair of 3-connected vertices with their edges in planes mutually at right 
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angles. If only half the diamond vertices are so altered, a simple (3.4)-connected net is 
obtained. The ring size (all 8-rings) is intermediate between that in diamond (all 6-rings) 
and in ThSiz  (all lo-rings). The net has only three vertices in the repeat unit and is 
probably the simplest (3.4)-connected net. The cell is again body-centered tetragonal: 

(3.4)-connected nct 1&2, a = 1.800, c = 3.744 
4-connected in 2 a: I +  (0.0.0) 
3~connected in  4f- I + (0,112.2 ; 112,0.?), 2 0.3836 

7,102 (4.6)-connected nets 

Simple examples of (4.6)-connected nets with two kinds of vertex occur as the 
suuctures of corundum (viA12iV03) and " iNi~ '~S3.  

In structures based on a framework of tetrahedra sharing corners with octahedra (and 
vice versa), the central tetrahedral and octahedral atoms form vertices of a (4,6)-connected 
net. Examples of such structures are those of the polymorphs of F e ~ ( S 0 4 ) 3  and 
A12(W04)3; in these structures -0-  links serve as the edges of the net. Just as far structures 
based on tetrahedral frameworks, "stuffed" variants are also found. In the following 
examples the atoms in bold face are on the net (different in every case and with -0 -  links 
again serving as edges) and the remaining metal atoms are in cavities in the framework: 
garnet, Ca3A12(Si04)3; langbeinite, K~Mg?(S04)3; nasiconl = NaqZr~(SiOq)li and 
Alz(W04)3. 

Fig. 7.79. Corundum as a (4.6)-connected net. 

l ~ l s i c o n  is a good Na-ion conducting silicate (Na silicate conductor). 

As for 4-connected nets, the same topology is often found in different contexts; for 
example, the same (4,6)-connected net is found in corundum, rhombohedral F e ~ ( S 0 4 ) ~  
and in nasicon. We call it the corundum net. The corundum structure is possibly best 
appreciated as apacking of lAl)O6 octahedra (see B 6.1.61, however it is shown as a bond 
(AI-0) network in Fig. 7.79.l Fig 7.80 shows the connection of octahedra and tetrahedra 
in rhombohedral Fez(SOq)3. 

The occurrence of the corundum net in crystal stmctures illustrates the hierarchical way 
structures can develop. In AIzOj, the edges of the net are A1-0 bonds, in Fe2S301: the 
edges are Fe-0-5 bonds. In K ~ F ~ Z Z ~ J ( C N ) I ~ . X H ~ O ,  the edges are Fe-C-N-Zn bond 
groups (atoms in bold correspond to the vertices of the net). The molar volume of the iast 
compound is over eight times that of the first one. 

The different (45-connected nets we have mentioned are readily distinguished by 
comparing their coordination sequences. The example below shows (a) that the (4,6)-nets 
of garnet and AIz(W04)) are topologically distinct (despite a statement to the contrary 
sometimes encountered), and (h).that there are two topologically-distinct W atoms in 
Ah(WO413. 

net orom n i  nz n3 n4 "5 ng 
garnet At 6 12 42 50 114 110 

Si 4 16 28 74 76 162 
A12(W04)3 A1 6 14 42 50 114 It0 

W(1) 4 17 28 70 76 161 
W(2) 4 16 28 72 76 162 

 or many people, Pig. 7.79 will merely illustrate the difficulty of interpiering "bail and r t i c r  
diagrams of srrucrures! 
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Fig. 7.81. A part of the garnet structure shown aa linked (Silo4 tetrahedra snd (All06 octahedra 
projected down [1111. For cikty only about u half of the poiyhedrv in  the repeat unit [= (a + b + c)/Z] out 
of the page are drawn. 

The common, and important, suucture of garnet is remarkably difficult to illusttatc or 
describe. Here we illustrate (Fie. 7.81) iust the connectivitv of octahedra and tetrahedra , - 
wtuch correspond to a (4,6)-connected net with -0- links as edges. Note that the vertices 
u i  ihc net ,:\I .mJ Si p.!,ltlonjt .uc ht thc SIIC\ o i  in\.:xrianl Idtlicc idn~plcxer sei. 4 3 . l  in< 
.t list t,f,o.>rdln3ts~ : ~n 6 0.6 1 ni. ihoncrl h.x% Ihc cdtton i>o,c[l,>nr ire rzl~1c.l I . )  CraSi. . - 

For some low-densiiy (4,6)-connected nets see Exercise 15. 

7.11 Notes 

7.11.1 More 3-connected nets 

Wells (reference in 9 7.1 1.10) made a special study of uniform 3-connected nets (those 
in which the shortest rings at each angle are the same size). In contrast to uniform 
4-connected nets, which are all 66, Wells found nets 73,83,93, 103 (see § 7.2) and 123. 
Here we list coordinates for a few ofthe simpler 3-connected nets with one kind of vertex. 

. . .  
for maximum volume: 

I?.? P6222. a = 2.475, e = 2.026 
venices in 6 g: %(x.D,O ; x ~ , i / 3  ; PZ,l/3 ; O,fx.2/3). x = 0.298 

There are many 83 nets. Known nets with one !4nd of vertex are all 8.8.82. The first 
cannot have all angles equal to 120m, so we glve coordinates for maximum volume; for the 
other two (Fig. 7.82). the coordinates are for bond angles of 12V: 

11. P62Z2, n ; 5/43, c r 46 
vertices in 6 i: (x.2r.0 ;L,Z,O; x.r.113 ; 4~,113 ; 2r1.213 ; ? , ~ , 2 / 3 j ,  x=2;5 

Fig. 7.82. The nets Ii (left) and 111 (right) projected down c. Open, shaded and filled circles are at 
elevations 0, i n  and 213, respectively. 

Net 11 occurs as the (Cu,S) net in BiCu3S3 (Cu and S are 3-coordinated to each other). 
As the lo3 r* (8 7.2) net is the only 3-dimensional 3-connected net with equivalent 

edges it is the only one that can be decorated with triangles to produce a uninodal 
3-connected net (cf. § 7.5.2).' The 3-dimensional net is 3-205-205 and is probably the least 
dense three-dimensional uninodal net (CIO = 207). we call it r 3 .  Data for this net are: 

Y'3 14132, 0 = 41(1/24 - 418) = 6.0944, r = 0.106. p = 0.0555 
vertices in  24 g: I + (il8~,114-r ; 318.F.314-x : 518,112-x,314+x ; 
7/8,112cx,114+x)x,x = (412 - 3)/8 = 0.0580 

The quasiregular 4-connected NbO (J*)  net could not be decorated with tetrahedra as the 
edges are coplanar; however if each vertex is replaced by a square, a 3-connected uninodal 
net is obtainedzwith symbol 4.122.122: 

4 . 1 2 ~  ImTm, a = 2 + 48 
vertices in 24 g: I t  (r,O.1/2 : O~.flZ)r, r = 11(4 + 48) = 0.1464 

"Five-electron" compounds AB, where A is an alkali metal and B is from group 4A 

 h he analogous process in  two dimensions produces 3.122 from 63 
 h he analogy in two dimensions is the generation of 4.E2 from 44. 
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(column 14) of the periodic table, have some fascinating structures, usually with B in three- 
coordination. The most common structures are KGe and NaPb in which B atoms form 
tetrahedral groups. In LiGe, however, a 3-dimensional net is formed in which the vertices 
are 8-8.103 (LiSi and MgGa have the same structure). The angles are less than 12O' as 
might be expected' and we give the actual coordinates for the structure. 

LiGe 1411u.n = 9 7 5  A, c = 5.78 A 
Li in 16f I ?  (r,y.z ; !12-r,y.l12+~ : 314-y. 114+x.114+2 ; 
314+y, 314-z, 314+z), with i = 0.100, y = 0.100, r = -0.055 
Ge (88.103) in 16 f, withx=0.106, y =0.051, r =0.394 

With these parameters, the Ge-Ge distances are 2.55 (2x) and 2.60 .&. The next shortest 
Ge-Ge distances are 4.10 A (2x). A sketch of the Ge structure is shown in Fig. 7.83. 

Fig. 7.83. The Ge net in LiGe. 

Finally, a cubic net 6.9.9 which cannot be made with angles of 1 2 r ,  so is given in its 
maximum volume form: 

711.2 Model building 

Most three-dimensional nets are best appreciated by building models. Fortunately, 
"spaghetti" models of 3- and 4-connected nets are easily and cheaply built from readily 
available triangular and tetrahedral connectors and plastic t ~ b i n g . ~  Connectors with 3 nun 

1 LiGe may be wrilten as Li+Ge-: G c  with five valence electrons is expected to have three 2-elecuon 
bonds pyramidally disposed and a "on-bonding electron pair in an orbital ur the apex of  the pyramid. 
Compare CaSiz (3 7.2) 

2 ~ ~ a i l u b l ~  from many chemic~l supply houses. These are often sold us carbon, nitrogen, eir. alorns for 
building models of ~ ~ g a n i c  molecules, vlrhough the tetrahedral stars (also known as "cultraps" or 
"culthrops") probably more often end up sr venices in zeolite Frumcwoikr. 

(118 inch) diameter spokes are suitable. As considerable bond strain occurs in small (3- or 
4-1 circuits, it is best to use tightly-fitting flexible plastic tubing and to make the edges just 
over twice the length of the spokes from the vertices. 

711 .3  Idenriiying ners 

It is sometimes quite difficult to identify nets in crystal strucmres, particularly when the 
structure is of low symmetry. A good way is to count numbers of (topological) neighbors 
using a computer (if is a good idea to count out to nk = 10). Usually edges in nets 
correspond to shortest distances between vertices and it is very simple to count neighbors 
in this case. We have given the signature of a number of common nets in this chapter. It is 
also fairly simple also to get a computer to determine the Schl2fli symbols of the vertices. 
Counting rings and numbers of neighbors by hand from a model can sometimes prove 
remarkably difficult (nets are known with more than 1000 shortest rings at an angle). If the 
net matches in both regards with a known net it is a fairly safe bet that they are the same. 

The Exercises give some examples that are suitable for computer stndy: they are all done 
readily using EUTAX. 

7 11 4 Diamond and SIC polytypes 

1 
In g 7.3.1 we discussed polytypes of diamond. Polytypes of S i c  are derived from these 

by replacing half the vertices by Si so that each Si is surrounded by four C and vice versa. I In a formal sense the hestructure can be considered as cp Si with C in one half the tetrahedral 
sites (either all "up" or all "down"). The polytypes of S i c  (a large number have been 

I characterized) are usually named for the nature of the close packing, e.g. as hcc or 6 H  or, 

I 
inzhdanov notation 33 (see 8 6.1.4). 

There is an important distinction to be made between the description of S i c  polytypes 
and the description of close packing. In the hcc sphere packing all the c spheres are related 
by symmetry (see Exercise 6.8.21, but in hcc S i c  the c layers of Si are not so related (there 
are two distinct kinds) and to know which is which, it is necessary to know which of the 
two sets of tetrahedral sites is occupied by C. Usually the sequence of layers along the c 
axis is written on a line; here we use the convention that the direction from left to right is 
along the direction of a Si to C vector of a SiC bond parallel to c. Thus with Greek letters 
for carbon positions 6HSiC is coded (see 8 6.1.4): 

! A..aB..pA..aC..p.pC.. 

I In this sequence A-a,  B-P, C.-ycorrespond to Si-C bonds along c. The layer B is h and 
the layers A and Care c. 

The possible symmetries for polytypes of diamond are the centro-symmetric groups: 
~ d T m  (only for cubic diamond itself), P63lmmc, RTm, and PTm1. In each case the center 
of symmetry is in the midpoint of a C-C bond. In the polytypes of S i c  the center of 
symmetry is destroyed and we have the possible symmetries: F43m (only for the 

I 
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sphalerite form, polytype symbol 3C), P63mc (polytype symbol NK), R3m (polytype 
symbol NR),  and P3ml (polytype symbol NO. In giving coordinates for atoms in S i c  
polytypes it is convenient to take an origin midway along a Si-C bond so that for evely Si 
at x,y,z there is a C at X,y,T. Thus we need only give explicitly coordinates for Si. It might 
be noted that in all polytypes except 3C, the symmetry at atom sites is 3m. 

Table 7.5. Coordinates for idealized polytypes of S ic  (see text) 

In Table 7.5 we zive a name (6H etc.) for all polytypes with five or fewer distinct kinds 

CYPe vertex pos r ~ ,  

3C c 
2H h b 1116 
4H ch a 13132 
c2, hc b 5132 
6H cch b 17148 
<3> chc b 1148 

hcc a 3116 
9R chh a 69172 
c21> hch a 13172 

hhc n 53172 
&HI ccch b 21/64 
<4> cchc a 29164 

chcc b 5164 
hccc b 45164 

8Hz chhh a 29164 
<21 I> hhhc b 5164 

hhch a 13164 
hchh b 21164 

12R echh a 73196 
4 1 ,  chhc a 17196 

hhcc a 19132 
hcch a 11/32 

5 7  ccchh c 9/40 
141, cchhc a 17/40 

chhcc b 518 
hhccc c 33/40 
hccck b 1\40 

lOHl cccch n 5116 
<5> ccchc b 33180 

cchcc b 1180 
chccc n 9180 
hcccc b 57180 

. ~ ~. 
of Si (and hence ~ j a t o m  and also for a 21R polytype. Underneath the name, the shortened 
Zhdanov symho1.l Next is given in bold the symbol ( h  or c) for the Si layer followed by 

type vertex pos ZS, 

lOH2 cchhh b 33180 
<311> chhhc b 1180 

hhhcc a 9180 
hhcch b 17180 
hcchh a 5116 

10x4 chchh b 49/80 
4 2 1 ,  hchhc a 17/80 

chhch b 13116 
hhchc b 33180 
hchch b 1180 

15R1 cchch a 731120 
c32> chchc a 411120 

hchcc a 3140 
chcch a 19140 
hcchc a 718 

15R2 chhhh a 39140 
dill> hhhhc a 17124 

hhhch a 131120 
hhchh n lot i lzo 
hchhh a 291120 

2IR ccchcch a 15/56 
c43> cchcchc a 55156 

chcchcc a 39156 
hcchccc a 23156 
cchccch a 19124 
chccchc a 291168 
hccchcc a 31156 

the symbol for the following layers along the c axis in the direction specified by the sense 
of the Si to C bond. Next we give the Wyckoff symbol of the positions and finally the z 
coordinate for Si in the ideal structure with regular tetrahedra. For this ideal structure a = 
d(813)d where d is the Si-C bond length. The coordinates of special positions ( z  is given in 
the table) and the axial ratios are: 

Dozens of polytypes of SIC have been characterized. Most are intergrowths of hc (4H) 
and hcc (6M. Some polytypes have been assigned special names: 

7.11.5 Two more nets derivedfrom 63: "C" and "D phases" 

Many compounds MTTX4 have structures with nets derived from 63 nets (cf. 5 7.3.3). 
These are often described as derived from tridymite but this is only correct if the net of the 
T atoms is lonsdaleite ( 8  7.3.1). Here we mention two binodal nets derived from 63 
(Fig. 7.84). The first is found as the (Be,P) net in the strucrure of beryllonite, NaBeP04 ,  
and in related compounds, and is often called the "C phase" structure. The second occurs in 
compounds such as KAIGe04 [(AI,Ge) net] and is known as the "D phase structure." 

Fig. 7.84. Derivation of two 4-connected nets from 63. Fourth bonds go up and down from open and 
filled circles respecrively. Heavy lines are quadrangles seen in projection. Left: beryllonite (C 
Right: D phase. 

Irf the number of symbols between angle brackets is add the Zhdanov symbol is twice as long. Thus In cubanite, CuFezS?, all the atoms are Cconnected, and the net of all the atoms is 
<221>refeoM221221. 

I krrllonite (hi c i y s t d l ~ g ~ a p h i ~  data for cubanite xi Appendix I). 
1 
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7 11.6 Ners in CdP* and CdAs:! 

[compare the (Cu,P) net in BaCuzP4-see § 7.61. In CdAs2 (Fig 7.85, left), 43 helices of 
As are cross-linked by Cd atoms. The net is remarkable For the large number of 1 I-rings 
(see the vertex symbols below). The net of the Cd atoms alone (with -As- acting as edges) 
is diamond, so the structure, considered as a framework of comer-connected (CdJAs4 
tetrahedra, is topologically the same as that of cristobalite SiOZ. 

CdP* occurs in two forms (a and P) that are topologically the same. The net of all the 
atoms has two kinds of vertex, but one kind is P and the second kind is alternating Cd and 
P, so there are three kinds of atom in the structure. The net is illustrated in Fig. 7.85 
(right). 

Crystallographic data for the nets (with unit edge) are: 

CdPz P421ncrn. a = 2.1912, c = 3.9493, r = 0.633 
55.5.566 in  4 b: +(114,3/4,314 ; 114,314.114) 
5-6.5.6-5-72 in 8 i: ; etc.), x = 0.0886, r = 0.394? 

Zn& and ZnAs2 are isostructural. The (Zn,P) or (Zn,As) nets have four kinds of vertex 
with 5-, 6- and7-rings and are not discussed further. Notice that BaCu?P4 (p. 334) may be 
written as Ba2+[CuPz-]2 and that CuPz- and ZnP2 are isoelectronic. 
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7.11.7More on the moganite, quar tz  and relared nets 

On p. 322 we mentioned the net of the Si atoms in the moganite form of S O z .  Here 
we describe a simple relationship between that net and the quar tz  net. In Fig 7.86 we 
show projections of the P6222 (+Q) and P6422 (~Q) enantiomorphs on (1 130) of the 
conventional hexagonal cell (cf. 5 7.3.1 1, p. 316). The two structures are related by 
reflection in a minor piane at elevation 114. The bottom left shows the moganite net 
projected on (010) of Ibam as it appears in Fig. 7.37 (p. 322). Notice that the net consists 
of alternating bands of left- and right-hand quartz net. Interestingly real moganite SiO? 
can similarly decomposed into hands of left- and right-handed q u a r t z  Si02. In the 
amethyst form of quatz, Brazilian twins (intergrowths of left- and right.) are common and 
microscopic hands of moganite-structure material separate the two enantiomers [for details 
see B. G. Hyde & A. C. McLaren, Aust. J.  Chem. (1996)l. 

I 

moganite lbam moganite Cmmm 

Fig. 7.86. Top: the two enuntiorners of the quartz net projected on (1  120) with the arthohenagonal cell 
outiincd. Numbers are elevations in  multiples of la+bll4. Bottom left: the moganits net projected on 
(010); numbers are now elevation in  unilr of W4. Note the alternating bands af +Q and -Q (shaded). Bottom 
right: an alternative conformalion of moganite with 3 vertices i n  the repeat uni t  lprqjecrion on (010)). 
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It should be emphasized that the Ibam conformation of the moganite net is a close pictures of three important nets that are difficult to illustrate. 
approximation to the Si structure reported for the mineral and for that reason was used to 
illustrate the s t ~ c t u r e . ~  However the figure shows that a simpler, more symmetrical 
(Cmmm) conformation of the net (with of course, the same topology) can be realized with 
only three vertices in the repeat unit. The nets of § 7.311 (quartz, NbO and W2) are the 
only others known with this property. Crystallographic data for this conformation are: 

rnaganite net Cntmm, n = 3.517. b = 1.786, c = 1.513 
44-62.62.8282 in 2 a: C + (0.0.0) 
4.8666.6.6 in  4 h: Ci-(x,O,112). x = 0.186 

Fig. 7.86 should readily suggest ways of generating other nets in the quartz-moganite 
family. Two simple examples are shown in Fig. 7.87. That on the left (with 6- and &-rings) 
is related to quartz-but notice that the vertices in 2 a (see below) are co-planar with their 
four neighbors (as in NbO). The net (which also has 4-rings) on the right of the figure is 
closely related to moganite. Parameters derived in what should be an obvious way from F~Z. 7.88. A ~ te reo  view of the Y "net (compare Fig. 7.6). 

those for the onhohexagonai cell of quartz (with a shift of origin) are: 

Fig. 7.87 (left) Pnlno, o = 48, b = 43, c = d(813) 
62.62.62.62.8484 in 2 a: (0.0.0 : 112,0,l/2) 
66 -66 .6262  in 4 g: i-(+114,y.114), y = 113 

Fig. 7.87 (right) Pccm, a = 43, b = d(813). c = 48 
4 4 6 6 8 2 . 8 2  in 2 r :  +(0,0,114) 
4-810.6.85685 in 4 q: f(x.y.0 : F,y,l/Z), x = 113. y = 114 

I 

I 

wig. 7.89. A ~ i e w  of the Type I hydrate net (compare Fig. 7.51). 

Pmna Pccm 

Fig. 7.87. Two nets related to quartz. Left: projected (001). elevations in multiples of c14. Righr: 
projected on (010). elevations in multiples ol bi4. 

7.11.8 Stereo picture of nets: T*, ciathrate hydrates I and I1 

Many people find stereo pictures of nets h e l p f ~ l . ~  Here (Figs. 7.88-7.90) are such 

' ~ e ~ 2  has the mogvnite structure, and the stmctuie has symmcriy ibnm. See Exercise 17. 
2Steieo viewers (available in many bookstores) are heipiul. Some people find the stereo perception 

easier when the picture is turned upside down. Fig. 7.90. A stereo view of the Type I1 hydrate net. 
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7.11.9 Anion positions and the possibility of open teolire frameworks 

We have seen (8 7.5.2, p. 330) that to make open (rare) nets with low density and large 
rings, configurations which also have a large concentration of small (3- or 4-) rings are 
generally needed. We have also seen (8 5.2.1, p. 150) that small rings (<6-rings) put a 
constraint on the maximum T-X-T angle possible for catenated regular [TJX4 tetrahedra. 
Thus for a ring of three tetrahedra (Fig. 5.19) the maximum T-X-Tangle is 130.5", and for 
clusters of k i n g s  forming a tetrahedron (to give a supertetrahedron of four regular [TJX4 
tetrahedra), it should be obvious from Fig. 5.18 that the T-X-T angle is 109.47. [the 
tetrahedral angle, co~-~( - l i3 )1 .  Similarly for a ring of four tetrahedra (Fig. 5.19j the 
maximum T-X-T angle is 160 .5~  and for clusters of 4-rings forming a cube (to give a 
T&o cluster of regular (T)X4 tetrahedra, Fig. 5.20) the maximum T-X-Tangle is 148.4.. 
To make a cluster of twelve tetrahedra with T atoms at the vertices of a pair of cubes 
sharing a face, the T-X-T angles are reduced to 109.47~ (Fig 7.91). The "cubes" are no 

. 
longer cubes, but tetragonal prisms; the faces parallel to those shared are square, but the 
others have edges in the ratio 1:1.21. 

A way of making nets of low density is to replace vertices in a net by tetrahedra of 
vertices as described in 8 7.5.2 (this process can be repeated ad nauseam to produce nets 
of arbitrarily low density). Another way is to replace cubes in nets such as those of Linde 
A (Fig. 7.38) or WL8 (Fig.7.42) by stacks of Ncubes sharing faces: nets of arbitrarily low 
density can be made by increasing N. In both these cases however, some T-X-T angles 
must be as small as 109.47~. In silicas with framework structures the Si-O-Si angle is 
usually greater than about 140' (with similar values in related oxides), so these open 
structures cannot be formed.' In fact it appears that for alumino-silicates the faujasite 
structure is about the least dense that can be made. We give here coordinates for some 
tetrahedral framework structures based on simple low-density nets with cubic symmetry. 
The coordinates are for regular tetrahedra of unit T-X distance and are such as to maximize 
the minimum T-X-Tangie. It may be seen that the tetrahedral structure based on W*8 is not 
very likely to be formed for an alumino-silicate framework. 

Fig. 7.91. Left: a cluster of twelve regular tetrahedra with centers at the vertices of two "tuber" ( a c ~ ~ ~ l t y  
teliagonal prisms) sharing a common face. Right- a cluster of twelve tetrahedia corresponding to a fragment 
of a net containing "up-down" tetrahedraand basedon rectangles sh-ing a common edge (see text). 

i ~ i n i m u r n  T-X-T angles are much smaller in sulfides than in  oxides, so the former offer znuch greater 
promise for making open framework structures. See for enampie Exercise 16. 
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In the case of sadalite we give coordinates for the maximum T-X-T angle: decreasing 
the angle (as in the real mineral) will increase the density as described on p. 275. The 
transition from pquartz to a-quartz (9 3.6) corresponds likewise to a decrease in density 
accomplished (for rigid tetrahedra) by decreasing the T-X-T angle.1 Thus for a given 
topology, the density of tetrahedral framework structures can often be increased by 
decreasing the T-X-T angle; but to achieve frameworks of lower minimum density the 
minimum T-X-Tangle has to be decreased (see e.g. the crystallographic data below). 

sodalite lm%n, a = 5.575, density = 0.0692 T vertices per unit volume 
Tin I2 d: (1/4,0.1/2 ; etc.) ; X in 24 h: (0,y.y; etc.), y = 0.3536. T-X-T = 160.6' 

rho lrnjm. a = 9.2733, density = 0.0602 T vertices per unit volumc 
Tin 48 i: (1/4,y,I/Z-y ; etc.). y = 0.1036 
X(1) in 48 j: (0,y,~ : etc.), y = 0.2242, r = 0.3809. T-X(1)-T = 147.C 
X(1) in 48 k: (.<j,z; etc.),r= 0.1658, z ~0.3707 ,  T-X(1)-T= 147.6' 

Linde A PnlJm, a = 7.4339. density = 0.0584 T vertices per unit voiume 
Tin 24 k:  (0,y.r :etc.),y =0.1831, r = 0.3706 
X(1) in 24 m: (x j . z ;  etc.), x = 0.1098, z i 0.3447, T-X(1)-T= 148.4' 
X(2) in I2 h: (1.0,1/2 ; etc.), x = 0.2197, T-X(2)-T = 148.4' 
X(3) in 12 i: (0,y.y : etc.). y = 0.2929, T-X(3)-T = 160.5' 

faujasite Pam,  o = 15.1618. density = 0.0551 Tvertices per unit volume 
Tin 192 i: (i,y,z ; etc.). r = 0.0361 y = 0.1240, r = 0.3045 
X(1) in 96 h: (0,y.J: ere.), y = 0.1059. T-X(1)-T= 140.8' 
X(2) in 96 g :  (xj.2 ; elc.), x = 0.0697, r = 0.321 1, T-X(2)-T= 140.8' 
X(3) in 96 8,  x =  0.3284. r = 0.0374, T-X(3)-T= 149.2' 
X(4) in 96 g, x =  0.2537. r = 0,1395, T-X(4)-T= 152.7' 

~ " 8  lm?m, o = 12.5567, densiry = 0.0485 T vertices per unit volume 
Tin96  1: (x,ys: e tc . ) .~  =0.0793 y =0.3231. z = 0.4267 
X(1) in 48 j: (0,y.r ; erc.), y =0.1655, r = 0.3917, T-X(1)-T = 133.8' 
X(2) in 48 i: (1/4.y,l~2-y ; etc.), y = 0.0983, T-X(2)-T= 133.S' 
X(3) in 48 k: (xj , r  ; etc.), x = 0.1228, z = 0.3897, T-X(3)-T = 133.8' 
X(4) in 48j, y = 0.3309, r =0.4281, T-X(4)-T = 168.7' 

An interesting way to obtain tetrahedral frameworks of low density has been de~cribed.~ 
The nets are based on the "up-down" principle of coupling 3-connected two-dimensional 
nets. In 3 7.3.8 (p. 311) examples are given in which "up-down" rods of vertices are 
derived from squares of the planar net. In VPI-5 (5 7.8.4) the net is derived from a two- 
dimensional net with pairs of squares sharing an edge (fusion of two up-down rods), and it 
should be obvious that VPI-5 (Fig. 7.62) is simply derived from AIP04-5 (Fig. 7.23) by 
replacing a square by two "squares" (actually now rectangles) sharing an edge. In Fig. 

l~norher  tetrahedral framework than can have variable density is cristobalite (3 6.3.9, p. 240). Note 
that in ciirtobalite (which has all &rings) the T-X-T angle can be ns much as 18V. lo the quartz structure, 
which has 6- and 8-rings, with regular retmhedm the maximum angle is 155.6' (in the P structure). 

21. V. Smith & W. I. Dytrych, Nnrure 309, 607 (1984). 



~ .... .~~~ ~~~, ~ . . ~ - ~  ~~ ~~ - ----- --, 

374 Chapter 7 Thrce-Dimension01 Nets and Infinite Polyhedra 375 

7.91, we show a fragment of the configuration of tetrahedra that results. In Fig. 7.92 we 
show a net derived analogously from TlZnzSbz (Fig. 7.23). Clearly the strip of two 
rectangles could be replaced by strips of arbitrary length, so nets with large rings of any 
even size could be made, and with density approaching zero for very large steps. In nets of 
this type, the vertices on the octagon have Schlafli symbol 4.6~.6.63.6-6~; all the rest (on 
edges between two rectangles) have symbol 4.63.463.6-64. It may be seen that there at 
most two 4-rings meeting at a vertex, so that Low (in the limit zero) density is achieved in 
this case with a relatively small number of small rings. For frameworks of regular 
tetrahedra, some of the T-X-Tangles cannot exceed cos-'(-519) = 123.75'. 

In the real Alp04 framework of VPI-5 [L. B. McCusker e t  ol., Zeolites, 11, 308 
(1991)J the tetrahedra are not vely regular; in patticular one (A1)O4 "tetrahedron" is better 
thought of as patt of an octahedron (with two water molecules completing the coordination 
sphere). The AI-O-P angles range from 137' to 162' (A1 ... P = 3.09 to 3.27 A); compare 
berlinite ALP04 in which the values are AI-O-P = 142.5' and A1 ..P = 3.08 A. 

Fig. 7.92. An "up-down" net derived by repiacing the squares of T l Z n z S b ~  (Fig. 7.23) by pairs of 
rectangles sharing an edge. Left showing the (TlX4 tetiahedra in projection down the 4-fold axis. Right: 
the Tnetwork in the same projection. Open (filled) circles ure vertices withiinksto layers above (below). 

In TXz  frameworks of zeolite structures, the T atoms can be considered to lie on a 
surface with X atoms on either side. In a polyhedral cavity of n Tatoms, there are 3nl2 X 
atoms (one associated with each T...T"edgen) generally slightly closer to the center of the 
cavity. Thus, for the framework of Linde A with the coordinates ,oiven above, the 
following atoms are at the given distances from the center of the cavity: 

cavity T atoms Y .. 
4.68 4.50 (48x1 4.26 (48~) .  4.31 (24x1 
4.62 3.07 (24x1 2.81 ( 2 4 ~ ) .  3.08 ( 1 2 ~ )  

43 (cube) 1.67 (8x1 1.63 (8x1. 1.63 ( 4 ~ )  

Similarly the TXTX... rings on the surface of cages are usually puckered and, especially 
for larger rings, with X inside the ring. Fig. 7.93 shows the 8-ring in Linde A. 

Fig. 7.93. The 8-ring in Linde A TX2 with coordinates given on p. 373. Filled circlea are T. 
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.ornc oithe k4untul z<i,i.tc 3n.i ~,rbrr ;tru;tiner h r c J  ,,n p31)I1r.rirun pi.'ktnp, that qqiL.:xr 
~n ,hir il~311tcr nerd TIT\: .k.irihc,l .xn,l tllu,1ntcJ 3% m,~.lels b) .A .Andrun! In .I LI.~,..~;21 ~~ ~~~ 

paper Sulle reti di poliedri regolari e semiregolari e suNe corrispondenti reti correlative 
[Mem. Soc. Ital. delle Scienze Ser 3, 14, 75 (1907)l. The Type I and Type I1 hydrate 
structures were predicted (and elegantly illustrated) by W. F. Clausen [J .  Chem. Phys. 19, 
259 and 662 (1951)l. Many structures now known were predicted in advance, especially 
by A. F. Wells and by I. V. Smith and collaborators (loc. cit. supra). Indeed some zeolite 
struchlres could only be solved with the knowledge of possible sINCtOres, their symmetries 
and approximate coordinates. Some nets that were described as "unknown" in earlier drafts 
of this chapter, were subsequently found in recently determined crystal structures. 

7.12 Exercises' 

1. A body-centered array of cubes connected corner to comer by additional edges will 
produce a simple 4-connected net somewhat analogous to the connection of octahedra in the 
5-connected CaB6 net.2 

[Most of rhe Exercises i n  this chapter will he lcdious to do by hand, but are readily done uiing a 
computer program such as EUTAX (see the Note to ihe Reader). 

ZThlr irrucrure (*supercubnne") has been proposed as a possible form ofcnrhon. See R. L. Johnston & 
R. Hoffmann. 3. Anlor. Chem. Soc 111. 810 (1989). Cornpart with the octaderasil net (5 1.8.6). 
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2. The Cconnected net of the B atoms in CaB204 may described as follows for unit 
edge (the same net appears in the structures of SrBzOq, BaA12S4 and BaGa2Sq): 

Po?, a = 3.5334, r = 0.544. 
3-6.77.7272 in  24d: f(x,y,r ;x,ll2-y.112-r : l/2+r, y.112-2 ; 
112x.ll2+y.z)K.r = 0.1046, y = 0.1709, r = 0.3295. 

3. lCLiAlO2 is tetragonai: 

yLiAl0~ P41212, o = 5.169, c = 6.268 
Li and A1 in4a:  (~1.0 ; xs.112 ;i_(li2-x,112+~,114)) 
For Li, .z = 0.688 ; for A;, x = 0.324 

Li and Al are each on diamond nets and the atoms taken all together are on a CrB4 net 
(this structure is derived from that of P B e O  by the substitution 2Be + Li + A]). 

4. PLiGaOz is orthorhombic: 

Li and Ga are each on d i a m o n d  nets and the atoms taken all together are on a 
lonsdaleite net (this structure is derived from that of ZnO by the substitution 2Zn i Li + 
Gal. The O atoms are hcp, as are the metal atoms (combined). 

5. A 4-connected net considered by Heesch & Laves is derived from a space filling by 
truncated tetrahedra, truncated cubes and truncated cuboctahedra. We call this net HL42. 

A "spaghett? model is easily made if it is realized that each triangular face of the 
truncated cubes is shared with a similar face of a truncated tetrahedron and vice versa. The 
truncated cuboctahedra and truncated cubes likewise share octagonal faces. 

6. Another uninodal 4-connected net occurs as the (Si,AI) framework of the natural 
zeolite analcime, NaAlSi20eH~O. A formal description of the net with unit edgc length is: 

Try to make or find a good picture of this net (difficult!). 
In the bixbyite structure of Sc203, the O atom positions are in positions 48 e of IU?: 

x,y,z etc., with I = 0.390, y = 0.155, z = 0.380. Each 0 atom has four 0 nearest 
neighbors. Show that the net of the O atoms has the same topology as that of analcime. 

7. The net of the recently described mineral montesommaite [approximate composition 
(K,Na)gAlgSi2306q-lOH~O] is very simple [hint: project on (loo)]: 

montesommaite 1411amd, a = 2.258. c = 5.795. r = 0.542 
4.525825.82 in 16 h: 1 + (0y.z ; etc.), y = 0.028, r = 0.0856 

8. The diamond net is ubiquitous (see Exercises 3 and 4). Here are two more examples 
of its occurrence as the metal arrays in oxides. (Note that we are concerned with the 
topology of the structure, in this instance the topology of the net defined by edges joining 
the first four nearest neighbors.) 

corundum (AIzOJ) R ~ C ,  n = 4.759, c = 12.991 A 
A1 in 12 c: R + (0,O.r ; 0,0,1/2+i), r = 0.3523 : 0 in 18 e: 0.3064.0,114 

9. Another net that occurs in many different contexts is SrAlz (the A1 net in SrAlz). 
Two examples of compounds iso-structural with SrAIZ were given in Exercise 3.8.11. 
Here are three other examples of its occurrence as the net of (a) Mg and Si in SrMgSi, (b) 
Both atoms in a-Np and (c) A1 and Si in synthetic zeolite Li-A (LiAlSi04.2H20): 

SrMgSi Pnma, o = 7.78, b = 4.56, c = 8.49 A 
sr in 4 c: t(x,l/4.; ; l/Z+x.l/4,l/2-~),x = 0.515, z = 0.683 
Mgin4c ,x=0 .640 ,~=0 .057 ;S i in4c ,x=0 .276 ,~=0 .1 l0  

LbA 
Pna2l,o= A1 in 4 n: (2,y.z 10.31, : ?.~,l/2+r b=8.18,c=5.00.& : 1/2+x,L12-y,r : li2-r,l/Z+y.l/2+z). 
x=0 .136 ,y=0 .072 , r=0 .25 :S i in4o , r=0 .358 ,y=0 .378 , r=0 .252  

10. The compound NaGaSn5 can be considered in a formal sense as Na+(Ga-Sng) with 
the (Ga-Sn5) part having four valence electrons per atom, so it is not surprising to find 
these atoms forming a ieconnected net. The (Ga,Sn) struchxe was reported as: 
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with M1 and M2 being a disordered combination of Ga and Sn. Show that the net of the 
atoms is a uninodal net 5-5.5.5.5.84 which, in its most symmetrical form has symmetry 
P6122. The net is illustrated in Fig. 7.94 below (note that n and care approximately equal). 

Fig 7.94. A net 55.555.84 projected down the e axis of ~6122. Elevations are i n  multiples of  ~112. 

11. The P atom positions in one form of Pz05 have been given as: 

Fdd2, n = 16.3, b = 8.12, c =5.25 .& 
P i n  16 6 :  F + (x.y.2 ; f.7.z ; 1/4-x,114+y,ll4+z ; 1/4+x,l/4-y;L14+z), 
x = 0.075, y = 0.083, z = 0.153 

Verify that the five shortest P-P distances are 2.79, 2.92 (2x) and 4.34 (2x) A and that 
the three shortest P-P distances define a net with the topology of the Si net in ThSi2. 

12. A zeolite we haven't discussed, but which is nice to draw or to explore using 
computer graphics, is known as MAPSO-46 (symbol AFS). Here are data for the 
maximum volume form of the net with unit edge: 

l'r~c I ~ L . I  ;lo>r.l) rcl.ilc..l td that uiCoAPO.50 11.1;. 7 -1:. ?. 3 2 5 . .  t h ~  m.tln jliicre,,..c 
Ihctn: Int lhc ;obc- III ri1.11 ncr .xrc rr.pl~:sl h? p,.l)hcar:,.~,th nmr. i.,:er 

13. BaCuzSz is polymorphic. One form has the ThCrzSi2 StNCture (5 6.4.2) with Ba 
between tetragonal layers of ICuJS4 tetrahedra. A second form forms a three-dimensional 
4-connected Cu,S net derived from 4.X2 by double zig-zag connections in the manner 
similar to that shown in Fig. 7.17 (p. 306). The vertices are all 4.6.4.6.6.82 but there are 
two topologically-different kinds. Crystallographic data for the compound are: 

BaCu2S2 Pnma, a = 9.308, b = 6.061, c = 10.408 A. Atoms in  4 c: i-(x.il4.r ; l/Z+x.114,ll2-z) 
Ba: r = 0.240, 2 =0.822 ; Cu(1): x = 0.056. r = O l l l  : Cu(2): r =0.083. z = 0.545 
S(1): x = 0.483, c = 0169 ; S(2): x = 0.339, r = 0.559 

Plot the Cu and S positions in projection down b to identify the net. 
The net symmetry is Cmcm, but Cu,S ordering lowers the symmetry to Pmcn (Pnma). 

14. A 4-connected net with "up-down" rods ( 5  7.3.8) occurs as the Ga net in MgzGag. 

Ga(2) atoms form "up-down" rods (shaded in Fig. 7.95) and Ga(1) atoms link the rods. 

Fig. 7.95. The Ga arrangement in Mg2Ga~ projected on (001). Numbers are elevations in units of  ~1100. 

The silicate, narsarsukite, was mentioned in § 1.3.8. In that compound Ti atoms link u p  
down rods of [S i lo4  tetrahedra to produce the same 4-connected net with stoichiometry 
(TiSi4)OI0. An additional 0 atom links the Ti atoms in the c direction producing distorted 
(Ti]O6 octahedra and the composition is often written Na2Ti0Si4010, Drawing the 
structure of narsasukite and identifying the net is a nice exercise [for data see D. R. Peacor 
& M. 1. Buerger, American Mineralogist, 47, 539 (1962)l. If you do this, you may 
notice that the metal atom arrangements are nearly identical (except for a change of scale) in 
MgzGa(1 jGai2)q and NaiTiSiq011. 

15. Open (zeolite-like) (4,6)-connected networks are often produced by linking clusters 
of tetrahedra by octahedra and vice versa and indeed some authors include such structures 
under the heading of zeolites. The msasukite framework (Exercise 14) is a (4.6)- 
connected net if all -0-  links are counted. Here are some other examples for exploration: 

(a) Part of the phmacasiderite structure was illustrated as clusters of octahedra linked 
by tetrahedra in 5 5.2.2 (see Fig. 5.23, p. 154). The coordinates of the metal atoms are: 
space group ~ ; ? 3 m :  Fe (octahedral) in 4 e:  x,x,x  ; ( x , z , P ) ~  : As (tetrahedral) in 3 d: 



380 Chapter 7 

(112.0.0)~. Fe has 3 Fe and 3 As neighbors, and As has 4 Fe neighbors. If all edges are 
equal, x = 5/d2(d6 - 1) = 0.145 (quite close to the actual value). For the full structure see 
M. 1. Buerger et al., Zeirs. Kristallogr. 125, 93 (1967). 

(b) An open structure consisting of rings of three tetrahedra (corner sharing) joined by 
further comer sharing with octahedra occurs in catapleite, Na2ZrSi309.2H20 in which 
rings of three corner-sharing [Si lo4 tetrahedra are joined by [ Z r J 0 6  tetrahedra. Data for 
the non-water atoms are: 

In the Zr,Si net, Zr has 6 Si neighbors and Si has 2 Si and 2 Zr neighbors. Not 
unexpectedly, the Zr-Si distances are rather different (larger) than the Si-Si distances. 

(c) A related, but different, struchlre is found in benitoite, BaTiSi309 

benitoite PZc2, a = 6.61, c = 9.72 A, V =  368 A3 
Ba in 2f. (213.113,O ; 213,113,1/2) ; Ti in 2 c: (113,213,O : 1/3,2r3,112) 
Si in 6 k: (r,y,ll4 :F,x-y.114 ;y-x.i.114 ;F.?,314; y-x.y.314 ;i.x-y.314). 
x=0.0711,y =0.2894; 0(1)in6 k,x=0.2535. y =0.1972 
O(2) in 12 I: (as 6 k but 114 ieplaced by rand 112-2 and 314 replaced by t, 112+2) 
x = 0.0880, y = 0.4302. z = 0.1 127 

Compare the Zr,Si net in catapleite with the Ti,Si net in benitoite. Note that the latter is 
much denser (compare the volumes of the unit cells which contain 6 Si atoms in each case). 

16. A fascinating open structure based on a 4-connected net is that of the zeolite-like 
compound: [N(CH3)412MnGe4Slo with a framework based on vertex sharing {Mn)S4 and 
(Ge ls4  tetrahedra. Ge4S1o "supertetrahedron" units (Fig. 5.18, 5 5.2.1) and MnS4 units 
are linked as in diamond (or better, as in sphalerite) so the net of the metal atoms is 
intermediate between diamond and 04 .  Here are data for the framework (explore!): 

1% 0 = 9,533, c = 14.281 A. 
Mn in 2 d, I + (0,112,114) 
Gein8g:I+(x,~,r;?.F,r ;y.Y.T ;7r , t ) ,x=0570,y =0.325,r =0.089 

The vertex symbols are Mn: 92-9~.92-92.9~-92 and Ge: 3.92.3.92.3.92. 

17. Draw the structure of BeHz and show that it is topologically the same as that of 
moganite (SO2). 

APPENDIX 1 

MORE INFINITE SYMMETRY GROUPS 

In this appendix we describe some infinite symmetry groups other than the space groups 
discussed in Chapters 1 and 3. Three-dimensional objects with translational symmetry in 
only two dimensions are layers. The symmetry groups of these objects are the 80 layer 
groups that are given below. Likewise three-dimensional objects with translational 
symmetry in only one dimension are rods. The 75 crystallographic rod groups are also 
listed.1 Two-dimensional objects with one-dimensional translational symmetry are called 
bands or friezes and we describe the 7 band groups also. 

A convenient way to consider these groups is as derived from space groups by removing 
translations in one or two dimensions. The reason for doing this is that the coordinates of 
general and special positions (and their site symmetries), and the nature and location of 
symmetry elements, can be obtained directly from the space group tables in the 
International Tables (abbreviated here to IT). As the coordinates of the general and 
special positions are the same as those of the space groups from which they are derived, the 
same labels (Wyckoff notation) are used for them here. 

For completeness we also mention the cylindrical and spherical point groups that 
describe the symmetries of objects with =--fold rotation axes. 

A l . l  Layer  groups 

In the coordinate system used here it is assumed that the translations are along the x and 
y directions. The lattice can be oblique, either primitive @) or centered (c) rectangular, 
hexagonal or square as for the two-dimensional space groups. The position in the plane 
group symbol has the same significance as for the three-dimensional space groups. 

Once the space group from which the layer group is derived has been identified (and, if 
necessary, the axes relabeled as explained below) the symmetry elements and their 
locations and the coordinates of special and general positions are obtained directly from the 
IT (but of course there are no translations along z. In fact z is now to be considered as the 
height above the z = 0 plane, and as such, has dimensions (e.g. z may be measured in A). 
The symmetry elements of the layer group are those of the space group which are contained 
in, or which intersect, the plane z = 0. 

Comments and examples are taken in order of the system of the corresponding three- 
dimensional proups. For the full table of groups see $ A1.6 (p. 389). 

Monoclinic. The cases to be considered are classes 2, rn and 2Im. The 2-fold axis of 
the layer group can be along z in which case the lattice is oblique. The symbol for the layer 

'With translations in  only one direction, there is no restriction on the nature of rotation axes in  rod 
groups. Here we restrict ourielvca to those containing only I-,2-. 3.. 4- and 6-fold ares. 
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group is the same as that for the setting "unique axis c" in the IT. Only those monoclinic 
groups with primitive lattices and that do not have screw axes will have layer groups as 
subgroups in this instance.' 

If the 2-fold axis of the layer group is parallel to one of the translations, it is taken as the 
b direction and the symbol for the layer group is the same as that for the three-dimensional 
group in the setting "unique axis b" except that (a) the lattice symbol is lower case and (b) 
the glide direction (if present) must be along a (so the glide planes are a). The lattice is now 
rectangular (eitherp or c). 

It may be seen, for example, that information in the IT about pl121b (oblique) and 
p121al (rectangular) are both contained under "nonstandard" settings of number 13, 
P12lcl ("unique axis c, cell choice 3" and "unique axis b, cell choice 3" respectively). 

Orthorhombic. The cases correspond to classes 222, mm2 and mmm. Layer glide 
planes can now be a or b or, for glide planes in the xy plane, n. Thus there is a layer group 
pban derived from Pban. 
Another layer group is p21am derived from P2lnm;which is a nonstandard setting of 
Pmc21 (number 26). Thus to get the information about p21am, one should first transform 
Pmc2l to PZlarn. This involves interchanging x and r .  Thus from the ITfor Pmc2, we 
find the general positions: (ix,y,z ; i.r,9,1/2+z). For p21am the corresponding general 
positions are: (x,y,k ; 1/2+xg,+z) and the symmetry elements of the layer group are those 
of the space group intersecting, or contained in, the old x = 0 (new z = 0) plane. 

A second layer group derived from Pmc21 isp21ma. We first get the general positions 
of P 2 l m a  from those of Pmc21 by cyclic permutation x i  y + z + x as: (x,?y,z ; 
112+x.*y,fl. These are also the general positions of p21ma and the symmetry elements of 
the layer group are those of the space group contained in the old y = 0 (new z = 0) plane. 

At the time of writing, there does not appear to be a generally agreed "standard" setting 
for oblique and rectangular layer groups. Thus, to continue with the same examples, 
p2lam could be (and sometimes is) written pb21m. andp21ma could be written pm21b. In 
both cases the labels of the x and y axes have been interchanged. 

If in doubt the transformations of axes for different settings of the onhorhombic groups 
are given on p. 441-442. Note that the last position in the symbol given here for rectangular 
layer groups always refers to the unique direction (nonnal to the lattice). Layer groups 
such as p2mm andpmm2 are distinct groups although they are both derived from Pmm2 
(number 25). cmm2 and c2mm are also distinct groups hut are now subgroups of two 
different space groups: Cmm2 (number 35) and C2mm (a non-standard setting ofAmm2, 
number 38). On the other hand cm2m is an alternative settine of c2mm. 

Tetragnnal a n d  Hexagnnal. The layer groups are derived from the space groups 
with a primitive lattice that do not have symmetry elements with translational components 
along z. The layer group symbols in these instances are simply derived from the space 
group symbols by the substitution o f p  for P. The positions of the individual entries of the 
layer group symbol have exactly the same significance as they do for the three-dimensional 

tetragonai and hexagonal space groups. The symmetry elements of the layer group are now 
those of the space group confined in, or intersecting z = 0. 

A1.2 Rod groups 

The only one dimensional lattice is primitive and we use the symbol p for it. 
Many of the remarks of $ Al . l  apply also to the rod group symbols. The major 

difference is that the translational syrnmey is along the z direction, so symmetry elements 
with translational components must he along that direction. In particular glide is always c. 

Note that for tetragonal, trigonal and hexagonal rods the last two positions of the rod 
group symbol can be interchanged. This is because the orientation of the x and y axes is not 
determined by the directions of lattice translations. Thus although P3ml and P31m are 
different space groups andp3ml andp31m are different layer groups, p3ml and p3Im are 
the same rod group with the orientation of x and y chosen differently (just as 31m and 3ml 
are also the same point group). Such redundant rod groups are in parentheses in the Table 
below (p. 389). 

The coordinates of general nnd special positions are directly available from the IT. now r 
is a dimensionless fraction of c, and x and y must be considered to have the dimensions of 
length. The symmetly elements of the rod group are those of the space group which are on 
or pass through the line z = 0. 

A1.3 Examples of layers and rods 

There is a large group of layer compounds made up of M X Z  layers of either {MIX6 
octahedra or (MIX6 trigonal prisms sharing edges. The lattices in bath cases are hexagonal 
(Fig. Al.1). 

Fig. Al.l .  Left part of a lay- of MX6 octahedra. Right part of a layer of MXg prisms. 

In the octahedral layer M is at 0.0.0 and X is at 113,213,~ and 213,113,r; these are positions 
1 a and 2 d of p'jrnl. The site symmetries are 3~71 and 3m respectively. In the trigonal prism 
layer M is again at 0,0,0 and X is at 2/3,1/3,z. and 213,113,T. These are positions 1 a and 
2 i of p5m2 and the site symmetries are 5m2 and 3m respectively. 

Another common unit in crystal chemistry is a rod of alternating trigonal prisms and 
antiprisms (octahedra) sharing triangular faces normal to the rod axis (Fig. A1.2). The 

'~lewly one cannot have symmetry elements that involve lrvnslvtionr out of the plane of a and b. 
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vertices are at ?(x,2x,z ; 2?,7,z ; x,X,z ; ?,2Z,1/2+z ; 2x,x,112+z : Y,x,1/2+z). These are 
positions 12 k of p631mmc with site symmetry m. The centers of the antiprisms are at 2 a: 
0,0,0 ; 0,0,1/2 with site symmetry 3m and the centers of the prisms are at 2 b: + (0,0,1/4) 
with site symmetry Zm2. 

Fig. A1.Z. Pwr of a rod of alternating tiigonal prisms and octahedra, 

Exercises: 
(i) Find a, and z for the layers of Fig. Al . l  made of regular polyhedra of edge 1 A. 
(ii) Find x, z and c for the rod of Fig. A1.2 made of regular polyhedra of edge 1 A. 

Answers: 
(i) a = 1 A, ytahedral layer z = 11d6 A, prism layer z = 112 A. 
(ii) x = 113 A, z = 11(4 + d24), c = 2 + d(813) A. [Note that x has dimensions and z is 

dimensionless in Exercise (ii)]. 

A1.4 One- and two-dimensional "rods" (bands) 

In one dimension there are but two point symmetry operations, reflection in a point 
which we represent by the symbol m, and the identity 1. There are therefore, just two point 
groups: 1 and m. Combined with the lattice p we get the two one-dimensiond space groups 
p l  and pm illustrated below (minor points are shown as small circles, and the combination 
of long and short lines, - -, represents an asymmetric object). Note that in pm there are 
two mirror points per unit cell. 

Fig. A1.3. One-dimensional space groups 

A two-dimensional object with one-dimensional periodicity is variously referred to as a 
band, frieze, or border. The symmetry groups of such objects are readily enumerated, and 
can be related to the two-dimensional space groups just as done above for three- 
dimensional objects. 

Fig. A1.4. The band groups. In each case the unit cell is the same size. Full lines represent mirror lines 
and broken lines represent glide lines. Small open circles represent 2-fold rotation points. 

The permissible point groups are 1, 2, m and mm.1 The first two simply give p l  and 
p2. For groups containing mirror lines we must specify their orientations, and we employ 
Cartesian axes x and y with the lattice translations along y. In accord with the conventions 
for three-dimensions we take the first position after p in the symmetry group symbol to 
refer to mirror (or glide) lines perpendicular to x and the next symbol to refer to mirror lines 

11t should be abvous that a one-dimensional lattice is not with 3.. 4.. or 6-fold rotation 

poinu in the plane containing the lattice. 
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perpendicular toy. If there is no symmetry element we use "1" as a place marker. Note that 
a glide line must be along y (perpendicular to xj. Thus corresponding to point group m we 
get band groups p m l ,  p l m  and pg l .  From point group mm we get pntm and pgm. 
Patterns with these symmetries (generated by the symmetry elements acting on a scalene 
triangle) and the symmetry elements are illustrated in Fig. A1.4. Here they are tabulated as 
in 5 A1.6: 

N 2D groups band groups 
1 PI P I  
2 ~2 ~2 
3 pm plm.pm1 
4 Pg Pb-1 
6 pmm pmm 
7 Pms P E ~  

N is the number of the space group given in the7T. Note that (a) in the IT the long 
symbols for the space groups are used. To be consistent with the usage in the IT we should 
write as "long" symbols p2mm and p2gm instead of prnm and pgm. (b) for groups pml 
and pgm, x and y have to be interchanged from the setting used in the IT. 

A1.5 Point groups of infinite order and the symmetry of vectors 

In Table 2.4 ( 5  2.5.6, p.52) we listed non-crystallographic groups containing a single 
axis of arbitraty order N. A shotiened version of that table is reproduced here using only 
Hermann-Maugin symbols so we need only consider the cases N even and Nodd. We use 
shoti symbols for convenience. 

There is an interesting relationship between these groups and the band groups. Imagine a 
finite fragment of the patterns of Fig. Al.4 containing N translations with N even. Now 
fold the fragment round to make a circle with beginning and end motifs superimposed.' If 
this is done with the pattern of p l ,  an object of symmetry Nis  obtained. The same exercise 
repeated with the p2 pattern will produce symrney N22 (note the two sets of Zfold axes). 
Similarly plrn will produce Nmm (again note the two sets of mirrors), pml will produce 

l ~ h e  reader who finds the mental exercise difficult is invited to copy Fig. A1.4 and cut tho different 
patterns (which show N =  4 irunslatianr) into bands, which can then be folded into aring. 

Nlm, and pmrn will produce Nlmmm. The patterns with glide will probably require a little 
more thought, but it will be found that ilr is obtained from a fragment of pg l ,  and Rm2 is 
obtained from a fragment of pgm. As N gets larger the finite patterns approach the band 
patterns more and more closely and we can think of the band groups as limiting cases with 
N = - of the point groups with N even. Thus there is a one-to-one correspondence 
between the band groups and the entries for even Nin Table 2.3. 

Let us consider the correspondence Nmm --t plm a little further. Fig. A1.5 shows two 
mirrors inclined at an angle a = 360'12N. Successive reflections in the mirrors generate an 
N-fold axis at their line of intersection. We can reduce the angle between the mirrors by 
increasing r and at the same time keeping d constant (see the figure). In the limit r --t - we 
have parallel mirrors separated by d and successive reflections in these generate a 
translation by 2d. Thus the correspondence between point groups and band groups 
discussed in the previous paragraph is equivalent to considering the infinite set of 
translations as equivalent to rotations about an axis infinitely far away. 

Fig. A1.5. lilurtrating the effects of successive ieflecrions in two inclined mirrors (shown as solid 
straight liner). See the text for details. 

There is a second way of reducing the angle between the mirrors. This is by reducing d 
while keeping r constant: as d goes to zero wc will have a finite pattern with an --fold 
symmetry axis. The symmetry group is now -m (only one "m" as it is meaningless to taik 
of sets of mirror planes) and this is the symmetry of, for example, a cone. There are in fact 
five cylindrical symmetry groups. The reason that there are only five (rather than seven as 
in the case of the band groups) is that for a finite object with an --fold axis, d m  cannot be 
distinguished from G (recall that, for example, < 13lmj. Thus the cylindrical point groups 
are to be considered as limiting cases as N 4 m of the entries in Table 2.3 for N odd. 
Accordingly the cylindrical groups are: 
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7 P l c l  
8 Clml 
10 P12lml 
11 P121lml 
12 C12Imi 
13 P121cl 

N 

1 
2 

p l a l  

cl21ml 

3-D yroups 
triclinic 
P I  
Pi 
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Tetrngonal (square) layer and rod groups 

25 
26 
27 
28 
29 
30 
31 
32 
35 
38 
39 
47 
49 
50 
51 
53 
54 
55 
57 
59 
65 
67 

N ( 3-0 group ( layer group ( rod group 
I I I 

layer groups 
oblique 

P ! 
PI 

rod groups 

P ! 
P l  

Pmm2 
PmcZ1 
Pcc2 
Pma2 
P a 2 1  
Pnc2 
PmnZ1 
Pba2 
Cmm2 
Amm2 
Abm2 
Pmmm 
Pccm 
Pban 
Pmma 
Pmna 
Pcca 
Pbam 
Pbcm 
Pmmn 
Cmmm 
Cmma 

pmm2 p2mm 
~ 2 1 m a  p21um 
p2aa 
pmn2 p2mb 
~ 2 1 a b  
p2an 
p21mn 
pba2 
cmm2 
c2mm 
c2mb 
pmmm 
pmaa 
pban 
pmma pmam 
pbmn 
pbaa 
pbam 
pmab 
pmmn 
cmmm 
cmmn 

pmm2 p2mm 
prnc21 
pcc2 
pc2m 

pmmm 
pccm 

pmcm 
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trigonal and hexagonal layer and rod groups 

APPENDIX 2 N 

143 
144 
145 
147 
149 
150 
152 
154 
156 
157 
158 
162 
164 
165 
168 
169 
170 
171 
172 
173 
174 
175 
176 
177 
178 
179 
180 
181 
182 
183 
184 
185 
187 
188 
189 
191 
192 
194 

A GLIMPSE INTO HIGHER DIMENSIONS 

A2.1 Introduction: polytopes 

3-D group 

P 3  
P31 
P32 
P3 
P312 
P321 
P3121 
P3212 
P3ml 
P31m 
P3cl 
PTlm 
P7ml 
P ~ C I  

P 6  
P61 
P65 
P62 
P64 
P63 
p6 
P6Im 
P63Im 
P622 
P6122 
P6j22 
P6222 
P6422 
P6322 
P6mm 
P6cc 
P63cm 
~ 6 ~ 2  
PSCZ 
~ 5 2 %  
P61mmm 
P6Imcc 
P631mmc 

There are many reasons for considering structures in higher dimensions-some of them 
practical, some of them aesthetic. Here we can only give a few teasing hints of the richness 
of the geometry of higher dimensions, but it is hoped they will remove some of the 
irrational fear of the subject and perhaps kindle a desire to delve more deeply into the 
subject. Our main purposes are to introduce terms that are gaining increasing currency in 
crvstalloeraohv and to ~ i v e  some insipht into how higher dimensional problems are - . .  
haidied. 

- - 
We start by generalizing a three-dimensional Cartesian axis system ton  dimensions so 

that there are n orthogonal axes a t ,  a2, . . .  a,. The n coordinates of a point in this space ure 
~ 1 . ~ 2 ,  ... x,. The Pythagoras theorem gives the distance between two points x j l ,  
x21, ... x,i and xlz, x22 ,... x,,2 as 

layer group 

~3 

PT 
p312 
p321 

p3ml 
p31m 

p71m 
p?m l 

~6 

PZ 
p6lm 

p622 

p6mm 

~ 6 ~ 2  

p82m 
p6lmmm 

The generalization of a polygon (in two dimensions) and a polyhedron (in three 
dimensions) to n dimensions is apolyrope. A h>'percube or measure polytope of edge b 
with center at the oriein has 2"vertices at ii.b/2,%b/2, ..., %2) and has content ("volume") 

rod group 

P3 
~3 I 
~ 2 2  
~3 
[p312 ~ ~ 3 2 1 1  
p321 
~ 3 1 2 1  
~ 3 2 2 1  
p3ml 
[p31m =p3ml]  

p3c  1 
[pslm = p-hl] 
p?m 1 
pTc1 
136 
p61 
~ 6 5  
~ 6 2  
~ 6 4  
P$ 
p6 
p6lm 
~ 6 3 / m  
p622 
~ 6 1 2 2  
~ 6 5 2 2  
~ 6 2 2 2  
~ 6 4 2 2  
~ 6 3 2 2  
p6mm 
p6cc 
~ 6 3 c m  
p6m2 
p 5 a  
[px2m = p5m2] 
p6lmmm 
p6lmcc 
p63Immc 

u 

b". It is an example of a regular polytope. It is amusing that for a four-dimensional cube 
(known as a t e s s e r a c t )  the distance from the center to a vertex [which is 
J(b214 + b214 + b2/4 + b2/4)] is equal to the edge length (b). 

Another regular polytope is the crosspolyrope. For edge length b this has 2n vertices at 
f(hld2.0 ,... 0 ) ~ .  The three-dimensional version is the regular octahedron. The volume is V 
= b"2"'2/n!. 

A third polytope of importance is the simplex which has n + 1 vertices each of which is 
joined to all the others by edges, so that there are n(n + 1)/2 edges. A two-dimensional 
simplex is a triangle and a three-dimensional simplex is a tetrahedron. A regular simplex 
has all edges equal, say b, and volume V =  b"d(n + l)l[n!2"12]. The angJe subtended by an 
edee at the center is cos-I(-lln) and the vertex to center distance is bdlnl(2n + 2)l. The " ~ ~~~~ 

~, , 

order of the symmetry group of a regular simplex is (n + I)!. 
These are the only regular polytopes for n 2 5 ,  but four-dimensional space has some 

beautiful sumrises (recall that in three dimensions we have two more regular polyhedra, the 
icosahedron and dodecahedron) that are mentioned below. 

Points on the surface of a hwers~here  (or just sphere) i n n  dimensions with center at .. . 
the origin (0.0,. . .,0) and with radius rare  given by: 
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The volume is glven by (the second form avoids non-integral factorials for odd n): 

An often useful formula is for the volume of a general simplex with vertices (in 
Cartesian coordinates) (xni,xoz ,... xn,), (XII .XIZ .... XI,,). .... (x,,~,x,,z ,... xnnl [compare 
Eq. 4.251: 

Only in two and four dimensions are there regular honeycombs other than a space filling by 
hypercubes. The reader who wants to learn about these beautiful figures can do  no better 
than read the book by Coxeter cited at the end of this appendix. 

It is interesting that four dimensions is richest in regular polytopes. The geometry of 
higher dimensions is not dull however, there some remarkable lattices with special 
properties known. One teaser: the problem of the number of equal spheres that can contact 
a central one (this is sometimes called the maximum "kissing number") is remarkably 
difficult to solve. It is known to be 12 in three dimensions, but mathematicians don't know 
the answer in four dimensions.' The maximum kissing number is known in 24 dimensions 
and is 196560; a lattice with this coordination number is also known. The order of the point 
symmetry group of this lattice is 8315553613086720000 which is still small by 
mathematical standards (the order of the point symmetry group of the primitive hypercubic 
lattice is Znn!-work that out for n = 24). 

The sign of Vdepends on the order of numbering of the vertices. 
A2.3 Four- a n d  higher-dimensional lattices 

A2.2 Four-dimensional polytopes a n d  honeycombs 

It is convenient to rewrite the SchiXfli symbols we have been using on one line. Thus the 
symbol for a cube 43 becomes {4,3) and an octahedron 34 becomes (3,4]. The symbol for 
a 4-dimensional hypercube becomes {4,3,3). This is interpreted as a polytope whose 
hyperfaces (cells) are (4,3] (i.e. cubes) and three of these meet at an edge. 

Two-dimensional tessellations can be considered as degenerate cases of three- 
dimensional polyhedra. For example {3,3], (3.41 and (3.5) are the tetrahedron, 
octahedron and icosahedron respectively whereas (3,6] is a covering of the plane by (an 
infinite number 00 triangles. Likewise (4.3) is a cube but {4,4} is a covering of the plane 
by squares. The other regular tessellation of the plane is (6.3). In the same way a three- 
dimensional space filling by cubes (with four meeting at every edge) can be considered a 
degenerate case of a four-dimensional polytope and symbolized (4,3,4). The way to 
interpret {p,q,r) is that r figures that are [p,q) 's meet at an edge. A space filling by 
polytopes is often called a honeycomb (elsewhere we reserve this term for (6.3)) 

The four-dimensional simplex is (3,3,3) and the four-dimensional cross polytope is 
(3,3,4). There is also a polytope [3,3,5) (which might be thought of as the four- 
dimensional analog of the icosahedron) whose 600 cells are tetrahedra. Its dual is the 
regular polytope (5,3,3] (again we might consider this the analog of the dodecahedron) 
whose 120 cells are dodecahedra. It is noted in passing that the order of the symmetry 
g ~ o u p  of these polyhedra is 1440Gth i s  is small for mathematicians but rather impressive 
compared to the order (48) of the largest three-dimensional crystallographic point group 
( m h )  and the order (120) of the icosahedral group. 

It transpires that there is a sixth polytope in four dimensions. This is (3.4.3) whose 24 
cells are octahedra (3.41 with three meeting at every edge. (3,3,4) and (3.4.3) are space- 
filling polytopes so there are also four-dimensional honeycombs (3,3,4,3) and (3,4,3,3 ). 

In four-dimensions we specify a lattice by four vectors a l ,  a2, a3, a4 of length a l ,  02 ,  
1 3 .  . d ~  .IOU W I I ~  :in<lc. hsc!~~,:r~ rhcr11 JI ( A [ ? .  a [ ; ,  r~ 4, ax?!, a:,, ri~,. I c , 1" 2~ncr3. .  !c!. 
unit ;ell pJri!rtetelf I1 :r:t!hp!rr'\ 1 l t x 1  thu? T L .  6-1 l lr .1t31,  Iatti-.cr \\'c I I I U ~  .,I U ~ S  ,11 ttro 
here. Conce~tuallv the sirnulest of these is the nrirnitive hvoercuhic with a? = a? = a2 = an . . . . . - a -  

= a and all angles equal to 90". The point symmetry of this lattice is the same as that of the 
hypercube and has order 384. Each lattice point has 8 neighbors. The primitive hype~cubic 
lattice inn dimensions may be symbolized 2". 

Recall that in four dimensions the distance from the center to a vertex of a hypercube is 
equal to an edge length. This means that a copy of the simple hypercubic lattice displaced 
by 1/2,112,1/2,1/2 can be fitted into the first one and generate a new lattice which is known 
to crystallographers as Z-centered hypercubic (mathematicians know it as D4). Each paint 
of the new lattice has 24 neighbors. The point at 0,0,010 has as neighbors, the original 
eight of the primitive lattice at (rtl,O,O,0)~ and 16 more from the second hypercubic lattice 
at the vertices of a hypercube with coordinates i-112,f 1/2,~112,~112. If spheres of unit 
radius are put at the lattice points the arrangement with a = 1 corresponds to the densest 
(lattice) packing of spheres in four dimensions. Another way of looking at this lattice is as 
the vertices of the regular honeycomb (3,3,4,3). The interstices of the lattice at 
(1/2,1/2,0,0 ; 112,0,1/2,0 ; 112,0,0,1/2 ; 0,1/2,1/2,0 ; 0,1/2,0,1/2 ; 0,0,1/2,1/2) are at the 
centers of the (3,4,3 ] polytopes. 

Now for some vertigo. The positions of the interstices given above are the regular 
honeycomb (3,4,3,3) and the Voronoi polyhedron of the lattice points is a (3.4.3). This 
figure is just the same as that of the 24 lattice points surrounding a given lattice point. In 

'Mathemaiicians are hard iot lo convince. It is a safe bet that the 24-coordinated iartice described below 
provides the answer to this problem and t h a  of densen sphere packing in four dimensions. Only rccently 
ha i t  been proved that there is nor a sphere packing in three dimensions lhat ir denser than cubic closes! 
packing. 
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fact the point symmetry of the lattice is the same as that of (3,4,31 and is higher than that 
of the primitive hypercubic lattice; the order of the point group is 1152. This means that in 
four dimensions there are distinct crystal systems corresponding to primitive hypercubic 
and centered hypercubic. 

If we combine the lattice positions (0,0,0,0 : 112,112,112,112) with the positions of the 
interstices (given above) we have eight points which fall hack at the points of the same 
lattice but with separation reduced by a factor of 42. In other words we can describe the 
same lattice using a non-primitive hypercubic unit cell with either 2 points per cell or 8 
points per cell. Thus we have two descriptions of the same lattice: (a) 0,0,0,0 ; 
112,112,112,112 ; (b) 0,0,0,0 ; 112,112,112,1/2 and all six permutations of 112,1/2,0,0. 

The matrix transforming the first description into the second is: 

I 1  0 0  =(:. ; ;] 
0 0  1 - 1  (A2.5) 

In more than four dimensions there are two distinct lattices, reciprocal to each other, that 
can he described using a centered hypercubic cell and that are generalizations of the one 
above. The first, called D,*, has lattice points at 0.0 ,..., 0 and 112,112 ,... 112. The second, 
called D,, has lattice points at 0.0, ..., 0 and all combinations of 0 and 112 that add up to an 
integer. If the coordinates of the points in this second unit cell are doubled, it may be seen 
that they consist of combinations of integers that add up to an even number, and [he lattice 
points consist of half of the lattice points of a primitive hypercubic lattice; for this reason 
Dn is also called the checker-hoard lattice. The unit cell of Do contains 2"-1 points, and for 
unit distance between lattice points n = 42. We have seen that the reciprocal lattice of the 
2-centered hypercubic lattice (D4*) is the same lattice (04). Only when n = 4 is the point 
symmetry of D, different frnm that of Zn. 

We can't resist mentioning that in eight dimensions two copies of D8 fit together (in the 
same way as two primitive hypercubic lattices gave Dq) to give a new lattice Eg. The 
second 0 8  is displaced by 114,114, ..., 114 from the first. The reader will possibly find it a 
stimulating exercise to verify that E8 represents a 240-coordinated sphere packing (the 
densest known in eight dimensions). For spheres of unit radius, the cell edge remains 42 
and there are 256 points in the unit cell, i.e. 16 per unit volume. E8 has attracted some 
attention in connection with quasicrystal structures; also of interest is that the noints divide 

~~~~ ~ ~ ~-~ 

space into regular simplices and cross polytopes (how many and where?). Note that two 
D3 (-A3 - fcc) lattices displaced by 114,114,114 give the diamond structure (not a lattice). 

Another family of lattices has non-orthogonal lattice vectors. In a plane we can have 
three vectors equally inclined to each other at an angle of cos-I(-112) = 120'. Two of these 
of equal length generate a hexagonal lattice. In three-dimensions four vectors all making an 
equal angle with the others are possible; the angle is the tetrahedral angle, cos-'(-113) = 
109.47'. Three of these vectors of equal length generate a body-centered cubic lattice (recall 
that a primitive cell for body-centered cubic has a = b = c and a = P = y = 109.47~). In 

general i n n  dimensions n+l vectors can be equally inclined at an angle of cos-I(-lln) and 
we can define a lattice using n of them of equal length. Note that the n + 1 vectors are 
equivalent so there will be a symmetry operation of order n + 1 ielating them as discussed 
below. The four-dimensional lattice with a1 = a2 = a3 = a4 = a and a12  = a13  = a14 = y 3  
= a 2 4  = a34 = cos.i(-1/41 = 104.48~ is known as the primitive icosahedral lattice. The 
order of the point s y m l r y  group of the lattice is 240. 

The lattice reciprocal to this 4-dimensional lattice is easily found to have nl = a2 = a3 = 
ad = l la  and a12 = a13 = a14  = 023 = C Q ~  = a34 = cos-'(II2) = 60' . (Recall that in three 
dimensions, the lattice reciprocal to bcc is the fcc lattice which has primitive cell a = b = c ; 
a=  p =  y= 60"). The simplest way to see this is to find the reciprocal of the G matrix: 

The off-diagonal elements of the matrices are cosai,. 
The new lattice can be described using a centered cell of the same shape as the primitive 

icosahedral lattice and it is then called the SN-centered icosahedral lattice. In this description 
there are 125 lattice points in the (non-primitive) unit cell. 

We have remarked that these two lattices are four-dimensional analogs of the bcc and fcc 
lattices which, it so happens, are cubic. It is sometimes useful though to consider the bcc 
lattice in terms of its primitive cell. It is left as a non-trivial exercise for the reader to 
describe the fcc lattice in terms of a unit cell with the same shape (it needs 16 points per 
cell!). The general n-dimensional lattice with primitive cell edges all equal and all angles 
equal to 60' is known as A,, and its reciprocal Lattice with all angles equal to cos-I(-lln) is 
known as A,*. A, represents a lattice sphere packing with n(nt-I) neighbors and A,* 
represents a lattice sphere packing with n + 2 neighbors. 

A2.1 Symmetry operations in four dimensions 

It is instructive to see how symmetry operations arise as the dimensionality of space is 
increased. We restrict ourseives to point symmetry operations (those that leave at least one 
point invariant). In one dimension there is just one operation m that takes a point to another 
place by reflection in a point. In two dimensions m reflects in a line and in three dimensions 
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m reflects in a plane. In general m changes position in one direction (the normal to the 
mirror) and leaves an n - I figure unchanged. Thus in four dimensions there are mirror 
hyperplanes. 

In the transition from one to two dimensions we recognize a new operation that changes 
two coordinates (leaves a point invariant). The symmetry element is a rotation point. In 
three dimensions we have a rotation axis (a line is left invariant) and in four dimensions a 
rotation plane (a plane is left invariant). 

Continuing from two to three dimensions, we identify a new operation that changes 
three coordinates (leaves just a point invariant). This is a (rotation-) inversion point. In four 
dimensions there are inversion axes1 and we must seek new symmetry operations that leave 
only a point invariant. To see their nature it is easiest to appeal to the matrix representations 
of symmetry operalions. 

If we use a suitable basis, the matrices representing symmetry operations will always 
have elements t 1  and a determinant +l (such matrices are termed unimodular). For 
example an inversion point (at 0.0.0) in three dimensions is represented by the matrix 
shown below converting n,y,z to ?,7,5: 

- 1 0  0 x 

[: i,l ~)[:]=[i~y) (A2.7) 

The four-dimensional inversion axis (along thew direction) is represented by: 

(A2.8) 

An operation that leaves only a point (0,0,0,0) unchanged is: 

(A2.9) 
There are no generally agreed symbols for these symmetry operations, let's call the last 

I ~ h e r e  appears not to be an agreement on the meaning of the word "axis". We use it to mean a one- 
dimensional figure (straight line) loft invariant by a symmetry operation. However one commoniy sees the 
siatement that one can have 5-foid symmetry axes in four dimensions; as discussed next the five-fold 
symmetry operation only leaves a point invariant. The  axes in four dimensions are (roto-) inversion axes. 
The difficulty aiises in p a t  because (for example) in three dimensions one needs to specify the direction of 
the rotation component of a ii symmeay operation as well as the location o i  the point of the inversion 
component even though neither the rotation axis or the inversion point exist separately in this example. 

one E.1 It is instructive to break this operation into components. 

To identify the two matrices on the right we recall that in a three-dimensional Cartesian 
axis system a two-fold rotation about z is represented as: 

so that the first of the two matrices on the right of Eq. A 2  10 can be identified as rotation 
about the rw plane. The second is clearly a rotation about the q plane. Thus the operation - 
=corresponds to two 2-fold rotations about orthogonal planes (in four dimensions 
orthogonal planes have only a point on common). It should be obvious that repeating Z 
twice produces the identity, so the order of the operation is 2. It transpires that there are a 
number of other operations that may be considered as combinations of rotations and that 
have orders of 3, 4, 6, 8, or 12. The rotations are restricted to 2.. 3-, 4- or 6-fold rotations 
as in lower dimensions, but the new symmetry operations may have different order. 

There is also a 5-fold symmetry operation compatible with translational symmetry in 
four dimensions. It is instructive to approach it by first considering lower dimensions. A 
three-fold rotation about a point in two dimensions can be represented by: 

In particular this operation takes the point 1.0 to 0.1 to i , i  and back to 1,O: i.e. it 
interchanges the three equivalent axes of a hexagonal lattice. 

In three dimensions there is a 4-fold operation that leaves only a point invariant; this is 4. 
We describe this operation using the basis of a primitive bcc cell [i.e. axes inclined at 
cos-'(-113) to each other]. Successive powers of A =? in  this basis are represented by 

The nature of A can be verified (see 5 3.7.3) by checking that Tr(A) = -1 and dct(A) = -1 
as well as observing that it has an order of 4. Now the point 1,O.O is successively taken to 

'Symbols encountered include 22, 2222, IT and aeZz. 
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0,1,0; 0,0,1; i , i , i  and back to 1,0,0. Normaiiy the ;i operation is described using an 
orthogonal basis so that the matrix representation is different; but of course the trace and 
determinant of the matrix are unchanged. 

Finally coming to four dimensions, there is a five-fold operation that can be represented 
simply using a basis with axes at cos-I(-114) to each other and which is represented by the 
matrix V: 

The reader should verify that V5 = E (the unit matr!x) and that successive operations on 
e.g. 1,O.O.O produce 0,1,0,0 ; 0.0,l.O ; 0,O.O.I ; l , l , l , l  and back to 1,0,0,0. Note that 
det(V) = 1, so this is a proper operation. As i t  transforms a set of integers p,q,r,s 
representing a lattice point into another set of integers~epresenting another lattice point it is 
a symmetry element of a lattice and hence compatible with translational symmetry. 

Some words of caution. The two-dimensional hexagonal lattice actually has a six-fold 
symmetry element (6-fold rotation) and the four-dimensional icosahedral lattice has a ten- 
fold symmetry element (which is a combination of V with E ') but the three-dimensional 
Lattice does not have an eight-fold symmetry e l ~ m e n t . ~  The general four-dimensional lattice 
with a tcn-fold symmetry element is referred to as decagonal. The unit cell parameter 
constraints are nl =a: = 03 = a4 and a12  = a23 = a34 = a ,  a13 = a14 . ~3 = p, 
with cosa  + cosp = -112 (i.e. there are two independent unit cell parameters), we have 
referred in the previous paragraph to the case a=  b. 

To completely identify symmetry operations corresponding to matrices in four 
dimensions one needs as well as the trace and determinant, the second invariant which, 
for a matrix with elements a$, is: 

(a~iazz-aiza:~)  + (a11a33-a13a31) + (aiia44-al4a41) + 
(azza33 - az3a32) + (az2a-u - az4az) + (033~44 - a34a43) (A2.15) 

Interest in quasicrystals, some of whose diffracfion pafrerns have icosahedral 
symmetry, prompts the observation that in six dimensions, 5-fold "axes" 3 oriented as in 
icosahedral symmetry are possible (as well as 7.. 9.. 14- and 18-fold symmetry 
operations). 

With orthogonal axes the V operation is represented by the matrix: 

[cos p, sin p, 0 0 1 
-sin p, cos p, 0 

0 COS P2 sin p2 

which represents a double rotation first about the zw plane by pl and then about the xy 
plane by p~ (compare the discussion of E given above). From the fact the trace must be -1 
and the second invariant must be 1 (as for V) it can easily be found that pl = 2rd5 and that 
PI= 4d5 .  Thus the V operation is the combinarion of rotations by 115 and 215 of a circle 
about orthogonal planes. 

A2.5 Numbers of crystallographic symmetry groups 

There are 4895 four-dimensional space groups and, as we have seen, the order of the 

I point group can be as high as 1152 so that an Infernational Tables for four dimensions 
with the same detail as Volume A (1983) would ntn to hundreds of volumes, and five 
dimensions would be out of the question. The table below lists the numbers of 
crystallographic groups inn dimensions and with lattices of differing (< n) dimensions of 
periodicity. 

space lattice dimension + 0 1 2 3 4 n 
0 1 
I 2 2 
2 10 7 17 
3 32 75 80 230 
4 227 ? ? 1651 4895 
n ? ? ? ? ? ?  

The entry under column 0 is the number of crystallographic point groups. It is known that 
the entry in every column is finite for finite n. 

A2.6 Generalization of Euler's formula for  polyhedra 

The generalization ton dimensions of Euler's formula for polyhedra is: 

l1t should be obvious that jusr ar every three-dimensional latrice has i for a aymmeriy element, every 
four-dimensional lattice has (which reverses the direction of lattice vectors) as a symmetry clement. 

2~ combination of Z with i (exisiiag sepnmrely) 15 4im. 
3 ~ e e  footnote on p. 398. 

Where Pi is the number of i-dimensional figures (Po is the number of vertices, P I  is the 
number of edges etc.). For n = 3, this gives the familiar formula Po - P i  + Pz = 2 (i.e. 
V -  E + F = 2). In four dimensions: Po - P I  +Pz - P3 = 0. For a four-dimensional 
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simplex Po = 5, PI = 10, P2 = 10, P3 = 5. 
From Eq. 2.17 the analogous formula for a honeycomb (space tilling by n-dimensional 

polytopes)can be derived': 

Where now the numbers should be interpreted as relative numbers of figures of the 
appropriate dimensionality. For a plane tessellation Eq. A2.18 gives the result: V- E + F = 
0 which we have used many times. We use the analogous expression for three-dimensional 
honeycombs in Appendix 3. 

A2.7 References 

One of the best introductions to elementary n-dimensional geometry is still An 
Introduction to the Geometry ofn Dimensions by D. M. Y. Sommerville (Dover, New 
York, 1958). The definitive work on regular polytopes in n-dimensions is Regular 
Polytopes by H. S. M. Coxeter [third edition, Dover, New York, 19731 and on polytopes 
in general Convex Polytopes by B. Griinbaum [Interscience, New York, 19671. Four- 
dimensional lattices are described fully by H. Wondratschek er al., Acta Crystallogr A27, 
523 (1971) and an account of the four-dimensional space groups is in Crystallographic 
Groups of Four-Dimensional Space by H. Brown er al. Wiley, New York, 19781. A 
good introduction to four-dimensional crystallographic point groups and symmetry 
operations has been given by E. J. W. Whittaker [An Atlas of Hypersrereograrns of the 
Four-Dimensional Crystal Classes, Clarendon Press, Oxford, 19851. The four- 
dimensional hypedayer groups (i.e. the symmetry groups of four-dimensional objects with 
translations in three dimensions) are described in Colored Symmetry by A. V. Shubnikov 
and N. V. Belov [Pergammon Press, Oxford, 19641. For a wild ride into many- 
dimensional space (but with some excellent introductory material) Sphere Packings, 
Lattices and Groups [Springer-Verlag (1988)l by J. H. Conway and N. 3. A. Sloan is 
highly recommended (this book also includes an enormous bibliography). There have been 
many recent examples of higher-dimensional crystallography applied to real world 
problems a good starting point is T. Janssen, Acta Crystallogr. A42, 261-271 (1986). 
Applications to quasicrystals will be found in the review by W. Steurer, Zeits. Krisfallogr. 
190, 179 (1990). Two commonly used notations for point symmetry operations in four 
dimensions are those of C. Hermann [Acia Crystallogr 2, 139-145 (1949)l and A. C. 
Hurley [Proc. Cambridge Philos. Soc. 47, 650-661 (1951)]. 

APPENDIX 3 

T H E  TOPOLOGY O F  POLYHEDRA, NETS AND MINIMAL SURFACES 

A3.1 Introduction 

Topological aspects of crystal chemistry are attracting increasing attention. One reason 
for the interest is that zeolite catalysts are of major economic importance and their properties 
are intimately related to structural features such as the size of the pores and cages. These in 
rum are related to topological properties such as the connectivity and the sizes and numbers 
of rines in the net of the framework atoms. This Appendix describes some to~oloeical ~~~ . . . - 
aspects of structures, particularly of 3- and Cconnected nets and infinite polyhedra. It will 
be seen that the subject poses some interesting and challenging unsolved problems. 

A3.2 Finite polyhedra 

Normally a polyhedron is thought of as a simple convex object topologically equivalent 
to a sphere: thus if the faces were deformable, it could be "blown up" so that it became a 
sphere in the same way as a truncated icosahedron (5.62) becomes a soccer ball. A finite 
polyhedron of this sort is topologically equivalent to a tiling of the surface of a sphere. The 
well-known Euler equation for the number of faces (F), edges (E), and vertices (1/) of such 
a tiline is F - E + V = 2 

. " S  - 
is the same as for a tillng of the plane (see 5 5.6.1 1). 

What about surfaces with more than one hole in them? A teacup with one handle is 
tr,yolog,c~lly iiu i3111t J>  .L [.>a, ~nrt :.muto, In? hslc .\ ,.x~y burr1 utth tua  knn.lli-5 h3, 
txv,~ h,,lc, ~n,l  ;i thus rorc,l . ~ 1 ~ ~ . 1 1 1 v  di,t~ncl. Ttx  ~ o i n b c r  ni  I I U I C <  I ~ I  ,I ~t~ri~,:: If  1, 12Ihic(1 

~ ~~~~ ~ ~ . u ,  

to the Elder-PoincnrP characteristic x of a surface by:' 

and for a surface with characteristic X: 

Thus the toms (and the infinite plane) have x = 0 and a simple closed surface (such as 
that of a sphere) has x = 2 (H = 0). 

l ~ o r  Eqs. A217 and A2.18, see the Coneler reference cited in the next section. 
'see H. S. M. Coxeter, introduction to Geometry (Book List). A simple proofaEEq. A3.2 is given by 

R. Courant & H. Robbins, What is Marhemntics? [4th Ed. Oxford (1947)). 
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A simple example of a polyhedron with x = 0 can be obtained from a ring of eight cubes 
fused together as shown on the left in Fig. A3.1. There are 32 faces, 64 edges and 32 
vertices. Note that there are eight vertices of the sort 43, sixteen 44 and eight 45. 

Also shown in the figure is a polyhedron made by fusing together 20 cubes. It has five' 
holes (X = -8) and 72 faces, 64 vertices and 144 edges, so V -  E + F = -8 confirming the 
formula above. 

Fig. A3.1. Polyhedra with holes 

A3.3 Infinite polyhedra 

An obvious next step is to repeat the above process to make an infinite polyhedron with 
connecting holes. Consider a cubic unit cell with side 2 containing a cube of side 1 centered 
at 112,112,112 and fused to unit cubes centered at the face centers (0,1/2,1/2)~. Repetition 
of the unit cell will produce a solid figure with 8 vertices, 12 faces, and 24 edges per unit 
cell. The emuty mace left behind will be exactly the same: empty cubes at O,O,0 and at . .  A 

(0,0,112)x (the same coordinates as before but displaced by 1/2,~112,112). The structure 
shown on the right in Fig. A3.1 is an element of the infinite structure; it may be seen that 
square holes emerge through each face of the unit ceU. As holes emerging from opposite 
faces are eauivalent (really the same hole) the number of holes uer unit cell is 612 = 3. . . 

It is interesting to consider this figure as an infinite periodic polyhedron with x < 0. The 
numbers of vertices, edges, faces and holes per repeat unit are expressed as lower case 
letters (v, e ,  f and h respectively), we then have with x = 2 - 2h: 

This formula applied to the infinite polyhedron constructed from fused cubes gives 
8 - 24 + 12 = 2 - 2 x 3 = -4. Note that each vertex is 46. This polyhedron is an example 
of a skew polyhedr~n.~ The edges and vertices form a 6-connected net. 

~ ~~~ 

2 ~ .  S. M. Coxetei. Pror Lond ,Mnrk. Soc. 43, 33 (1937) 

The polyhedron and the complementary empty space have the same connectivity. In this 
case the connectivity of the network of face-sharing cubes is just that of the primitive cubic 
lattice (six) and h is one half this connectivity. As discussed patticularly by Wells 
(reference in 5 A3.9) it is often simpler to consider the connectivity of the polyhedron than 
to count holes. In some cases (those in which the polyhedron in question and its 
complementary polyhedron are topologically identical) care must be exercised in deciding 
the repeat unitand the connectivity, and wenow give some examples which also illustrate 
how to count vertices, edges and faces. 

For a polyhedron withjust one kind of vertex, once the number of vertices in the repeat 
unit is identified, counting edges and faces is easy. The number of edges is just one-half 
the number of vertices times the connectivity (i.e. 2v if four polygons meet at a vertex). To 
count faces note that each n-gon is shared by n faces, so that if there are (for example) v 
vertices of the type nl.n2.n3.n4, the number of faces is vlni + vln2 + vlnj + vlnq. 

An infinite polyhedron can be obtained from the sodalite net ( 5  7.3.10) by considering 
one-half the polyhedra of a space filling by truncated octahedra. Again the filled and empty 
space regions are identical. The cubic unit cell contains a truncated octahedron at 0,O.O and 
it is fused together with its neighbors by sharing square faces, and has the same 
connectivity (6 = 2h) as the first infinite polyhedron. The reader should confirm that v = 
12, f = 8 (the hexagonal faces) and e = 24, so that again v - e + f = 4 for a unit cell 
including three holes. This structure is also a regular (skew) ~olvhedron. in this case 64. - .  . , 

In 5 74.1 (p. 323) we described the two complementary Archimedean polyhedra 42.62 
of the Linde A structure. In this structure the number of vertices in the reoeat unit (unit cell) 
is v = 24. Accordingly e = 48 and f = 20. The connectivity is again six ( h  = 3 and 1 = 4 )  
as can be seen readily from Fig. 7.38 (p. 324) and again v - e + f= x. 

Consider next the infinite polyhedron 43.6 corresponding to the zeolite rho net (Fig. 
7.39, p. 325). The body-centered cubic cell has again three holes and contains 48 vertices. 
Note that in considering this strucrure as an infinite polyhedron we consider points at the 
origin as inside the polyhedron and points at 112,112,112 as outside so in this sense the 
unit cell is primitive (so care must be taken in deciding what is the repeat unit). Thus the net 
of the tunnels is again the 6-connected simple cubic array and h = 3, x = 4 .  

We also described the same set of mints as the oolvhedron 4.8.4.8 which was shown . . 
(Fig. 7.39) as a packing of octagonal prisms; the structure is now connected as the 
8-coordinated bodv-centered cubic arrav so in this case h = 4 and x = -6 for the ~rimitive 
unit as shown in Fig. A3.2. The number of vertices in the primitive unit is 24 so the 
number of edges is 48, the number of faces is 18 and v - e + f = 24 - 48 + 18 = -6 = x. 

Fig. A3.2. Left: a repeat unir of bee. Rtghr: the repeat unir of the diamond strucrure: each bond (except 
the one in (he centm) traverses a face of the primitive unit cell. 
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The infinite polyhedron corresponding to the faujasite net (Fig. 7.41, p. 326) is another 
43.6. There are 192 vertices in the face-centered cell, or 48 in the primitive cell. The 
network of tunnels in the faujasite structure has a diamond connectivity so now a hole 
enters (and leaves) through each face of the primitive cell (see Fig. A3.2) so there are now 
three holes perprimitive cell. Enumeration shows that for the primitive cell v = 48, e = 96 
and f = 44. Again v - e + f = -4 as expected for h = 3. 

So far we have considered infinite polyhedra with four polygons meeting at each vertex. 
In 5 7.2 (Fig. 7.7) we described two nets 6S2. The one we called 6.82P is a tiling of a 
surface with primitive cubic connectivity (h = 3, x = -4). The repeat unit contains 48 
vertices (eight hexagons) and as the net is 3-connected the number of edges is 48 x 312 = 
72 and f = 4816 +4814 = 20. Note that the repeat unit is taken as the body-centered cell; this 
because, just as for the polyhedron 43.6 (zeolite rho) discussed above, the complementary 
polyhedron is the same as the original polyhedron. 

The other polyhedron 6 . P  (also shown in Fig. 7.7) called 6.820 also requires some 
true, again because the complementa~y polyhedron is the same. The repeat unit contains 24 
vertices. The net of the structure (the surface being tiled) is that of diamond but now the 
unit cell contains just one "diamond" unit and the connectivity is 4 (h = 2, x = -2) (contrast 
the discussion of the faujasite structure above). The number of edges is 24 x 312 = 36 and 
the number of faces is 2416 + 24 x 218 = 10 and v - r + f = 24 - 36 + 10 = -2 = x as 
expected. 

Other infinite polyhedra with just one kind of vertex have also been described. In 
Chapter 6 on the right of Fig. 6.73 (p. 276) an infinite polyhedron 3.42.3.42 was 
illustrated. The reader may wish to verify that for this structure x = 4, v = 12. e = 36, and 
f = 20 and that again f - e + v = x. 

In 4 6.8.5 we also mentioned (p. 277) the polyhedron 33.43 made from rhombi- 
cuboctahedra and octahedra sharing faces (not illustrated). The net of the surface being tiled 
is eight connected (as in bcc) so k = 4. 

Examples of infinite polyhedra with five faces meeting at a vertex were described in 
5 7.9. These are: 3.44 and 33.62 (Fig. 7.75, p. 357) and a second 3.44 (Fig. 7.74, p. 
356); all have h = 3 (for the primitive cell in the last two cases). 

A polyhedron 37 was described in § 6.8.6 (Fig. 6.78, p. 280). Again h = 3 for the 
primitive cell which contains 24 vertices, 84 edges (7-connected) and 56 faces. This 
polyhedron was derived from the packing corresponding to the A1 vertices in WAI12. The 
nader might verify that in the latter structure nine triangles meet at every vertex and they tile 
a surface with the connectivity corresponding to bcc (k = 4) and can therefore be 
considered as an infinite polyhedron 39. It should be clear that many of the sphere packings 
of Chapter 6 can also be described as infinite polyhedra. As examples we leave the reader 
to verify that the pyrochlore packing (p. 236) and that of the atoms on the snub cubes in 
NaZnl3 (p. 273) are both polyhedra 38. These polyhedra are included in Table A3.1. 

An interesting (and equivalent) way of considering the above polyhedra is in terms of the 
sums of angles of the polygons meeting at a vertex. The interior angle at the vertex of a 

 h he second of lhese requires some care The primitive repeal unit is a pair of (opposite hand) snub 
cubes. The ten (so fur) unshvnd square faces of this unit areeach shared with other pairs s o h  = 1012 = 5. 

regular N-gon is a = n(l - 2IM. Now for a polyhedron the angular defect at each vertex k 
is defined as 6k = 2nminus the sum of the angles a. Thus consider a vertex common to an 
nt-gon, n2-gon, .., n;-gon: 

Zk =2n[ l -E(+-*) ]  A3.4 

This formula defines &for any vertex even if the individual polygons are not regular; all 
that matters is the ni, the number of edges of the polygons. With Sk so defined an 
alternative way of writing equation A3.3 is: 

Z Z ,  = 2nx 

1 k A3.5 

I Thus for a finite convex polyhedron (n = 2) we have ~escaries '  formula for the sum 
over the k vertices: 

i Z 6 , = 4 n  
k A3.6 

For a plane tiling (net) with x = 0: 

Cs,=o 
k A3.7 

For infinite polyhedra with a topology characterized by h, the sum over the v vertices in 

I the primitive unit gives: 

Z Z k = 4 n ( l -  h) 
k A3.8 

These formulas hold for all polyhedra of the types indicated even if there are many kinds 
of vertex and irregular polygons. They are quite useful for determining the numbers of 
diffeferent kinds of vertex that can be combined in a polyhedron (or a plane net). 

TO eliminate the factors of n w e  define A = 84n,  then for a polyhedron with one kind of 
vertex, the number of vertices in the repeat unit for a given connectivity ate v = (1 - h)lA. 

I Table 4.3.1 below lists some of the infinite polyhedra we have mentioned above. It may be 
verified by referral to the crystallographic data given in the text that indeed v is given 
comcuy. 

Yet another useful form of Eq. A 3 3  can be obtained for infinite polyhedra with all 
vertices with the same connectivity r (the number of polygons meeting at a point). Let there 
bef, polygons with i sides per repeat unit so that Zf, =f The number of edges is e = mi2 
and, as each polygon contributes ilr vertices, v = X s l r .  Substituting these expressions in 
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Eq. A3.3: 

C [ 2 r + ( 2  - r)if; 1 = 2 r x  
i A3.9 

With the special cases: 

r =  3 (three-connected) Z(6 - ilf, = 6x 
r = 4 (four-connected) X(4 - i)f, = 4x 

As polygons with faces all having r sides arc dual to polyhedra with r-connected 
vertices, the numberp, of n-connected vertices of polyhedra made of r-gons is: 

In particular for simplicial polyhedra (all faces triangles), r = 3 and: 

Table A3.1. Data for some infinite poiyhedra (see text far symbols). 
Notice thar a vertex symbol can refer to more than one polyhedron. 

polyhedron name or commeni 
6 . ~ ~  6.8? D 
6.82 6.B2 P 
43.6 rho, faujasire 
42.62 Linde A 
4.6.4.6 anaicime 
64 regular 
46 regular 
43.8 rho, f l 8  
4.8.4.8 Fig. 7.39 
33.62 Fig. 7.75 
3.44 Figs. 7.74 and 7.75 
3.4.6?.4 pan of UB~~pack ing  
3.4?.3.4? Fig. 6.73 (right) 
33.43 not illustiaced 
37 Fig. 6.78 
38 pyrochlore 
38 Nan13  
39 WAl i 2 

Page -1lA k v =  ( h -  I)(-lid) 
296 24 2 24 
296 24 3 48 

324, 326 24 3 48 
323 12 3 24 
376 I2 3 24 
405 6 3 12 

Note that a 4-connected net has six angles at a vertex and only four of these are 
considered when we consider the structure as a 4-connected infinite ooivhedron. As the 

polyhedra A.C.B.D. C.E.D.F or A.E.B.F.' 

I A3.4 Space filling by polyhedra: nets and  ring sizes 

Instead of considering infinite polyhedra (tilings of surfaces with holes), we could 
consider the patterns arising from the vertices of a space filling (or tiling) by finite 
polyhedra. Let there be P polyhedra, F faces, E edges and V vertices. Euler's equation 
becomes now (see Eq. A2.18): 

We will discuss infinite patterns withp,f, e and v polyhedra, faces, edges and vertices 
respectively per repeat unit. We start by verifying Eq. A3.11 for so.me simple cases. 

In closest sphere packing there are two tetrahedra and one octahedron @ = 3) per vertex 
iv = 1). Each vertex is connected to 12 others, so (per vertex) e = 6. The octahedron has 8 
faces and each of the tetrahedra has 4 faces, but as each face is shared with another the total 

1 number of faces is f = (8 + 2 x 4)12 = 8. In this case p - f + e - v = 3 - 8 i 6 -1 = 0. ~ The body centered cubic structure divides space into six tetrahedra per atom so for v = 1, 
p = 6, j'= 6 ~ 4 1 2  = 12. To count edges we note that the edges of the tetrahedra are half 

1 cube body diagonals and cube edge lengths, so we consider the vertices as coordinated to 
the 8 nearest neighbors and the 6 next-nearest neighbors; accordingly e = (8 + 6)12 = 7. 
A g a i n p - f + e - v = O .  

I Many intermetallic structures ("topologically close packed") are made up of a packing of 
tetrahedra (sharing faces) only. For these f = 2p and s o p  = e - v. If further there are N, 
vertices that are n-coordinated, then e is half the sum of nN,, i.e. 

! 

We now apply this formula to the 8-W structure of A 3 B  (3  6.6.4) in which A is 
14-coordinated and B is 12-coordinated. Per unit A3B. p = (3 x 14 + 12)/2 - 4 = 23. 

Note that if we divide Eq. A3.12 on both sides by p we get the result that the number of 
tetrahedra per vertex is half the average coordination number minus one: 

An example of a 4-connected net derived from a polyhedral packing is that of sodalite 
(see Fig. 7.30, p. 316). Per primitive cell: p = I ,  v = 6, e = 12 and f = 7 (half the number 

' ~ o t e  also that we group the vnglcs by opposite pairs when determining the long Schlifli symbol for a 
4-connected net: hut, in accord with established usage, give the sizes of ringl contained in vngics in cyclic 
order when describing a polyhedron. 
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of faces of a truncated octahedron). Again p - f + e - v = 0. We use below the fact that 
there are 3 square faces and 4 hexagonal faces in the primitive cell. 

For a 4-connected net e = 2v and Eq. A3.11 becomes: 

Let f, be the number of n-faces per repeat unit v 4  = 3 and f6 = 4 for sodalite) then as 
each vertex is shared with 6 faces (a 4-connected net has six angles), the number of vertices 
is: 

The average ring size is <n> = &falfso that from Eqs. A3.12-14 

<n> = 6 - 6pf A3.15 

It should be verified that for the sodalite net plf= 117 and uz> = 3617. 
The derivation of Eq. A3.15 shows that we only count the shortest rings at each angle 

(corresponding to polyhedron faces) and not the larger rings inside the polyhedra (for 
example the 12-rings around the tmncated octahedra in the sodalite structure). 

A number of nets derived from a space filling by polyhedra were described in Chapter 7. 
(See the exercises § 7.12.5 forHL42). Some of those with just one kind of vertex are listed 
in Table A3.2 below. r is the density expressed as the number of vertices per unit volume 
(for unit edge length). Clearly there is not a strong correlation between average ring size 
and density. Generally the larger the range of ring size the smaller the density. The nets of 
§ 7.6 (clathrate hydrates etc.) with 4.. 5- and 6- rings all have r about 0.57. This suggests 
that the geometric mean ring size should be considered.' This is shown in the last column 
of the table as (n] and clearly correlates better with r than does a > .  

Be sure to distinguish the two different descriptions of a structure (such as rho) as an 
infinite polyhedron (43.6) and as a four-connected net (4-4.4-6.8-8). Nets that can be 
described as polyhedron packings have no subscripts in the long Schlsfli symbol. 

Other Cconnected nets based on polyhedron packings were described in 5 7.6. For the 
packings of lChedra, the average ring size is the same as for sodalite ( a >  = 5.142). For 
the packings of dodecahedra and larger polyhedra corresponding to the nets of the hydrates 
the average ring size is given in Appendix 4 (§ A4.5) and ranges from 5.06 to 5.1 1. The 
average ring size in all known zeolite structures (including those with more than one kind 
of vertex) that are derived from polyhedron packings falls in the narrow range 144129 = 
4.966 5 a >  < 3617 = 5.142. We conjecture that for any Cconnected net realizable with 
edges of equal length, and derived from packings of finite polyhedra, the average ring sire 
is in the range 912 = 4.5 5 a> 5 3617 = 5.14.2 

IRemember to count rings per vertex. An n-ring st a vertex is lln of  an n-ring per vertex ss an "-ring 
belongs ton veitices. 

*The restriction tofinite polyhedra is necessary. A net like MAPO-39 (Fig. 7.17, p. 306) is composed 
of finite and infinite (in one-dimension) polyhedra and the average ring sire is 1613 = 5.33. 

Table A3.2. Average cn>, and geometric meanring sire In), and density r of some polyhedron pvckings. 

net symbol <n> In] 
w*4 3.8-312312 144131 = 4.645 0.197 3.945 
~ " 8  44.4-8-412 144129 = 4.966 0.302 4.636 
LindeA 4 6 4 6 - 4 - 8  144129 = 4.966 0.428 4.806 
faujwite 4.4,4-6-612 3617 = 5.142 0380 4.858 
HL42 3-4.686.8 36n = 5.142 0.395 4.799 
rho 44.4-6.8,s 3617 = 5.142 0.426 4.917 
ZK5 44-4.86.8 3617 = 5.142 0.448 4.911 
sodalite 446 .6 .66  36fl = 5.142 0.530 5.043 

In § 7.6 we mentioned the similarity between bubble packings and the hydrate 
structures. Experimental studies of froths of approximately equal-volume bubbles show 
that some of the bubble faces have four sides and that the average number of edges per face 
is 5.14.' It has been calculated2 that for a random froth (i.e. wi1h.a random distribution of 
edge lengths) the average ring size is 6/(1 + 35124x2) = 5.23. 

Many of the 4-connected nets of interest in crystal chemistr). have more than one ring of 
a given size at an angle. (Diamond has two 6-rings at each angle). They cannot be 
considered as packings of polyhedra with three edges meeting at each vertex and for this 
reason the above analysis does not apply directly to them. However we saw in § 5.1.10 
(Fig. 5.16, p. 148) that d iamond  could be considered as a packing of hexagonal 
tetrahedra (containing divalent vertices) to produce a structure with 2 faces common to each 
angle (12 common to each vertex). Let there be p faces meeting at a vertex in a Cconnected 
net derived from a space filling by polyhedra, then instead of A3.15 (which applies f o r p  = 
6): 

<n> = h( l  -plf) A3.16 

In the case of diamond u = 12. and for tetrahedra sharing faces p l f=  112, so Eq. 
A3.16 gives <n> = 6 as is indeed the case. 

Note that for ouartz. which has Schlafli symbol 6.6.62.62.S787, 11 = 20 and <n> = ~ ~ . ~ .  ~ ~ ~~~~ 

8011 1. If we were to consider that net as derived from a packing of polyhedra, Eq. A3.16 
shows that plf= 711 1: so some, at least, of the "polyhedra" have less than four faces. 

A3.5 Coordination sequences and  topological density 

In Chapter 7 the number nn of kth topological neighbors of a vertex of a net was 
defined. The sequence of numbers nk is called the coordination sequence. A measure of the 
local topological density is defined us pk which is the sum of all the topological neighbors 
in the first k shells divided by k3. 

' ~ o i  iilustivtions of bubble shapes see E B. ~ a i z k e .  ~ m e r  J. ~ o r u n y  33. 58 (1946). 
?I. L. Meijering, Phiiipi Res. Rep. 8, 270 (1953). 
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As nk is often given by a quadratic ink,  nk = ak3 + bk + c (see Chapter 7 for exam- 
ples), the limit of p as k i - is the global topological density p, = al3. For uninodal 4- 
connected nets p, seems to be a rational number between 113 and 2 and correlates well with 
the geometrical density.' 

A3.6 Enumerating and  identifying nets 

It is difficult to enumerate nets in a systematic and comprehensive way. The problem can 
be considered purely topological, or it could be required that the nets be realizable. A 
realizable net is defined to be one that can be made in Euclidean space with equal edges and 
all shortest distances between vertices corresponding to edges. The problem then becomes 
one of enumerating sphere packings. But note that some zeolite nets have as many as a 
dozen topologically-distinct vertices. 

The topology of a realizable net is vely simply specified. Each vertex must be connected 
to others either in the same unit cell or one of the 26 contiguous ones (i.e. the 6 sharing a 
cell face, the 12sharing a cell edge and the 8 sharing a cell comer). Fig A3.3 shows the 
repeat unit of diamond (compare Fig. A3.2). The vertices in the primitive cell are labeled 
"I" and "2" and are connected to each other; each "1" is also connected to a "2" in a 
neighboring cell related by a primitive lattice translation in the x, y or z direction, and 
similarly for each "2." We could code this information in what we call a connecriviq table 
as follows: 

Note that the second line is redundant in the sense that it follows immediately from the 
first. In general for an n-connected net with v vertices in the repeat unit, we need only 
specify the connectivity of the nv!2 edges in the repeat unit. In what follows we omit 
redundancies in the connectivity tables. 

The regular Y" (SrSiz) net has four vertices in the primitive cell and the connectivity is 
also shown in Fig. A3.3. The connectivity table is: 

l ~ a i  mare on modination sequences for 4-connected nets see M.  O'KeefFe, Zeitt. Kri~fal iog~ 196. 21 
(1991) and M. O'Kerffe & S. T. Hyde.Zeit$. Krirrailogr ,1996). 

Fig. A3.3 The connectivity of diamond (iefl) and Y* (SrSi2) nets (right) 

The connectivity table of the quartz net is: 

It should he noted that the topology of the net is completely specified by the connectivity 
table and all topological properties such as numbers of rings and coordination sequences 
may be obtained from it. Unfortunately as both the numbering of the vertices ( v !  
possibilities) and the labeling of directions are arbitrarj, there are many apparently different 
connectivity tables that can describe the same net. A further difficulty in crystal structures is 
that frequently the crystallographic unit cell is larger than the topological repeat unit. In 
practice coordination sequences combined with Schlifli symbols (both of which are readily 
found by computer from the connectivity table) serve to identify a net with some reliability. 

This method of describing nets allows ready generalization to higher dimensions (see 
references 5 A3.9). An example of the many interesting unsolved problems in this area is 
that of identifying the regular n-dimensional m-connected nets (3 <_ rn <_ n + 1) corre- 
sponding to the three-dimensiond nets (n = 3, m = 3) and diamond (n = 3, rn = 4). 

A3.7 Curvature a n d  periodic minimal surfaces 

There is currently great interest in periodic minimal surfaces (see $ A3.9 for references) 
in a vxiety of contexts. We touch on some aspccts of relevance to crystal structure here, 
starting with some elementary definitions and a discussion of curvature-a concept that 
has not entered into our discussion so far as we have been considering discrete, rather than 
continuous, strucmres.' 

The curvahlre at a point P on a two-dimensional curve can be defined informally as 
follows (see Fig. A3.4). Draw a circle through P and two neighboring points P I  and Pz on 

'we are content  imply to state iesulis that are derived in standard mathematics tents. Two excellent 
books (see Book List) are lnrroducrion to Geometry by H. S. M. Coreln and Geometry ond the 
Imnginoriorr by D. Hilbert & S. Cohn-Vasscn. WF have borrowed heavily from the latter far this section. 
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either side of P and on the curve (three points define a circle). As PI and Pz approach 
closer and closer to P we will obtain a limiting circle with radius r. r is called the radius of 
curvature at P and its reciprocal k = l i r  is called the curvature. It should be clear that the 
curvature of a straight iine is zero and that the curvature of a circle is constant. 

Fig. A3.4 Defining ihe curvature at a paint on a curve (see text) 

Now consider a three-dimensional surface such as an ellipsoid (Fig. A3.5) or a hill top. 
We can find two plane sections through the surface such that the lines of intersection are (a) 
of maximum curvature, k l  and (b) of minimum curvature, kz. These are known as the 
principal curvatures. Their product K = k l k z  is known as the Gaussian curvature. We 
adopt the convention that as the centers of curvature are "inside" the surface, the curvatures 
are considered positive.' 

Fig. A3.5. Left: illusriating a point of positive Gaussian curvature and the directions of principal 
curvatures (heavy iines: the point in question is the intersection of  these two lines). Right: similarly 
illustrating a point of negative Gaussian curvature. 

An important property of the Gaussian curvature of a surface is that it remains invariant 
under bending; bending in this context referring to a deformation in which distances and 
angles on the surface remain invari.ant.2 

The mean curvature, H = (k l  + kz)/2. A sphere has constant mean curvature and 
constant Gaussian curvature and is the only closed surface with these properties. The 

'It  may happen at a point an a surface thal the curvature is the same in all directions, so that the 
principai directions are indeterminate. Such a point is called an umbili~olpoini. All points on a sphere or a 
plane are of this type. More generally there are isolated umbilical points on a surface (there xie four on an 
ellipsoid). If onc of the ~rinciple curvatures is zero at a paint, she point is referred to asparabolic. 

' ~ h u s  imagine a plane sheet of paper (wirh zero Gaussian curvature) being mlled up into a cylinder, the 
minimum curvature (in a direction parallel to the axis of the cylinder) remains zero: so too does the 
Gaussian curvature. The maximum curvature becomes eauvl in the r e r i n m ~ a ~  n ~ i h n  ..(ti. - . i l ; -~--  

sphere is also the solid with smallest total mean curvature for a given surface area; the total 
mean curvature being the mean curvature integrated over the surface. 

We turn now to a hyperbolic surface (or a mountain pass or a saddle) as shown 
schematically in Fig. A3.5 (right). The two directions along which the principal curvatures 
are measured are indicated. The centers of the circles defining the radii of curvature are now 
on opposite sides of the surface so we adopt the convention that now one af  the curvatures 
is negative. At such a point on such a surface the Gaussian curvature is negative and the 
mean curvature may be positive, negative or zero. 

A minimal surface is one for which the orincioal curvatures are everywhere equal in . . 
magnitude but opposite in sign; i.e. the mean curvature is everywhere zero. A film of soap 
solution formed inside an ahitrarilv-shaved  loo^ of wire forms a bounded minimal surface. - .  

The integral curvature of a surface is the integral of the Gaussian curvature over the 
surface. A remarkable result (the Gauss-Bonnet theorem) is that this surface integral is 
simply related to the characteristic of the surface (discussed in $ A3.2):' 

Thus the Gaussian curvature of a sphere (X = 2) is l/r2 and the integral over the surface 
(area = 4 d )  = 4n. 

A geodesic iine connecting two points on a surface represents the shortest line on the 
su@ce joining the two points. 

The surfaces of infinite polyhedra are (faceted) infinite surfaces, and some, at least, are . . 
closely related to periodic minimal surfaces. 

The cuprite (CuzO) structure can be described as two interpenetrating nets. Imagine the 
nets to be replaced by hollow tubes of elastic material and then that the tubes were inflated 
eouallv until thev met at a surface. The surface (clearly oeriodic) divides space into two . * . . 
halves. It also has negative integral curvature and (less obviously) zero mean curvature, 
and is  an examole of a Deriodic minimal surface. As the topology of the labyrinth of each . -. 
set of tunnels (inflated tubes) is the same as that of the diamond net, this is usually called 
the D surface? The svmmetrv of the surface is the same as that of cu~ri te  (Pn3m).  . . 

A second minimal surface can be derived from two interpenetrating tubes with a six- 
connected simple cubic topology (Fig. A3.6). Again the surface separating the two sets of 
equally inflated tubes (in contact) is a periodic minimal surface, this time designated P. The 
symmetry is ImTm. An alternative way to generate this surface is to arrange red and blue 
balloons as in CsCI: the P surface will senarate the red and blue balloons after thev are all 
equally inflated. Red balloons will touch red and blue will touch blue also; but the P 
surface corresponds to the boundary between red and blue. An approximation to the P 

'A" interesting property of a convex closed surface (such as an ellipsoid) is that it can not be bent (in 
the sense used above). Recall that a convex polyhedron is rigid (g 5.6.3). When a football is deformed by 
kicking. the surface must be rrrefcked as well as bent. Those who haven't tested it will be astonished by 
rhe rigidity of a plastic globe. Or, for that mattcr, of a ping pong ball 

21n the older literature this is also called the Fsurface. 
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surface can be obtained by packing truncated octahedra to fill space as illustrated in Fig 
7.30 (p. 316). The hexagonal faces approximate the minimal surface. 

Fig A3.6. Left: part of two interpenetrating network of rods with cubic symmetry. Right: part of one set 
of cads shown partly "blown up" to form intersecting tubes. 

A third minimal surface that is often discussed is known as Schoen's gyroid. The 
thought experiment suggested to the reader is now to inflate the two sets of cylinders in the 
intergrowth packing y S i  (5 6.7.3). The surface separating the two sets of equally inflated 
cylinders (no longer cylinders when "blown up") is the gyroid. The symmetry is la36 
because of ths,  the surface is particularly difficult to illustrate satisfactorily. The references 
in 8 A3.9 may he consulted for help. 

Much of the interest in crystal chemistry arises from the fact that some structures can be 
considered as tilings of periodic minimal surfaces. A good example of a 4- connected tiling 
of the P surface by hexagons and squares is provided by the net of the zeolite rho structure 
(see Fig. 7.39, p. 325-if the framework shown in the figure is mentally replaced by a 
curved surface one gets an idea of the appearance of the P surface). An example of a 3- 
connected tiling of the same surface by a hexagons and octagons is the 6.8.8 net of Fig. 
7.7 (p. 297). A similar tiling of the D surface is the 6.8.8 net also shown in Fig. 7.7. The 
surface of the faujasite structure (Fig. 7.41, p. 326) is topologically the same as the D 
surface. Perhaps the most striking example is provided by the framework of the zeolite 
analcime (Exercise 7.12.6) which can be described as a tiling of the gyroid. This last 
strucmre is listed as an infinite polyhedron in Table A3.1. 

A3.8 Some conjectures about numbers and sizes of rings 

The following observations (in this and the next paragraph) apply only to uninodal - - . . . . . 
4-connected nets and the statements should be construed as conjectures. It is possible that 
proving (or disproving!) them could lead to better constraints on the numbers and sires of - .  - .  
rings in 4-connected nets in general. For convenience the shortest ring at an angle is 
referred to as a SR. For 4-connected nets at least one of the SR's is a 6-ring or larger. For 
nets realizable with equal length edges corresponding to shortest distances between vertices 
at least one of the SR's is a 6-circuit or smailer. (Our "dense" net of 5 7.5.1 contains only 
7-rings but cannot be realized with shortest distances only corresponding to equal length 
edges). The largest SR is a 20-ring and the largest ring is a24-ring. 

In a net containing 5-rings there is always exactly one 5-ring per vertex.1 In nets 
containing lo-rings, the total number of such rings meeting at a vertex is always a multiple 
of 5, and in a net containing i-rings or 14-rings, the total number of such rings meeting at a 
vertex is always a multiple of 7. Uninodal 4-connected nets containing 1 I-, 13.. 15-, 17-, 
19.. 22- or 23-rings have not been described. 

Although the number of rings meeting at a vettex must be finite, the number can be quite . - 
large. Here for entertainment, and to test ring-counting skills of computer programs, are 
coordinates for a uninodal4-connected net (Schiafli svmboi 4.6?.4.6~.6.18r.ml with two - - . . - -. 
4-rings, six 6-rings and 3615 18-rings meeting at each vertex (1422 of the 18-rings are the 
shortest rings contained in one of the angles): 

R5c, 0 = 6.700, e = 1.881. r = 0.984 
vertices in 36 f (r.y,zetc.),x= 0.029, y = 0.445, z = 0.0 

In 5 A3.6 we mentioned that it might be interesting to examine nets in n-dimensions. 
n+l-connected nets [with n(n + 1)12 angles at each of the vertices] that are generalizations 
of diamond and sodalite have been described by M. O'Keeffe, Actn Crysialiogr A47, 
748 (1991). The generalizations of diamond are all regular nets with vertex symbols 
(6,.1)*("+')'2; thaCpaper may be consulted for coordinates. Some connectivity tables are 
given below for other simole n-dimensional m-connected nets The challenge is to derive - " 

coordinates for uniform edge lengths and to derive the systematics of the connection 
between ring size and dimensionality and connectivity. Note that 3 < m < n+l.  Is there a 
regular net for every n and m? How many? 

The connectivity table for a regular 3-connected 4-dimensional net 121-124.124 is: 

This net, which also has fourteen 14-rings meeting at each angle (3 per vertex), might be 
compared with the 3-dimensional regular net (Y") 105.105.105 (p. 295). 

A very simple uniform (but not regular) 4-connected, 4-dimensional net with vertex 
symbol 86.86.S7.87-87.87 has connectivity table: 

A regular 4-connected 6-dimensional net, 1 0 1 @ 1 0 1 ~ 1 0 ~ ~ ~ 1 0 1 ~ 1 0 1 ~ 1 0 ~ 0 ,  is: 

l ~ h i s  means five 5-rings (each of which belongs to five vertices) meet a1 each vertex and the net cannot 
he composed entirely of 5-rings (even though the averoga ring size may be 5). In the nets of 5 7.6, which 
have mare than one kind of vertex there is more than one 5-ring per vertex; for example the type I1 hydrate 
net has 18/17 5-rings per vertex. 
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A3.9 References 

There is a large literature on the topology of nets and polyhedra. Some references were 
given in 5 7.1 1.10. The classic references are A. F. Wells' works: Three-dimensional 
Nets and Polyhedra [Wiley, New York (1977)l and Furlher Studies of Three- 
Dimensional Nets [American Crystallographic Association Monograph No. 8 (1979)l. 

The number and sizes of rings in 4-connected nets has been discussed by C. S. Marians 
& L. W. Hobbs, J Non-C,ystalline Solids 124, 242 (1990); L. Stixrude & M. S. T. 
Bukowinski, Amer Mineral. 75, 1159 (1990); K. Goetzke & H:J. Klien, J. Non- 
Crystalline Solids 127, 215 (1991); M. O'Keeffe, Zeits. Kristallogr. 196, 21 (1991). On 
the density of three-dimensional nets and its relationship to ring size, see S. T. Hyde, Acta 
Crystaliogr. A50.753 (1994). 

The topological characterization of linkages of polyhedra has also given rise to quite a 
large literature. Some recent papers include E. Parthd, Zeits. Kristallogr. 189, 101 (1989); 
E. Path6 & B. Chabot. Acta Cn,stallogr. B46, 7 (1990); N. Engel, Acta Crysfallogr. 
B47, 217 (1991). 

A topological topic, which we don't discuss, but which is nevertheless of considerable 
interest, is that of percolation in nets. A good introduction to this topic is D. Stauffer, 
Introduction to Percolation Theory [Tayior & Francis (1985)l. 

For applications of topology to molecular chemistry see Chemical Appiicntions of 
Topology and Graph Theory [R. B. King (ed.) Elsevier, Amsterdam (1983)l. and Graph 
Theon, and Toooloey In Chemistry (R. B. King & D. Rouvray, (eds.) Elsevier, -. 
~mste rdam (198j)l. 

The literature on periodic minimal surfaces is rapidly expanding. A good introduction is 
Crystalline fromeworks as  hyperbolicfilms by S. T. Hyde [in Defects and Processes in 
the Solid Sfare: Geoscience Applications, J. N. Boland & 1. D. Fitz Gerald (eds.), 
Elsevier, (1993)l. Other referen&s (which should be consulted for illustrations) that 
emphasize crystal-chemical applications are: S. T. Hyde & S. Andenson, Zeits. 
Kristallogr. 174,225 and 237 (1986); H. G. von Schnering & R. Nesper, Angew. Chem. 
(Int Ed.) 26, 1059 (1987), S. Andersson, S. T. Hyde, K. Larsson & S. Lidin, Chem. 
Rev. 88, 221 (1988); W. Fischer & E. Koch, Acra Crysldlogr. A45, 726 (1989). E. 
Koch & W. Fischer, Acta Crysfallogr. A36, 33 (1990). The last two references describes 
a number of surfaces. A number of applications to chemistry, physics and biology are 
described in a collection of papers in J. Phys. C7 (1990). 

APPENDIX 4 

LARGEPOLYHEDRA 

A4.1 Introduction 

In Chapter 5 we discussed some polyhedra with emphasis mainly on those polyhedra 
with a small number of vertices that commonly occur as coordination figures. Here we 
discuss some larger polyhedra (with more than 20 vertices) that are of increasing interest in 
several areas of chemistry and biochemistry.' First we review some basic material. 

Simple polyhedra are those for which three edges meet at every vertex; clearly for V 
vertices there are 3V12 edges, so the number of vertices is even. Simplicia1 polyhedra have 
only triangular faces. It should be obvious that they are the duals of simple polyhedra. 

Polyhedra with F faces, all of which are either m-gons or (m+l)-gons, where m = 
[6 - 12/Fl,Z are sometimes called medial. Their duals are simplicia1 polyhedra with m- 
and (m+l)-connected vertices. For m < 4 these latter are topologically equivalent to the 
deltahedra of 5 5.1.6 (i.e. they, and only they, can be realized with equilateral triangles as 
faces). The interest in this appendix is mainly with the case of simple medial polyhedra 
with m = 5, i.e. those simple polyhedra with pentagon and hexagon faces (and their duals). 
For convenience we refer to these polyhedra as 5-6 polyhedra in what follows. In general, 
polyhedra cannot be realized with all faces as plane regular polygons although they are 
often "almost" regular  polygon^.^ 

Non-crystallographic symmetries are commonly encountered; as well as icosahedral 
symmetry, 5-fold and and axes often occur. Now the (probably more familiar) 
Schoentlies symmetry symbols are more appropriately used. Commonly encountered non- 
crystallographic symmetries in Hermann-Mauguin notation are D6d = E m 2 ,  D jh = K?m2 
and D j d =  5m. We use the number of vertices to identify the polyhedron as this is generally 
more useful in chemistry (i.e. it is the number of atoms making up the polyhedron); the 
notation VN refers to a polyhedron with N vertices. 

A4.2 5-6 Polyhedra 

For 5-6 polyhedra there are exactly 12 pentagon faces and for Vven~ces there are E = 

'.See 8.8. T. G .  Schrnvlrz ei el. ,  J. Amer Ckem. Soc. 110. 11 13 (1988) for chemical applicaiions and 
D. L. D. Carpar & A. Klug, Cold Spring Harbor Symp Quanr. Bioi 27. 1 (1962) for biological 
appiications. 

=Here brackeu indicate rounding down io the nearest integer. 
3 ~ h e  dodecahedron and ihe truncated icosahedron are the only 5-6 polyhedra that can be conatmcred from 

regular plane polygons. See V. A. Zalgalier. Convei Polyhedra with Reguloi Feces [Consullants Bureau. 
NevYark (1969)l. 
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3Vl2 edges and F = V12 + 2 faces. 
The first member of this family is the pentagonal dodecaheedron ( V ~ U ) ,  already described 

in Chapter 5. This and some of the next members are encountered in the structures of the 
clathrate hydrates and clathrasils (see § 7.6 for V24 and V2s which are also illustrated in 
Figs. A4.1 and A4.2). Note that V22 is topologically impassible. For V >  26 there is more 
than one isomer: two for V2g (Fig. A4.2) and three for 1/30 (Fig. A4.3) and the number of 
isomers grows very rapidly with Vso we only list some of the simpler cases in Table A4.1 
The first four of the entries in the table are the duals of the Frank-Kasper polyhedra 
(3 5.1.7, p. 143). It follows that these are the only 5-6 polyhedra in which hexagonal 
faces are completely surrounded by pentagons ("isolated" hexagons). 

Table A4.1 Some smaller 5-6 polyhedra 

pentagonal dodecahedron 
14-hedron of Type I hydrates 
15-hedron 
16-hedron of Type I1 hydrates 
isomer of above 
pentagonal barrel 
isomer of above (9 kinds of vertex) 
isomer of above (10 kinds of vertex) 
hexagonal barrel 
tennis ball 
isomer of above 

symmetry 
Ih = m E  
D6d = i h 2  
D3h  = Zrn2 
T d =  ii3m 
Dz = 222 
D ~ J ,  = m m 2  
Czv = mm2 
Czv = mm2 
D6,h = 6lmmrn 
D 2 d  = iim2 - 
D3h = 6m2 

Fig. A4.1 The V24 (left) and V26 (right) polyhedra of Table A41  

The isomers of Vzg are illustrated in Fig. A4.2 and those of V30 are illustrated in Fig. 
A4.3. It might be noted that the latter are easily inter-converted by rotation of two vertices 
and their connecting edge in the manner shown in Fig. 5.76 (p. 206). 

Also listed in the Table are three symmetrical isomers of 1/36 (see Fig. A4.3). The 
"tennis ball" is so named as the pentagons form a continuous edge-sharing strip that goes 

round the polyhedron in the same fashion as the seam goes round a tennis ball (which has 
the same symmetly). This is the smallest 5-6 polyhedron in which there are no vertices 53 
(i.e. vertices at which three pentagons meet). 

Fig. A4.2. The isomers of V2g (Tubie A4.1). Left: D2 viewed down u 2-fold axis. Right: Td viewed 
down a 3-fold axis. 

Fig. A4.3. The isomers of V30 (Table A4.1). Left: D5h (pentagonal bumel). Middle and right: the two 
Czv isomen viewed down the 2-fold axis. 

Fig. A4.4. Three isomers of V36. Left: D6h (hexagonal barrel). Middle: D2h (tennis ball). Right: D3h. 

A4.3 Fullerene polyhedra 

Large polyhedral carbon molecules C, (n 2 60) have come to be known collectively as 
fullerenes. These have structures based on 5-6 polyhedra in which pentagons are 
completely surrounded by hexagons. This restriction (known as the isolated pentagon rule 
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or IPR), which c a n  be  iustified b y  simple chemical arguments, greatly reduces the number 

. .- 
is also fairly easy to prepare. Thereafter all stoichiometries with an even number o f  vzrtlces 
are realizable as IPR polyhedra. Fig. A4.5 illustrates the only possibilities for  C ~ O ,  C72 and 
C74 and Fig. A4.6 illustrates the two possibilities for C76; interestingly, the D2 isomer with 
19 distinct vertices is favored over the Tdisomer with only 5 kinds o f  vertex.' 

Fig. A4.5. From left to "ht: the stuctuies of the fullerenes C70, C72 and C7d. On the top as "ball sod 
st ice  models, and below us opaque poiyhedm. 

there are 24 isomers and foY96 Venice; there are 196 isomers. 

l ~ h e r e  have been very many reviews, conference proceeding), etc. describing fullerenes. A collection of 
articles appears in Accounts of Chernicai Research 25, No. 3 (1992). A good review with many 
illustrations and references is Electronic Srrucrura Cnlculntions on Fullerenes ond Their Derivatives by 
1. Cioslowski [Oxford University Press (19991. Like other ncw materials that have brought so much 
excitement to solid state chemiruy in recent years (quasicrystals, oxide superconducton) fullerenes are very 
easy and inexpensive to prepare. Indeed, il hus been raid, with some justification. hat  the greatest obstacle 
to fuilcrene synthesis war recognition of how remarkably simple it could be; and, as was the case for the 
other materials mentioned, it took non-chemists (W. Kratschmer and D. R. Huffman in this instance) to 
lead h e  way. 

give the highest symmetry of polyhedra; molecules which we predicted to have degenerate ground 
states with that symmetry will probably distort to lower symmetry in vccoidance with the predictions of the 
Jahn-Teller theorem (this is the case for TdC76 and 11, Cgo for example). 

Possible cubic symmetries for  fullerene polyhedra are T(23) .  Td @3m)  and  Th (my) .  
Compositions for Tdinclude C76, and Cg4. Fig. A4.7 illustrates C116 with Th symmetry 
(the smallest IPR fullerene with this symmetry) and Cizo with Td symmetry. T h e  smallest 
IPR polyhedron with Tsymmetry is C88.I Icosahedrai polyhedra are discussed in the next 
section. 

Table A4.2 Symmetries of the isomers of the first few fullelenes. 

V isomers symmetries 
60 I lh  
70 I D5h 
72 I D6d 
74 I D3h 
76 2 Td. D2 
78 5 D31, (2). D3. C2, (2) 
80 6 111. D5d. Dsh, D2,Civ (2) 

Fig. A4.6. The structures of the isomers of C76. Left: D2 projected down a 2-fold axis. Right: Td 
projected down a ?-fold axis (note that some vertices and edges are supetimposed in the projection). 

Fig. A4.7. The structures of the fuilerene polyhedra Th C1 16 (lefr) and Td C 1 2 ~  (right). 

Large  fullerene (IPR) polyhedra can be generated from smaller 5-6 polyhedra by a 

IThe inrerested reader will find that knowing the number of vertices and the symmetry makes il easy to 
consiruct models of the more-symmelrical polyhedra that are not illustrated (see Notes). 
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process known as "leap-fragging." In this method, edges joining two new vertices are 
ulaced as a ~emendicular bisector of each of the edges of the oarent oolvhedron. The new . . - L ' 
vertices form (smaller) hexagons inside the original hexagons and pentagons inside the 
original pentagons; additionally each of the old vertices is in the center of a new hexagon as 
shown in Fig. A4.8. It should be clear that even if the original polyhedron had adjoining 
pentagonal faces, the new polyhedron will have isolated pentagonal faces. Indeed the 
truncated icosahedron 5.62 (V~O) is obtained by leap-frogging from the dodecahedron 53 
(V2'20). A polyhedron that is obtained by leap-frogging must have three times the number of 
vertices of the original polyhedron and hence a multiple of six vertices. Note that only one 
of the five isomers of C78 cun be obtained by leap-frogging from V26. 

Fig. A4.8. Generating pair of a larger polyhedron (heavy lines and iiiled circles) from a smaller 
polyhedron (lighter lines and open circles) by leap-fragging. 

A4.4. Icosahedral polyhedra 

We discuss here only 5-6 polyhedra and their duals.' The icosahedral5-6 polyhedra are 
of interest as symmetrical isomers of larger fullerenes and their duals are of considerable 
interest in connection with V ~ N S  structures and have been extensively investigated in that 
connection.2 To have icosahedral symmetry each of the twelve pentagons centers hnvc to 
be on 5-fold axes. The remaining su~face of the polyhedron is made up of hexagons. The 
arcs of great circles joining each pair of 5-fold axes of icosahedral symmetry enclose an 
equilateral spherical triangle covering 1/20 of a sphere as illustrated in Fig. A4.9. 

To see how the polyhedron is developed, it is convenient to consider such a triangular 
patch which will be made up of a 6 3  net with the hexagons at the corners replaced by 

l ~ h e s e  icosahedral polyhcdn are somelimes called Goldberg polyhedra, as they appear to have Rist been 
described by M. Goldberg, Tohokv Moth. J. 43, 104 (1937). We must admit lo not having read this papa. 
After discovery of the fullerenes, many authors (including us) independently "rediscovered" the icosahedral 
polyhedra. A treatment similar to the piesent one is to be found in T. G. Schmaltz ernl . ,  J. Amer  Chem. 
$0". 110, 11 13 (1988) who give iurtheircferences and describe some other polyhedra. 

2~ beautiful picture of the polyomv virus which is based an the dual of 2.1 (see the discussion below) 
appewed on the cover of the February 13, 1992 issue of Noritre. See I. P. Griffilh et a!., Notuie 335. 652 
(1992). 

pentagons. 
Fig. A4.10 shows a fragment of 63 with a triangular tile that is half a unit cell outlined. 

The tile contains one point. Suppose we take a larger hexagonal cell with new axes a' and 
b' related to the axes a and b of the elementary cell by: 

The new cell is larger by a factor equal to the determinant of the matrix above, i.e. 
p2 + pq + q2 and a triangular tile (again one half of a unit cell) will contain p Z  + p q  + q2 
points. If now the hexagons at the corners of the triangle are changed to pentagons we will 
have a patch corresponding to 1/20 of a polyhedron. The example ofp,q = 3,2 is shown in 
Fig. A4.11 and basic units for some smaller polyhedra shorvn in Fig. A4.12. 

There are distinct icosahedral polyhedra corresponding to each distinct pair p,q withp > 
q 2 0. The number of vertices is V = 20(p2 +pq  + $1. The number of edges is 3V/2 and 
the number of faces (of which 12 are pentagons) is V/2+2. For the symmetry to be l h ,  the 
edses of the triangles must lie on mirror planes; it should be evident that this is only the 
case if p = q or q = 0, otherwise the symmetv is I .  Note that there can be distinct 
icosahedral polyhedra with the same number of vertices; the first case is for p,q = 7,0 and 
5,3 each of which have 980 verrices. 

The first few simple icosahedral polyhedra with hexagon and pentagon faces are listed in 
Table A4.3 below. For their duals interchange V and F. As the number of vertices 
increases the shape of the polyhedron tends to that of an icosahedron with pentagons at the 
twelve vertices. Fig. A4.13 illustrates V240. 

Fig. A4.9. Some of the ~cosahedial symmetry elemenu. On the left 2,T and? ares of l h  are shown with 
heavy lines representing the traces of mirror planes. On the right are shown the corresponding 2, 3 and 5 
axes of I.  

Fig. A4.10. A fragment of 63 showing a unit ceii and a triangular tile 
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Fig. A4.12. Triangular patches of icosahcdrul polyhedra. The number under each diagram is the number 
of vertices in the full polyhedron. 

Fig. A4.13. The icosvhedral polyhedcon V 2 4 ~ .  
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Table A4.3 Properties of the first few icosvhedml 5-6 polyhedra. "pg" is the point group and kv, k~ and 
k ~ a r e  iespectiveiy the numbers of tapoiogicully-distinct verrica, edges and faces. 

A4.5 Space filling packings of 5-6 polyhedra 

The structures of two clathrate hydrates (Types I and U) were mentioned in 5 7.6. These 
are based on space-filling paclungs of dodecahedra (VZO) and, respectively, 14-hedra (V24) 
and 16-hedra (Vz8). It is also possible to fill space with combinations of V20, V24 and V26. 
These structures are difficult to illustrate clearly, but it easy to make models of them (see 
8 A4.7). The simplest is a combination of V20, V24 and V26 in the ratio 3:2:2, for want of a 
better name we call this structure 1II.I Crystaliographic data for unit edge length are: 

Another combination is known in the hydrate of tetran-butyl ammonium benzoate which 
we call structure IV.2 The relative orooortions of oolvhedra and the average ring size, a>, . . . . 
are listed in the table below. 

The small range of average ring size is strilung. Obviously 5 5 a> < 6 for any packing 
of 5-6 polyhedra, but it would be nice to have tighter bounds and to know the largest 

IThis is the framework of the hydrate of tetra iso-umyl ammonium fluoride. The red crystal structure is 
orthorhombic [D. Feil & G. A. Jeffrey, J. Chem. Phys. 35, 1863 (1961)J. 

2 ~ h i s  is a rather complex structure: there are 172 vertices of 17 crystallographic kinds in the tevagonvl 
cell. See M.Bonamico, G. A. Jeffrey 81 R. K. McMillan, J C h e m .  Phys. 37, 2219 (1962). It should be 
remarked chat much of our knowledpe of hydrate structures is due lo the work of Jeffrey and collaborators 
published in the early 1960s 
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polyhedron which can participate in such packings. We are not aware of aproof that a 
space filling by polyhedra topologically equivalent to pentagonal dodecahedra is 
impossible. Notice that these packings only involve polyhedra with isolated hexagons. 

rtr~cture Vzo 7'24 V26 Vz8 <a> 

1 I 3 5.111 
I1 2 i 5.100 
m 3 2 2  5.106 
N 5 8 2  5.109 

A4.6 Large coordination polyhedra 

In 5 5.1.7 (p. 143) we described the Frank-Kasper polyhedra which are simplicia1 
polyhedra with 35 and 36 vertices and commonly found as coordination polyhedra in 
intermetallic compounds. The 16-vertex tetra-capped truncated tetrahedron (Friauf 
polyhedron) is the largest such polyhedron without adjacent 36 vertices ( i t .  36 vertices 
sharing an edge). To have larger coordination numcers without adjacent 36 vertices, the 
coordination polyhedra must have n-gon faces with rr > 3. An example is provided by the 
snub cube (34.4) which has triangular and quadrangular faces and occurs as the (NajZnz4 
polyhedron in NaZn13 (p. 273); it is shown again in Fig. A4.14. 

There are polyhedra with 34.4, 35, and 36 vertices in which the 36 vertices are not 
adjacent. The largest is perhaps the polyhedron obtained by capping the eight hexagonal 
faces of the truncated octahedron (4.62). The resulting polyhedron (Fig. 14.14) has 32 
vertices (8 x 36 and 24 x 34.5). 

Fig. A4.14. Left: the snub cube 04.4). Right: the truncated octahedron (4.62) and thc octvcapped 
uuncvted ociahedian with 32 vertices (in the conformation shown they are ail equidistant from the center). 

In the structures of B a H g ~ i  and ThMn12 (these are the prototypes of fairly large 
families) there is a tetragonal (41mmm) 20-vertex coordination polyhedron ([Ba]Hgzo or 
(ThJMn2o). This polyhedron can be considered to be derived by capping the hexagonal 
faces of a polyhedron [38.42.641 known as a "tetragonal hexagon prism"1 to produce a 
polyhedron with four 36 vertices, eight 35 vertices and eight 35.4 vertices as shown in Fig. 

l ~ h e  term "tetragonu1 hexagon prism" is used by E. Hellner & W. B. Pearson [Pky~ i k  ~ ~ f o n  /pkysicr 
Data 16, Nr. 5 (198611 who discuss its occurrence in  intermetallic compounds. The polyhedron is nor a 
prism in the usual sense. 

Fig. A4.15. Left: The "tetrugonul hexagon prism'' and the 20-vertex polyhedron obtained by capping it5 

hexagonal faces. Right: a polyhedron with two heragonvi faces (fop and bottom) and the polyhedron with 
22 vertices obtained by capping the hexagunui faces. 

Another family of structures is named for BaCdll. In this structure there are (BajCd22 
polyhedra. These are again tetragonai (now the symmetry is 2m2) and contain two 36 
vertices, four 35 vertices and sixteen 34.5 vertices. This is shown in Fig. A4.15 together 
with the polyhedron obtained by removing the two 36 vertices. The following table, listing 
the number of vertices and faces in the four polyhedra with triangular and quadrangular 
faces, suggests that there are more polyhedra between Vz4 and V32. 

A4.7 Models of large polyhedra 

Most of the polyhedra describe here have imegular faces, so constructing models with 
(eg.) cardboard faces is rather difficult. However satisfying "ball and stick" models can be 
made using tetrahedral or triangular stars. For smaller polyhedra, the tetrahedral star is 
more suitable (compare the angles of 108' in 1/20 with the tetrahedral angle of 109.5'). 

The net 111 of 5 A4.5 may be made the following way: (a) construct a column of Vzq 
polyhedra sharing hexagon faces, (b) surround the neck between alternate pairs of these 
polyhedra with s ring of six Vzo sharing the exposed pentagon faces (it will be found that 
there is only one way to do this). It will now be found that a ring of V26's fits snugly 
(again shaing pentagon faces) in the depressions of the new structure. Remember to keep 
the hexagon faces of Vz6 pudlel to the axis of the original column (which is the c axis). 

To make large fullerene polyhedra 3-pointed "stars" are best. A good strategy is to 
construct the 12 isolated pentagons first, and then to explore ways in which they can be 
linked using the appropriate number of connecton of a different color (these are 63). 
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A5.3 Composition A B  (AX) 
APPENDIX 5 

CRYSTAL STRUCTURE DATA 

A5.1 Introduction 

In this volume we have been almost exclusively concerned with structure, and have paid 
little attention to the chemical compositions that have a given structure. There are several 

. 
reasons for this approach. One is that some common stmcture types occur for a rather wide 
range of compounds; another is our belief that it is important to have some feeling for 
structures in general without being too weighed down with the baggage of theories that 
pretend to explain the occurrence of certain structure types for different compositions. 

Nevertheless chemists, at least, should have some idea of the sorts of compounds that 
adopt the common structure types described in the text, so here we indicate some typical 
compositions for these. Of course many compounds are polymorphic, and in particular 
many transform under pressure. The general rule (there are some exceptions) is that 
increasing pressure causes a transformation to a structure with higher coordination 
numbers. Thus sphalerite compounds with 4-coardination generally transform to NaCl 
with 6-coordination; and NaCl compounds transform under pressure to CsCI with 
8-coordination with, of course, an increase in density in each case.1 

Crystal data for some compounds, referred to in the text, are given in the final section. 

A5.2 Elements 

The metallic elements are nearly all either cp or bcc (Mn, and the early actinides ure 
exceptions and they have generally rather complex structures). Periodic trends are fairly 
well developed; for example Ni, Pd, Pt and Cu, Ag, Au are all ccp and V, Nb, Ta and Cr, 
Mo, W are all hcc. However many metals are polymorphic; for example Fe is bcc at low 
temperature, fcc at higher temperature, and hcp under pressure. It should be noted that for 
most polymorphic metals the hcc and cp  forms have very similar densities; in particular the 
cp forms are not always the densest modification. 

C (at high pressure), Si, Ge and Sn (at low temperature) are d iamond  with 4- 
coordination. The remaining non-metallic elements have "covalent" structures with low 
coordination numbers (3 for P, As, Sb, Bi; 2 for S. Se, Te; 1 for N, 0 ,  F, Cl, Br, I). 

!gut note that aithough the density in greater in  the high-pressure phase, rhe A-X bond length is aiso 
greater; indeed the driving force for the transformation under pressure is to reduce the repulsion between 
atoms forced Lo be clore together. Notice also in thc examples we have given, that the rtmccure of AX 
combined is diamond for spha le r i t e ,  PC (primitive cubic) hi N a C i  and bec for C s C l  so the overail 
anay is transforming to a morc efficient pacliing under pressure. 

There are hundreds of different AB (or AX) structure types. Some different structures 
we have mentioned briefly are those of AuCd, BaCu, FeSi, LiGe, UP, MOB, Nap, NaPb, 
NbO, PbO and WC. These have either just one or at most a few representatives. Other 
structure types such as ZnS, NaCI, NiAs, CuZn (CsCI), CuAu, C r B  and FeB have 
dozens or even hundreds of examples and we discuss them below. 

A5.3.1 Sphalerile and wurlzile 

The oolvmomhs of ZnS (see 6 4.6.4 and 6 6.1.5) lend their names to the two common . ,  . . - 
structure types with atoms in tetrahedral coordination. 

Wurtzite is based on hco mavs of both cations and anions (each in tetrahedral holes of ~ ~ ~ - - ~ ~  . , 
the other array) and occurs mainly for oxides and nitrides such as BeO, ZnO, AIN and 
GaN. Very many temary, quaternary, etc. compounds such as PNaFeO2, LiSiON, etc. 
have derived structures. 

Sphalerite is more common and occurs for many binary compounds particularly of 
elements of columns 13-17 of the periodic table with eight valence electrons (excluding d . 
electrons) per atom pair. Examples are 'TI-V" compounds AX with A = Al, Ga, In and X 
= P. As. Sb. and "II-VI" com~ounds AX with A = Be, Zn, Cd and X = S ,  Se and Te. . . 
Some compounds have both structures (ZnS!) and then it is common also to find polytypes 
based on more complex close packings. S i c  is notable in this regard (see 5 7.1 1.4). 
Interestingly, S i c  is the only known "IV-IV" compound-GeC is unstable (has not yet 
been made) and GeSi is a disordered composition in the Gesi,, solid solution series. Just 
as for wurtzites there are many derived ternary, etc. structures; the most common type is 
chalcopyrite (CuFeSz). 

A5.3.2 NaCl and NiAs 

NaCl and NiAs (see 5 6.1.5) are the 6-coordinated analogs of sphaler i te  and 
wurtzite which are based on ccp and hcp respectively. 

NaCl (also known as rock salt) is of course one of the more common structure types. 
It is often considered the prototypical "ionic" crystal structure and at normal pressures and 
temperatures it is that of all the alkali hydrides and halides other than CsC1, CsBr and CsI. 
Other NaCl compounds are the alkaline earth chalcogenides (MgO, SrS, BaTe etc.) other 
than MgTe and Be compounds (these have ZnS structures) Further examples are 
compounds AX with A = Sc, Y and lanthanide and X = N, P, As, Sb. Carbide examples 
include ThC and Tic. Hundreds of temary compounds ABX2 with the a-NaFeO2 structure 
(Na and Fe order) are also known. These are mainly oxides and sulfides, but also include 
antistructure compounds with ordered anions such as BazPBr and Ca2NCI. 

NiAs is also a very common structure type. For most of the compounds AX, A is a 
transition metal and X is S, S t ,  Te, V, As or Sb. Recall that the Structure is hexagonal (see 
5 4.6.3) and it should be noted that many compounds have an axial ratio (cla) rather 
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different from the ideal value for hcp As. Many of the compounds assigned to this type 
also have a wide range of stoichiometry and some authors include compositions in the 
range AzX to AX2 in the NiAs classification. 

A5.3.3 CuZn (CsCI) and CuAu 

CsCI ionic crystals are rare (CSCI, CsBr and CsI are the only alkali halides) at normal 
pressures, but many NaCl compounds transform to CsCl under pressure. The structure 
type, now often called CuZn is found for about a hundred intermetallic compounds such 
as LiAg, BeCu, CaTI, YIn, MnNi, etc. We saw in 5 6.6.2 that the structure is in sense a 
special case of AuCn (which appears to be confined to intermetallic examples) 

A5.3.4 CrB and FeB 

CrB and FeB were described briefly in 5 6.4.2. Together they comprise the structures 
of another large group (well over 100 binary examples) of intermetallic compounds. These 
orthorhombic structures have a number of free parameters (see data below) and the trigonal 
prisms (occupied by B) can vary significantly in shape from one compound to another and 
some authors recognize subgroups according to the shapes of the trigonal prisms (e.g. 
"short and fat" or "tall and slanny"). Some CrB compounds are CaAg, BaSi, ScGa, LaNi, 
VB and NiB; some FeB compounds are BaAg, LaSi, ZrGe, LuNi, TiB and MnB. Some 
have been found to transform to CuZn with increasing temperature andlor pressure. 
Although common as silicide and boride structures, no isostructural carbides are known. 

A5.4 Composition A B z  (AX2 and AzX) 

Just as for compounds AB, the composition AB2 give rise to hundreds of structure 
types. Some like cuprite (known only for CuzO and Agz0) and quartz (known only for 
forms of SiOz, GeOz and BeFz) have only a few examples. Notice that silica (SiOz) and 
water (Hz01 are perhaps the most intensively studied of all binary compounds and the 
stluctures of their crystalline forms have much in common (5 7.3.13). 

We give examples of compositions belonging to some of the larger families below. We 
should point out here that BaMgSi (PbFCI) is also called CuzSb, and SrMgSi is called 
either PhClz or CozSi. Both these very large groups are really ternary structure types. 
Another large group of compounds is known as FezP and in fact this is really a quaternary 
structure type A3B3X2Y although most reported compositions are ABX (i.e. X = n. 
A5.4.1 ABz compounds with (AJB6 octahedra or  trigonai prisms 

An important structure type with {A!B6 octahedra is rutile (TiOz) which is found for 
oxides (e.g. of Ti, Ge and Sn) and also for fluorides of (e.g. of Mg, Mn, and Zn) and far 
MgHz. It is closely related to CaClz (see Exercise 6.9.7) which is found only for a form 

of P t 9  and for halides other than fluorides. 
A second group of structures is that of CdClz and Cdl2 with respectively ccp and hcp 

anions and all the octahedral sites in alternate layers fiiled withcations (§ 6.1.5). These are 
mostly halides (but not fluorides) but also include a few chaicogenides. Examples of 
CdC12 compounds are MgC12, NiClz and ZnBrz; some anti-structure compositions are 
CszO, SrzN, Y2C and AgzF. CdI2 compositions include MgBi2, MgIz, TiS2, PtSez and 
IrTe2; anti-structure compositions are W2C and Ti20. If the H atoms are ignored, then 
hydroxides such as Mg(0H)z (bmcite) and Ca(OH)2 are CdIz. 

A related series of structures has trigonal prism layers These are mostly compounds of 
the early transition elements (Nb, Ta, Mo and W) with S, Se and Te and most compounds 
are polymorphic-the simplest forms are ZH,, 2Hb and 3R described in 5 6.4.1. 

A5.4.2 Fluorite and ontifluorite compounds 

Fluorite (5 6.1.5) compounds form a large group of mainly "ionic" crystals such as 
CaFz, SrCI2, Th02, UOz but the family also includes compounds such as CoSiz and 
NiSiz. The group of antifluorite compounds is also large: typical "ionic" compositions 
are LizO, RbzO, K2S, RbzSe. Some other isostmcturai phases are BezC, MgzSi, MgzSn, 
PtAIz and PtInz. 

A5.4.3 Intermetailic structures: AIB2, CuAlz and MgCuz 

These three structure types are probably the largest groups of intermetallic ABz 
structures. There are hundreds of AlBz compounds with the characteristic graphite-like 
honeycomb layers of B (8 5.3.5). typical compositions are ThAg2, ThAIz, CrBz, MgB2, 
CaGa:, LizPt, ScSiz, YHgz and ThNi2. The largest group of compounds is that of borides 
and gallides, but as the examples given show, a rather wide range of intermetallic 
compositions occur. 

Some CuAlz compounds (5 6.4.3) are ThzAg, ThzAI, CrzB, ZrzNi, ThzCu and TazSi. 
Notice that the first three exam~les  contain the same elements, but in different proportion, . . ~. 
as the first three AIBz compounds. 

The MgCu2 (5 6.6.3) group is the largest. Pearson's Handbook (Book List) has many 
hundreds of entries under this heading (not all binary compounds). Most compositions 
involve one or two transition elements, but there are also compounds such as CaAIz and 
CsBiz with the same structure; some other compositions are PbAuz, TaCoz, DyPtz, ZrWz, 
and ZrZn:. 

A5.5 Other  binary structure types 

It would rake a sizable book to do justice to binary structures in genera1.l Important 

lThe classic reference is Kristallsrrukturen ~ r e i k ~ r n ~ ~ ~ e n i i g e r  Phasen by K. Schubert [Springcr- 
Veriag, Berlin (19641. 
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structure types we have met include corundum (a-AlzO3-5 6.1.6) which is mainly an 
oxide structure (of Al, Cr, Fe, etc.) with 63 layers of Al in octahedral sites of hcp  0. A 
derivative structure is ilmenite (FeTi03) in which Al is replaced by alternate layers of Fe 
and Ti ~~- . .. 

Th3P4 (5 6.3.7) is the structure of a large group of compounds A3X4 with A = Th, U, 
Y, Ln and X = P, As, Sb, S, Se and Te. Antistructure compounds AqX3 are also common, 
typical compositions are La4.4~3 (contrast La&) and LazGe3. The structure type is notable 
for existing over a range of composition with (presumably) incomplete occupation of one 
set of atomic sites. Notable compounds of this son are compositions in the range Ln2S3- 
Ln3S4. 

A5.6 Ternary structure types 

With over 102 elements, there are over 106/3! different combinations of three elements; 
in many of these cases compounds of several different stoichiometfies are formed, and 
these in turn are often polymorphic. It may be seen therefore, that to give a comprehensive 
account of crystal chemistry would be a daunting task. Here we just mention typical 
compositions of some popular temary structure types that have been met in the text. 

A5.6.1 Oxide structures: spinel andperovskite 

The prototypical spinel (5 6.1.6) composition is MgAlz04; other compositions AB2X4 
(with A in one eigth of the tetrahedral sites and B in one half of the octahedral sites of ccp 
X)  are MnzGeOq, Na~W04.ZnAlzS4 and CdCuSeq. "Inverse" spinels are compounds 
AB2X4 with B on tetrahedral and half the octahedral sites and A on the other half of the 
octahedral sites; examples are LizNiF4 and ZnTizOc Notice that there are now two kinds 
of B atom (with different coordination) and the structure is really quaternary and 
compositions such as LiZnNbOa are also included as spinels (but in some, at least, of 
these last compositions, cation ordering occurs to produce a lower-symmetry structure). In 
magnetite, Fe3O4, the tetrahedral sites are occupied by Fe3+ and the octahedral sites are a 
disordered combination of Fe2+ and Fe3+. 

The mineral perovskite is CaTi03; its structure is a small otthorhombic distortion of the 
cubic ABX3 structure (described in § 6.6.2 and 5.3.4) with 12-coordinated A and 6- 
coordinated B. Many perovskites have the orthorhombic structure, usually known as 
GdFe03.  Examples are NaMgF3, KPdF3, CaZr03, SmA103 and NaU03. MgSi03 at 
high-pressure has the same structure and is thought to be the major component of the 
earth's lower mantle, and thus to be the major phase in the planet. Other cubic perovskite 
compositions are compounds AB3X with A and B being metallic elements with Cu3Au 
arrangement and X = B, C or N in (X)B6 octahedra. Examples are ScIr3B, ZnCo3C and 
SnMn3N. An anti-perovskite composition is Na3CIO (with (CI)Na12 and (0)Na6). 

A5.6.2 Intermetallic structures: BaMgSi (PbFCI), SrMgSi (PbClz) and ThCrzSiz 

BaMgSi  or PhFCl  (5 6.4.1) is also known as CuzSh or FezAs, but the first two 
designations are preferred as they emphasize the temary nature of the structure. There are 
two main groups of compounds. In the first group there are two "anions" as in PbFCI, 
YOCI, BaHI and UAsSe with the smaller (given first) in tetragonal layers of (e.g.) (FIPb4 
tetrahedra. The second group are antistructure compounds with two metal atoms such as 
BaMgSi, NaLiS and YFeSi; Cu2Sb and FezAs are in this category also. 

S rMgSi  (5 5.3.7) is also known as PbClz  or CnzSi, but again we prefer the first 
name which makes the ternary nature of the structure clear. In compounds with two 
crystallographically-distinct "anions," these are often the same element as in PbCI2, BaH2, 
BaI2, US2 and ThPz. Compounds like SrMgSi, NbFeP and ReCoB are formally the 
antistructure, but often the composition consists of two or three metallic elements as in 
LuzAu and LuCoSn. 

ThCrzSiz (5 6.4.2) is also named after a chemically binary composition viz. BaAl4, 
but again we use the ternary designation. This has the most known examples of all 
structure types and we just mention a few typical compositions here. In ThCrzSiz there 
are layers of (Cr)Si4 tetrahedra. In the following formulas the tetrahedrally-coordinated 
atom is second: BaAg2Sn2, UOs2Si2, CaCo~As2, LaPtzGe~,  YNizPz, TINi2Sz. Some 
compounds with two elements are BaAlq, CaGaq, RbIn4 and ThZn4. In the anti-structure 
type, ThzTeN2, there are ( N ) T h  tetrahedral layers; another composition is LazTeOz. 

A5.7 Crystallographic data  

Crystallographic data for some of the simpler structures discussed in Chapters 5-7 are 
given here in condensed form (the hternational Tables or some other source should be 
consulted for equivalent positions). The listing is in alphabetical order of the chemical 
formula as normally written. See the Book List part D for sources of data. 

AIBz P61mmm,o = 3.005. c = 3.245 A. Ai I a.0.0.0 ; B  2d, 113,213,112 

A1203 R3c.o =4.759, c = 12.991 A. A1 12e,0,0,0.3523 : 0 18 e ,  0.3064,0.114 

~ u C d ( ~ n  p m L .  n = 3.323 A. V = 36.7 A 3  Au 0.0.0 ; Cd 112.112,112 (CuZn structure) 

AuCd (LT) Pmma, o = 4.765. b = 3.154. c = 4.864 A. V = 2 x 35.5 A3 
Au 2 8  114,0,0.312 : Cd 2 e :  114.112.0.812 

B203 P31. a = 4.336, c = 8.340 A. all atoms in 3 o 
B(1). 0.223,0.393,0.980 ; B(2). 0.828.0.603,0.092 
O(1). 0.547.0.397,0.0 : 0(2), 0149,0600.0078 : 0(3), 0.005,0.161,0.871 
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Nb6F1j 

Nbo 

NbSe2 (2HJ 

PbFCl 

PbO 

PdF2 

Pd17Se15 

lZ3m, o = 7.614 A 
Na6b.O.lI2,LI2:Pt8c,0.1366,0.1366,0.1366; Ge 8 c. 0.3136.0.3136,0.3136 

Fm3c. a = 12.284 A 
N u s o ,  114.ll4.1~4; Zn(l)B b,0,0,0;Zn(2)96i, 0,0.1806,0.1192 

lm3m.O=8.1944.Nb 12e.0.242,0,0;F(1)6b,O,l12,l12;F(2)24 h, 0,025,025 

p m J m , o = 4 . 2 1 A . N b 3 ~ , 0 , 1 / 2 , 1 / 2 ; O 3 d ,  o.o.112 

P6jlmme,o=3.445, c = 12.55444. Nb 2 b, 0.0,1/4 : Se4f  113.213,0.1172 

P4Inmm. o = 4.106, c = 7.230 A 
Pb 2 c, 114,114,0.800: F 2  n, 314,114,0 ; Cl 2 c, 114,114,0.350 

P 4 l n m m . 0 = 3 . 9 7 2 . c = 5 . 0 1 8 . P b 2 c .  114.114,0.7615; 0 2 o .  314,114,o 

Pa3.0 =5.239 A.Pd4a .  0.0.0; F 8c.  0.343,0.343,0.342 

P m h ,  o = 10.606 A. Pd(1) 2 b, 112,112,ll2 ; Pd(2) 3 d, 112,0,0 
Pd(3) 6 e, 0.238.0.0 ; Pd(4) 24 m, 0.352,0.352,0.150 ; Se(1) 6f 0.257,112,112 
Se(2) 12 i, 0.0.230.0.230; Sc(3) IZj, lI2.0.168,0.168 

Pm%, a = 9.698 A. Pi 6 d, 114,112.0 ; Rh 8 e ,  114,114,114 
Sn(1) 2 a, 0.0.0 ; So(2) 24 k, 0.0.3073,0.1535 

Cmcm, a = 2.890, b = 9.313, c = 7.258 A. 
Re(1) 4 c. 0.0.426.114 : Re(2) 8/, 0.0.0.135.0062 ; B 4 c, 0.0.744,114. 

P63Immc. a = 3.520. c = 12.519 A, c/o = 3.56 
Sc 4f 1/3,2/3,0.3930 ; 0 4/, 113,213,0.0661 ; S 2 b, 0.0,114 

I d .  a = 6.636 ii. Si 16 c, 0.1003,0.1003_0.1003 

C2lc,a=7135, b =  1 2 3 7 2 , c = 7 1 7 3 A , P =  120.36. 
Si(l) 8 f  0.140.0.1084,0.072 : Si(2) 8 f  0.506.0.1590,0.540 
O(1) 4 a, 0,O.O ; O(2) 4 e, 0.0.3839.114 ; O(3) 8f 0.2666,.1233.0.940 
O(4) 8f 0.31 1,0.1037,0.328 ; O(5) Sf ,  0.018.0.21 19,0.478 

P43212, a = 7.464, c = 8.620 A. Si(1) 4 n. 0.410.0.410,o 
Si(2) 8 b, 0.326,0.120,0.248 ; 0(1) 8 b, 0.445.0.132,0.400 
O(2) 8 b. 0.117.0.123,0.296 ; O(3) 8 b, 0.344,0.297,0.143 

n . :  1 = . : J . s. I J , , t , ) $ <  ,,,?,, 

\ I ?  31. I I j I 0.1 r, .  71,,h,) bq i .  ? ( h ,  
2  , I .  J -  0 , " 5  I , ,  ,,, 

1a3m,a=7.51 h . T I 6  b , O , l ~ . l l 2 ; V 2 o , 0 , 0 , 0 ; S  Xc, 0.175,0.175,0.175 

Im3,o=7.580A. WZo,O,O,O;Al 24g, 0.0.0.184,0.309 

Pzm2.o =2.906, c =2.83744. W I a,O,O,O;C I d ,  113,213,112 

1% .!u 2 = 5 ,-: h .. I  ! <o = .: :,>I .\ 
Y 1 ,  I I ,  1 1  I I : I 1 1 ~ . ~ . : 1 5  1 2  
I !  I ,  I l l F . I i . E  l r .  ' 8 5 )  i , . : 2 . R >  l h  ! , i > i J I <  , I :  

Pbom. o = 9.175, b = 11.55, c = 3.673 A 
Y(l )4g ,  0.823.0.087.0; Y(2)4g, 0.445, 0131,O; Re4g.  0.138, 0.178.0 
B(1)4h,0.050,0.060,112 ;B(2)4h,0.250.0.075,112 ;B(3)4h ,  0.300.0.240.112 
B(4)4h,0.140,0.310,112 ;B(5)4h,0.480,0.290,112 ;B(6)4h ,  0.110.0.470.112 
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TABLES OF 3-DIMENSIONAL SYMMETRY GROUP SYMBOLS 

Crystallographic point groups 

system I point group I Schoenflies 1 spaceeroups 1 center? 
I I I 

orthorhombic 222 16-24 no 
25-46 

triclinic 
(anorthic) 

Monoclinic space group symbols for various cell choices and settings 

In the following list the lint symbol in each row is "standard" and those on the right of it are other 
possibilities. It is a common piacrice to omit the "I" space markers when b is the unique axis (so that, eg.  
C12lcl becomes C2lc). The number is the space group number in the lnternohonol Tables. For numbers 
9 and I5 interchanging !he lvbels of the oblique axes results in additional "legal" symbols nor used in the 
Tables. 

1 
1 

Orthorhombic space group symbols for various settings 

CI 
ci .~ 

3 
4 
5 

6 
7 
8 
9 

10 
I1 
I2 
13 
14 
15 

1 
2 

b unique 
~~~ ~ 

PI21 
P1211 
ClZl A121 1121 
- - -~ ~ 

PIml 
P lc l  Plrtl P l a l  
Clml Alml Ilml 
C l c l  Alnl  l l a l  
A la l  Clnl l lc l  

Pl21"ll 
PI2llrnl 
ClZIml A12lml 112/ml 
P12Icl PlZInl PlUol  
P l Z ~ I c l  P l21hI  P12~Ia l  
ClZIcl AlZInl ll21al 
AlZIol Cl2lnl ll21cl 

The following table gives oirhorhornbic space groups for various choices of anes.The second column 
headed a b c is the "rtandanl" setting. The remaining columns are the symbols for different labeling of the 
axes. For example in the column headed e a b, the new a axis corresponds to the old e (in the standaid 
setting), the new b is the old a and the new c is the old b. 

no 
yes 

c unique 
~ ~ 

PI I2 
Pl121 
A l l 2  E l l 2  I l l2  

P l lm 
P l l a  P I  In P l l b  
Allnx Bllm I l lm  
A l l a  B l ln  I I lb  
B l ib  Al ln  I110 

.~ . _ 
PI 121"~ 
P112lIrn 
A112lm 8 1 1 2 h  IIlUm 
P1121a PI1210 P112lb 
Pl12110 Pl l21ln PllZlIb 
AliZIa B112ln lll21h 
BllZIb A1121n IIi2Ia 

16 
17 
18 
19 
20 
21 
22 

a b c  

P222 
P2221 
P212]2 

P212121 
C22Zl 
C222 
FZ22 

c a b  

P222 
P2122 

P22121 
P2i2121 
A2122 
A222 
F222 

b c a  

P222 
P2212 
P21221 

P212121 
82212 
B222 
F222 

a - c b  

P222 
P2212 
P21221 

PZ12121 
B2212 
B222 
F222 

b a - c  

P222 
P22Zl 

P21212 
P212lZl 
C2221 
CZ22 
F222 

- c b a  

P222 
P2122 

P22121 
P212121 
A2122 
A222 
F222 
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Tetragonal space groups 
25 
26 
27 
28  
29 
3 0  
31 
32  
33 
34  
3 5  
36  
37 
38 
39  
4 0  
41 
42 
4 3  
44 
4 5  
4 6  

4 7  
48 
49 
5 0  
51 
52  
5 3  
54  
5 5  
56  
57  
58 
59  
60 
61 
62 
6 3  
64  
6 5  
66  
67  
6 8  
69  
7 0  
7 1  
7 2  
73 
74 

Trigonal space groups 

a b c  

Pmm2 
Pmc21 
P c c 2  
P m Z  
PcaZl 
Pnc2 
Pmn21 
Pbo2 
Pno21 
Pnn2 
Cmm2 
Cmc2l 
CccZ 
AmmZ 
Abm2 
Am02 
AbnZ 
Fmm2 
Fd& 
1mm2 
lbo2 
l m 2  

P m  
Pnnn 
Pccm 
Pbon 
Pmmo 
Pnno 
P m u  
Peca  
Pbom 
Pccn  
Pbcm 
Pnnm 
Pmmn 
Pbcn 
Pbco  
P n m  
Cmcm 
Cmcn 
Cmmm 
Cccm 
C m m  
Ccca  
Fmmm 
Fddd 
Immm 
Ibam 
Ibco 
i m m  

c a b  

R m m  
R j m a  
PZoa 
R m b  
R i n b  
PZno 
R ~ m n  
PZcb 
R l n b  
PZnn 
A2mm 
A21mo 
AZoa 
B h  
BZcm 
BZmb 
B2cb 
R m m  
F2dd 
R m  
12cb 
R m b  

Pmmm 
Pnnn 
Pmao 
Pncb  
Pbmm 
Pbnn 
Pbmn 
Pbaa  
Pmcb 
Pnoo 
Pmco 
Pmnn 
Pnmm 
Pncn 
Pbco 
Pbnm 
Amma 
Abmo 
Ammm 
Amaa 
Abmm 
Abaa  
Fmmm 
Fddd 
Immm 
lmcb 
lbca 
lbmm 

b c a  

PmZm 
Pb21m 
PbZb 
Pc2m 
PcZlb  
PbZn 
Pn21m 
Pc2a 
P c Z l n  
Pn2n 
Bm2m 
Bb21m 
Bb2b 
Cm2m 
Cm2a 
Cc2m 
CcZo 
FmZm 
F a d  
ImZm 
lc20 
IcZm 

Pmmm 
Pnnn 
Pbmb 
Pcna 
Pmcm 
Pncn 
Pncm 
Pbcb  
Pcmo 
Pbnb 
P b m  
Pam,< 
Pmnm 
Pbna 
Pbco  
Pmcn 
Bbmm 
Bbcm 
Bmmm 
Bbmb 
Bmcm 
Bbcb 
F m m  
Fddd 
lmmm 
Icmo 
lbco 
lmcm 

- c b a  

R m m  
nIom 
R o o  
R c m  
P ~ ~ C O  

P2on 
Rlnm 
R c b  
PZlcn  
R n n  
A2mm 
AZ1om 
A2ao  
CZmm 
CZmb 

CZcb 
FZmm 
F2dd 
12mm 
l2cb 
12cm 

Pmmm 
Pnnn 
Pmao 
Pncb  
Pcmm 
Pcnn 
P ~ n m  
P c a a  
Pmcb 
Pnan 
P m b  
Pmnn 
Pnmm 
Pnob 
Pcob  
~ n n n  
Amom 
Acom 
Ammm 
Amaa 
Acmm 
Acoo 
Fmmm 
Fddd  
Immm 
lmcb 
lcab  
lcmm 

- 

a - c b  

Pm2m 
PmZlb 
Pb2b 
PmZn 
P b 2 l a  
PnZb 
Pm21n 
Pc2o 
Pn21n 
Pn2n 
BmZm 
Bm21b 
Bb2b 
AmZm 
AcZnl 
Am20 
Ac2o 
Fm2m 
FdZd 
1m2m 
lc20 
lm2n 

Pmmm 
Pnnn 
Pbrnb 
Pcno  
Pmam 
P u n  
Pmon 
Pbab 
Pcmo 
Pbnb 
Pcmb 
Pnmn 
Pmnm 
Pcnb 
P c a b  
Pnom 
Bmmb 
Bmob 
Bmmm 
Bbmb 
B m  
Bbob 
Fmmm 
Fddd 
lmmm 
lcma 
icnb 
Inmm 

b a - c  

Pmm2 
Pcm21 
PccZ 
Pbm2 
PbQ)  
PcnZ 
PnmZl 
Pbo? 
Pbn?] 
PnnZ 
Cmm2 
Ccm21 
CccZ 
BmmZ 
Bmo2 
B m b Z C Z m  
Bbo2 
Fmm2 
FddZ 
lmm2 
Ibo2 
lbm2 

P m  
Pnnn 
Pccm 
Pbnn 
Pmmb 
Pnnb 
Pnmb 
P c c b  
Pbam 
Pccn 
Pcam 
Pnnm 
Pmmn 
Pcon 
Pcab  
Pmnb 
Ccmm 
Ccmb 
Cmmm 
Cccm 
Cmmb 
Cccb  
F m m  
Fddd 
lmmm 
lbom 
lcab  
l m b  
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Hexagonal space groups 

Cubic space groups 

BOOK LIST 

Here is a short list of books mostly in English that we have found particularly useful. 
Some more-specialized books we have referred to in the text. References to all the crystal 
structure data given in this book are to be found in the various compilations listed in D (this 
is where they came from). 

A. WTERNATIONAL TABLES FOR X-RAY CRYSTALLOGRAPHY 
These are: Volume A: Space-Group Symmetry, 3rd ed. 1992 [the indispensable reference]. Volume B: 
Reciprocal Space, 1993. Volume C: Mathematical, Physical and Chcmical Tables, 1992. Kluwer 
Academic. Dordircht. 

B. Some books on crysrullography and crystal chemistry 

BLOSS, F. D. 
Crystailogrophy and Crystal Chemistry, reprinted by Mineral. S o c  Amer., Washington, D.C. (1994). 
Very clear exposition of the crystallographic point groups. 

BURNS, G & GLAZER. A. M. 
Spnce Groups for SoiidSiate Screntlrtr 2nd Ed., Academic Press. New York (19901. A rood informal . . -  
account of space groups with useful tables. 

BOISEN, M. B. & GIBBS, G. V. 
Marhemoiicol Cryriallogrophy, Reviews in Mineralogy 15, Mineral. Soc. of Amer.. Washington, 
D.C. (Revised, 1990). A systematic account of  haw to do crystallographic calculations, and a 
derivation of the three-dimensional point and space groups. 

DE JONG, W. F. 
General Crysrollogrnphy. Freeman, San Francisco (1959). Subtitled "A brief compendium" this 
uscful lirrlc book contains a wide variety of infomarion. Pvrricularly useful for geometric aspects. 

HYDE, B. G. &ANDERSON,  S. 
lnorgonic Crystal Strircrures, John Wiley & Sons, New York (1989). Systematic description of 
crystal structures with special emphasis on the development of "complex" structures from simpler ones 
using simple building principles. Numerous tables of dara. 

MEGAW, H. D. 
Crystal Structures: A Working Approach, Saunders. Philadelphia (1973). Clear descriptions of 
symmeuy and lhe crysrallogruph~c description of s i m c t u r ~ .  

PEARSON. W. B. 
The Cryriai Chemiriry and Physics ofMetnls and Alloys, John Wiley &Sons, New York (1972). A 
comprehensive account of the subject at the time and still very useful. 

SMITH, J. V. 
Geomelrieai and Srruciural Crysrollogrophy, John Wiley & Sons, New York (1982). A good 
introduction la formal cryrtailogiaphy. Intended for those who are prepared to work through a numbec 
of carefully considered examples. 

WELLS. A. P. 
Srrucrural Inorganic Chenristry. 5th Ed., Clarendon Press, Oxford (1984). Contains a wealth of 
organized structural information with due attention to crystal structures. Introductory chapters discuss 
polyhedra, sphere prckings eic. Every chemist should own a copy. 
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C Some books on geometry 

COXETER. H. S. M. ! 
introducrion ro Geometry. John Wiley & Sons. New York (1971). A classic that everyone should 

Formula Index 
own and read. Includes a good account of wo-dimensional symmetry groups. 

CUNDY, H. M. & ROLLET, A. P. 
This index lists chemical compounds for which some structural information appears in Chapters 1-7 or 

Mnrhernaricai Modeis, 2nd Ed.. Ciarendon Press, Oxford 0961). Written for English sixth-formers, Appendix 5. If the page number is in bold face full ciysrallographic data are given. Look also for lriviai 
this book has. among orher things, a lor of useful inibmmtion on. and practical rips for making, poly- names in the subject index (especially for minerals and ieolitcr). 
hedra. 

GRUNBAUM, B. SHEPHARD. G C. 
Tilingr nnd Pntterns, W. H. Freeman, New York (1986). An astonishing book, beautifully illustrated, 
that should dispel any illusions lhul two-dimensional pvrcrrns are boring. Heavy going in places. 

HILBERT, D. & COHN-VOSSEN, S. 
Geometry and the irnaginotion. Chelsea. New York (1952). Another classic, and one chat is 8s frerh 
today as when it was written (originally published in 1932). 330 figures, some very bevutiful. Everv 
personal library should contain acopy 

SHUBNIKOV, A. V. & KOPSTIK, V. A. 
Syrnrnerry in Science and Arr, Plenum Press. New York (1974). A icadvble guide to symmetry groups 
(including black-nnd-whire and color groups) in different dimensions (eg. rod and layer groups). Also 
material of general interest as suggested by the title. 

WENNIGER. M. I. 
Polyhedron Modelr, Cambridge Univeriily Press (1971 1. Illustrations of beautiful polyhedra and 
instructions for making them. 

D. Reference b o k s  and data bnscs 

STRUCTURE REPORTS 
Originally Srrukrurberichl (Vota. 1-71. these arc annual compendia of crystal structure data. The earlier 
volumes gave enough infomation to be a sufiicient reference source, but later votumes have become 
mainly bibliographies (references without author's names!). The last valume was for 1990 and the 
series which started so auspiciously under P. P. Ewald and C. Hcrmann in 1931 seems to have died 
ignominiously without even a whimper. Hampered by a highly eccentric indexing system. 

VILLARS. P. & CALVERT, L. D. 
Pearson's Handbook of Cw*ysrallogrophic Data for lnrermeraiiic Phases. 2nd edition, American 
Society of Metals, Metals Purk, Ohio (1991). "Handboor may not be the correct term for four 
volumes, each weighing more than 3 kg. Comprehensive and valuable reference sourcz of structurvl 
data for compounds involving metallic elements, also includes data h r  pnictides and chalcogenides. 
Only binary oxides and no halides ace included, and the price precludes personal ownenhip for most. 
The second edition omits some compounds reporred in Volume I of the first edition, so one needs to 
have both. The assignments lo structure types are not always reliable and one should check the original 
papers if unit cells andhr origins are changed. We have found a number of errors and misprints. 

WYCKOFF, R. W. G. 

comprehensive (some surprising omissions) bur excellent value h r  money. 

A I ~ S ~ O ~ ,  131 
A12Si~05(OH)q, 185 
AlzSiqOto(0H)z. 186 
AIz(WO4)3, 360 
Am. 285 
AsqSq, 148 
A"Cd, 271, 435 
AuZn3.279.435 
B, 162 
B203. 129. 298. 435 
BaA14.253 
BaA12Si20g, 181 
uacu ,  246, 435 
BaCuzS2.378 
BaCu2P4, 334.436 
BaFezSq, 273, 436 
BuMgSi, 249. 436 
BaqMgTa10030, 171 
BaNiO3, 257,436 
BaTiO3,257,436 
BaTiSi3Oy. 151, 380 
BaSi205, 182 
BeHz, 380 
Be(NHz)?, 151 
Be0, 304. 436 
BiI3, 287 
BiCu3S3.363 
C, 299. 436 
CloH16, 148 
C I ~ H Z O ,  149 
CIz07, 151 
CaAl~Si2Og. 181, 293, 

304 

Ca, 234 
CsAISi5012, 340 
Cs3ModP3Oj~. 154 
CsllO3, 153 
CsW,Oy, 171 
CuA12, 255,436 
CuAu, 257 
CqAu,  256 
CuFeSz, 241,436 
CuFezS3, 367. 436 
Cu2O. 97  
Cu2Sb, 249 
CuSiO3HzO. I51 
CuZn. 257 
C U ~ Z " ~ ,  159 

FeSz. 156. 195. 436 
Fe3S4.286 
Fez(SOqj3. 361 
FcSi, 238, 243, 437 
F q W j C ,  237 
Ga. 237 
Ga203.130 
Ga2Tes. 273 
Ge, 322. 437 
HPFeHzO, 333 
H20.321 
Hflq, 287 
HfjNi2Si3, 180 
Hg, 231, 285 
HgI2. 288 
Hg3NbF6, 265.437 
Hg3SbF6,264,437 
KAIGeOq, 367 
KA13Si3010(OH)~. 186 
KC"&, 288 
KHzP04, 82.92 
KHgz, 98 
KInTez, 255,437 
KzMgFq, 258, 437 
KzMg~(S04)3. 360 
KMg3A1Si3010(OH)2.186 
KNaCaThSigO20, 152 
K3V5014, 171,437 
K3W5015, 171 
LaBzCz, 173,437 
LaCo5P3, 179 
LaFeqP 12. 279 
LaFeqSbl~. 279 
LuNigP3. LaNisSi, 179 179 

LazO?, 220, 245,437 
LiqAly, 1 3 1  
LIAIOZ, 376 
LiGaO2.376 
Lice, 364 
LizO, 219 
UP,  263. 437 
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M~cL!;. 258 
MgGu. 364 
Mg2Ga~ .  379 
MgNi2, 260 
Ms(OH12, 183 
MgSi03, 151 
M s ~ S ~ Z O ~ ( O H ) ~ ,  184 
Mg3Si4010(0H)~. 186 
MgZnz, 260 
Mn. 266 
MnAI3, MnAlq, 189 
MnBq. 123 
Mn~Hg5 .  168,437 
MOB. 252, 437 
Mo2BC. 287 
MaS2, 246, 437 
MoSi2, 257 
Nq(CH216, 148 
Na4A13Si3012CI. 82, 316 
NaBePOq. 367 
Nal0BeqSi4OI7. 152 
NaCI. 118, 219 
NaCu02.130 
NaFeO2,220 
NaGaSns. 377 
Nap, 263, 437 
NuPb, 333. 437 
NqPt4Geq. 195, 438 
NqSbSq, 195 
Na?Si205, 182 
Na2Si2S5, I50 
NqTiSi401l. 379 
NaWOj, 171 
NaZni3. 273,438 
NaqZi~(Si04)~.  360 
Na?ZrSi3Op-H?O, 380 
NbCIs, 153 
NblClg, 153 
NbCoB. 176 
NbgCuqSi. 180 
NbgF15. 155,438 

~ b ? f e q ,  153 
NdReqSi2, 180 
NiAs, 119, 219 
Ni2S3, 318. 360 
Ni3Sn. 256 
Np, 377  
P 2 0 ~ .  297. 378 
Pq06, 148 
P4010. 150 
P4S to, 150 
Pa, 287  
PbFCl, 249. 438  
PhO, 248. 438 
PbMogSg, I50 
PdF2,239.438 
PdF3, 222. 235 
PdGq, 255 
Pd17Set5. 356.438 
PrI2.288 
Pr3RhqSnl3, 280, 438 
PtB, 219 
PtCIq. 159 ., 
Pt3Oq. 358  
PtPbq, 255 
Pu, 247, 287 
Rb7CSi103, 153 
Rb902. 153 
RbScO2, 219 
RcjB, 176,438 
Re03. 171, 235 
sc203, 377 
S C ~ O Z S ,  245, 438 
Sc2Si207, 151 
Si, 233, 267, 319, 438 
Sic ,  301. 365 
Si2N20, 129 
SiO2, 83. 241. 315. 
" 317, 321. 369, 438  

SiP207, 151 
Sn. 275 

SrSiz, 267, 295, 438 
Ta3Bq. 287 
TaCoB, 176 
TqFeOg, 82 
TuTe4, 255 
TbB2C. 173.439 
TcqC116. 154 
TeqII6. 154 
ThBq, 174,439 
ThB2C. 174,439 
ThCi2Si~.  253, 439 
ThMoBq, 172,439 
ThjNq. 220, 286 
Th3P4. 237, 439 
Th3Pd5, I l l ,  439 
ThSiz, 234, 297, 439 
ThzTeN2, 252,439 
Ti02.  78, 228. 286. 377 
TtP. 119. 219, 246 
Ti2SC. 288 
TigTe4, 272 
TljVSq, 195. 439 
TIZnZSb2, 3 1 1  
UB12.355 
UBZC, 174 
UBC, 250 
UH3.280 
UIq, 288 
U308. 168, 201 
UjSi2, 254 
W. 260,266 
WAI12, 278, 439 
WC. 244, 439 
WCoB, 176 
WzCoB?. 178 
W?CoB3, 178 
YAIzCO, 176 
YCosP3, 179 
YCrBq. 172,439 
Y2ReB6, 172,439 
Zn12. 151, 287. 333 
ZnO. 218. 439 

Subject Index 

The Table of Contenrs should be consulted for major topics discussed in this book (space groups, 
polyhedra, sphere packings, etc.). The subject index serves mainly ro guide the reader to definitions of 
terms, mineral names, etc. so only the principal (defining) occurrences of a term are indicated. Nole vlso we 
normally use the 'naturai" order of words as i n  "clurhrate hydrate" nor "hydrate, cluthrare" (but try diffcrenr 
combinations). For chemical compounds, vlso consult the formula index. 

ABC-6 zeolites, 347 
Abelian group. 24 
Acenrric, 29 
Adamantane, 148 
Adjacency matrix. 191 
Afghanire, 349 
Alchemist's gold, 264 
ALP0 zeolites, index, 354 
Alumina = A1203, 158, 221 
Amman polyhedron, 188 
Analcime (= analcite), 376 
Anatase = TiOz, 377 
Angles (cuicuiation of), 11 1 
Anorthic, 60 
Antifluorite, 219,433 
Antigotite.184 
Antiprisms, 139 
Antistructure, 219 
Antisymmey. 54 
Archimdean polyhedra, 136, 193, 197 
Archimedean tiling, 13, 165, 194, 197 
Asbestos, 184 
Austenite, 230 
Axial glide, 62 
Axial vecrao, 388 
Bain relationship. 229 
Band groups, 384 
Bcc = body-centered cubic, 225,229,257,271 
Bct = body-centered tetragonal, 229,231.247 
Benitoite = BaTiSi30g, 151, 380 
Bentonite, 186 
Berlinite = AIPOq, 87 
Bernal spiral, 205 
Beny pseudorowtion, 190 
Beryllonite = NuBePOq, 367 
Bikitaite, 339 
Biot convention. 84 
Bipyramids, 141 

Bisdisphcnoid, 141 
Bixbyite, 377 
Biack-and-whire symmetry. 54 
Bocacite, 358 
Baranes. 142 
Boron (p rhombohedral), 162 
Braggindices, 102, 114, 125 
Brass. 159, 257 
Bravais lattices 

symbols for 3-dimensional, 58 
table of 2-dimensional. 10 
tables of 3-dimensional, 60, 61 

Biazii twinning, 86 
Bronze, I70 

hexagonal tungsten, 166. 171 
tetragonal tungsten, 171 

Brucite = Mg(OH)2. 183,433 
C phase, 367 
Cairo tiling, 207 
Canctinire, 306, 349 
Cvne~ian coordinates, 112 
Cartesian iorution matrix, 47 
Catalan polyhedra, 141 
Catapleite, 380 
Cco = C-centered onhorhombic, 231 
Ccp = cubic closepackcd. 213, 231 
Centiosgmmetric, 29 
Chabazite, 348 
Chalcopyrite = CuFeS2. 241. 431.436 
Chevrel phase, 150 
Chrysorile (asbestos), 184 
Circuit (in u net). 290 
Class of a crysial, 76 
Clathiasil, 349 
Clvthrate hydrates, 333, 371, 427 
Clathiin cages, 429 
Clay, 186 
Clinogrvphic projections, 114 
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Close packing symmeaies. 268 
Coesite = SiO2, 313,438 
Commutative group, 24 
Compatible patterns, 199 
Congrsssane, 149 
Cannectivity table, 412 
Coordinates 

hand of ares, 30 
hexagonal crystals, 6 
polyhedrz and nets, 193 
tmnsfomtions, 103 

Coordination sequence. 269.293.411 
Corundum = A1203. 221. 360. 361, 377 
Crankshaft rod, 308,341 
Cristobalite = Si02, 240 
Cross polytope. 393 
Crystal class. 70 
Crystallographic symmetry, 2 
Cubanite = CuFe2S3.367, 463 
Cube. 133 

rnllh 

truncated, 136 
Cubic-hexagonal transformation, 107 
Cubic symmetry, 40.47, 60. 74 
Cuboctahedron, 53, 136 

coordinates, I93 
mncated. 136 
twinned. 215 

Cuprite = Cu20.97 
Curie's law, 50 
Curvature. 413 
Cylinder packingn, 262, 284 

FMn,  F W ,  garnet, 266 
y-Si. SrSi2, 267 

Cylindrical groups, 387 
D phase. 367 
D surface, 41 5 
Dachiaidite, 345 
Danburite. 308 
Dauphine twinning, 86 
Decorating (nets) 
DelLlhedia, 141 
Density (of a ipheie packing), 227 
Dexmorotarory, 85 
Diagonal glide, 63 
Diamond, 218, 299,430 
Diamond glide, 63 
Dihedral angle, 1 11 
Dihedral gmups, 32 
Dioctahedral layer. 183 
Diopruse = CuSiO3-H2O. 151 

Dodecahedron (pentagonal). 133, 193 
rhomhic, 137, 141. 193 
snub, 136 
truncated, 136 

Dodecasil, 337,349 
Dual of a net, 165 
Dual of a polyhedron, 133 
Eclipsed conformation, 39 
Edingtonite, 352 
Enantiomorphous groups. 50 
Ensrarite = MgSiO?, I51 
Erionitc, 349 
Eulei equation. 198. 401, 403 
Eulei-Poincnre characteristic, 403 
Eutactic, eutaxy, 147,209 
Fuujasite, 326, 372 
Feldspar. 313 
Feriiieriie, 345 
Fluorite = CaF2, 1 16.218. 433 
Framework density (FD) of a net 
Frank-Kasper polyhedra. 143 
Friauf polyhedron. 141 
Friedel's law. 50 
Friezes, 384 
Fulierenes. 421 
Fuller's earth. 186 
G matrix. 110 
Garnet, 80, 261, 360, 362 
Gauss-Bonnet theorem. 415 
Gaussian curvature. 415 
General positions. 22, 77 
Generators (of groups). 5 1 
Gismondine, 308,342 
Glide symmetry, 14, 62 
Gmelinite, 310 
Goldberg polyhedra. 4?4 
Graphite. 172.436 
Gyroid, 416 
H phase. 288 
Hand of q u m ,  85 
Hand of screw axes. 65 
Hcp = hexagonal close packed, 213.231 
Hemnann-Mauguin notation, 29 
Heteropdyanion. 152 
Hexagonal lattice (Zdimensional). 10 
Hexagonal-rhombohedra1 wansfan., 104 
Hexagonal system. 46, 60, 74 
Hexagonal temahedion. 148 
Hexamethyleneterivmmine, 148 
Hole, 208 
Honeycomb pattern (631, 13, 165.221 

Honeycombs. 394 
HTB (=hexagonal tungsten bronze), 166, 171 
huilbutite, 308 
i subgroup, 81 
Icosahedral palyhedn, 424 
Icosahedral symmetry, 42,57,96 
Icosahedron, 133 

coordinates. 193 
uuncuted, 136 

lcosidodecahedmn, 136 
tluncuted. 136 

Improper operation (axis). 28 
Incommensurate crystals. 95 
Infinire polyhedra. 276,404 
lnternalionai tables, 445 
Inversion point. 28 
IPR rule, 421. 422 
Isometry. 24 
Isomorphic subgroup, 81 
Isopolyanion, 152 
J lattice complex, 234. 277 
lows symbol. 6 
k subgroup, 81 
Kagome pattern (3.6.3.6). 13, 166. 221 
Kuinosite. 151 
Kaolinite, 185 
Kearite = Si02, 321, 
Keggin cluster. 157 
Kissing numbers, 283 
Klasrengleiche. 81 
Lanebeinite. 360 
Lvtrico (see also Bravvis lattices), 8.58 
Lattice complexes, symbols for, 88, 281 
Laue classes, 50 
Laver phase. 260 
Layer groups. 381 
Leapfrogging, 424 
Levororatory. 85 
Levyne, 349 
Linde A, 323.372 
Linde L, 344 
Liottite. 349 
Lonsdaleite. 218. 299. 367 
Losod, 349 
MacMuhon'r net, 207 
Magnetic symmetry, 54 
Mukinawite =FeS, 248 
MAP0 zeolites, index, 354 
Martensiiic transformation, 230 
Matlockire = PhFCI. 249. 435 
Maus's suits, 157 

Maximal subgroup, 80 
Mazzite, 344 
Mean curvarure, 415 
Medial polyhedron, 419 
Melnnophlogite, 335 
Merlinoire. 308. 34: 
Mctaprisms, 140 
Metavarlscite, 304 
Metavaltinc, 157 
Metric tensor, 110 
Mica, 186 
Miller indices. 101, 125 
Minimal surface, 415 
Modulated suucrure, 95 
Mognnite = SiO2, 322. 369 
Moisrunite = Sic, 302 
Monoclinic. 45. 60, 67 
Monresommaire, 377 
Montmarillonite. 186 
Mordenite. 345 
Muscovire, 186 
Narrarsukite, 313. 379 
Nusicon, 360 
Natiolite, 353 
Ner 

dual (2-D), 165 
primary and secondary (2-D). 169 
regular, quasiregular (3-D). 295 
selfdual. 175 
uniform (3-D), 294,417 
uninadal(3-D) 294.416 

Niggli matrix, 110 
Non-crystallographic groups, 53 
Oblique lattice. 10 
Obverse selling (for rhombohedial). 105 
Octadecasil, 349 
Octahedral symmetry. 44 
Octahedron, 133 

canesian coordinates, 193 
super. 154 
truncated, 136. 193 

Offretire, 349 
Opal, 274.283 
Optical activity. 50, 84 
Order (of a group). 48 
Origin of "n i l  cell. 91 
Orthographic projections, 114 
Orthorhombic, 46, 60, 70 
P surface, 415 
Paracelsian, 304,308 
Pearson symbol, 61 
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Pearson's Handbwk. 446 
Penrose tiles, 187 
Pentasil, 349 
Perovskite, 171, 234. 257, 434 
Phurmacosidcrite, 154, 379 
Phillipsite, 341 
Phlogopite. 186 
Phyllosilicules, 184 
Pieiaelectiicity. 50. 88 
Pillared clay, 186 
Point group (table). 440 
Polar vectors, 388 
Polarity and polar classes, 50 
Polybenzene, 297 
Polytope, 393 
Polylype (of Sic),  365 
Primary net, 169 
Prisms. 139 
Proper operation (axis), 28 
Pseudoratations, 190. 202 
Pyramids, 141 
Pyrite = FeS2, 156, 436 
Pyrilohedron, 195 
Pyro- (silicate, phosphatc. etc.), 151 
Pyrochlore (unit), 155,236 
Pyrophyllite, 186 
Quartz = Si02, 83. 316, 369 
Quasiciystuls, 95. 187 
Quasiperiodic. 189 
Quasiregular net. 295 
Radiolaria, 429 
Radius ratio rules, 224 
Realgar, 148 
Reciprocal lattice, 108 
Rectangular lattice, 10 
Regular net, 295 
Revene setting (for rhombohedral), 105 
Rho (zeoiite), 324, 373 
Rhambic dodecahedron, 137,141 
Rhombicosidodecahedron. 136 
Rhombicuboctahedron, 136. 276 

great, 136 
small, 137 

Rhombohedral, 46, 60, 74 
Rhombahedral-heiagonai tiansfom., 104 
Rhombohedron. 135 

Amman (golden), 188 
Ring (in a net), 290 
Rod groups, 383 
Rotation groups, 2, 32 
Rotation matrix, 47 

Rutile = TiO2, 78, 228, 286, 432 
S lattice complex. 237 
Saw-tooth srructures, 343 
Scapolne, 312 
Schlsfli symbol 

for tiiings, 13 
for polyhedra, 133, 137 
for 3-dimensional nets, 290.292 

Schlcgel diagram. 191 
Schoennies notation, 29, 52,440 
Scolecite. 353 
Screw symmetry. 63 
Secondmy net. 169 
Seitz operator, 90 
Selling (of a space group), 70 
Sheet silicates. 184 

- Sigma-2 (zeolite), 350 
Silicalite, 351 
Similarity, 24 
Simple polyhedra, 419 
Simplex. 393 
Simplicia1 polyhedra, 408, 419 
Skew polyhedron. 404 
Snub cube, 53, 136, 273 
Snubdodecahedron. 136 
Sodalite, 82. 274, 315, 348, 373 
Space groups 

frequency of occurrence, 94.203 
three-dimensional (table), 441 
Iwo-dimensional (table), 21 

Special positions, 23, 77 
Sphaleiire = ZnS, 116, 120, 218, 243, 299, 
Sphere packing, 227.255 
Spinel = MgA1204, 78, 223. 259, 434 
Spinel unit (cluster). 158 
Square laltice, 10 
Sraggered conformation, 39 
Sreacyite = KNaCaThSig020, 152 
Stcliv (octangula or quadinngula). 136, 195 
Stereo drawings, 116 
Stishovite = SiO2, 321 
Subgroups of space groups, 80 
Supergroups of space groups, 80 
Superoctahedron. 154 
Supenetiahedron. 150 
Symmorphic groups. 14 
System, crystal 

three-dimensional, 45, 60 
two-dimensional, I I 

1 subgroup. 81 
T lattice complex, 240, 258 

Talc, 186 
Tummer' problem. 146, 190 
Tapiolite, 82 
Tennis ball (polyhedron), 350,420 
Tessellation. 13, 164 
Tetiagonal, 46, 60. 73 
Tewagonal retrahedral layer, 248 
Terngonal tetrahedron. 148 
Terrahedrvl symmetry, 43 
Tetuhedron, 133 

ciicumscriptible, 126 
caitesivn coordinates, 193 
hexagonal, 148 
super, I50 
tetragonal, 148 
truncated, 136, 193 
volume of, 113 

Theta-1 (zeolite), 340 
Thiiatropy, 186 
Thortveitite = Sc2Si20.i, I5 I 
Tiling. 13, 164 
Topological clone packing, 144, 409 
Topological density, 411 
Translationengleiche. 81 
Triclinic, 45, 60, 67 
Tridymite = S i q ,  302,322 
Trigonal, 46, 60, 74 
Trioctahedml layer, 183 
Trirutilc, 82 
Tmncatedcube. 136, 193 
Truncated cuboctahedron. 136, 193 
Truncated dodecahedron, 136, 193 
Truncated icosidodecshedron, 136, 193 
Truncated octahedron, 136. 193 
Truncated tetrahedron, 136. 193 

TI'B (= tetiagonal tungsten bronze), 171 
Twinning 

mimetic, 202 
in quartz (Braril. Dauphin&), 86 

Uitramurine. 3 16 
Uniform net. 294 
Unimodulei matrix, 398 
Uninodvl net. 294 
Unit cell, 10, 58 
Unit cell volume, 108 
Updown nerr, 31 1 
Vlvttice complex, 320 
Vacancy. 208 
Variscite, 304 
Vectors (symmetry of), 388 
Vemiculite. I86 
Varonoi polyhedron. 138, 141, 226 
VP1-5 (zeolite). 346, 373 
Wigner-Seitz cell, 138, 141 
Williams' polyhedron packings. 333 
Wurtiite = ZnS, 121, 217, 300, 431 
Wyckoff notation, 23, 77 
Y lattice complex, 242 
Y* lvlrice complex. 295, 319, 363, 371 
Zeolite index, 354 
Zhdanov symbol (for cp). 216 
Zircon = ZrSiO4, 98. 130 
Zigzag (in nets), 338 
ZK-5 (,~eoliie), 325 
Zone. 99 
Zone law, 102 
ZSM zeolites, index. 354 
Zuniite, 158 
p-phase polyhedron. 144 


	Intro&Chap1_0_27.pdf
	Chap2_28_57.pdf
	Chap3_58_98.pdf
	Chap4_99_131.pdf
	Chap5_132_207.pdf
	Chap6_208_288.pdf
	Chap7_289_380.pdf
	App1_381_392.pdf
	App2_393_402.pdf
	App3_403_418.pdf
	App4_419_429.pdf
	App5_430_444.pdf
	BookList&Index_445_453.pdf



