2917-CHO04.gxd 1/23/04 7:11 AM Page 62

CHAPTER FOUR

Deformation and Strain

4.1 Introduction 62 4.11  Finite Strain Measurement 78
4.2 Deformation and Strain 63 4.11.1  What Are We Really Measuring
4.3 Homogeneous Strain and the Strain Ellipsoid 65 in Strain Analysis? 79
4.4 Strain Path 66 4.11.2 Initially Spherical Objects 81
4.5 Coaxial and Non-Coaxial Strain Accumulation 67 4.11.3 Initially Nonspherical Objects 82
4.6 Superimposed Strain 69 4.11.3.1 Center-to-Center Method 83
4.7 Strain Quantities 70 4.11.3.2 R/D Method 83
4.7.1 Longitudinal Strain 70 4.11.4  Objects with Known Angular
4.7.2  Volumetric Strain 71 Relationships or Lengths 84
4.7.3 Angular Strain 71 4.11.4.1 Angular Changes 84
4.7.4 Other Strain Quantities /1 4.11.4.2 Length Changes 85
4.8 The Mohr Circle for Strain 73 4.11.5 Rock Textures and Other Strain Gauges 86
4.9 Strain States 75 4.11.6  What Do We Learn from Strain Analysis? 87
4.10  Representation of Strain ’5 4.12  Closing Remarks 89
4.10.1 Orientation ’5 Additional Reading 89
4.10.2  Shape and Intensity 76
4.1 INTRODUCTION but in a space station it is quite difficult to keep the

The geologic history of most crustal rocks involves
significant changes in the shape of original features
like sedimentary bedding, igneous structures, rock
inclusions, and grains. The formation of folds or
faults springs to mind as an example of this deforma-
tion, which we examine in detail later in the book. A
small-scale example of deformation is illustrated in
the slab of rock in Figure 4.1, which contains
Cambrian trilobites that were distorted from the orig-
inal shape of these fossils. Deformed fossils, folds,
and other features document the permanent shape
changes that occur in natural rocks. The study and
quantification of these distortions, which occur in
response to forces acting on bodies, is the subject of
“Deformation and Strain.”

Recall the force of gravity, for example. Pouring
syrup on pancakes is easy because of Earth’s gravity,

62

syrup in its preferred place. That you are able to read
this text sitting down is another convenient effect of
Earth’s gravity; in a space station you would be float-
ing around (possibly covered by syrup). Let us consider
a more controlled experiment to analyze the response
of materials to an applied force. We can change the
shape of a block of clay or plasticine by the action of,
say, your hands or a vise. When forces affect the spa-
tial geometry of a body (syrup, you, plasticine, or
rocks) we enter the realm of deformation. Most simply
stated: deformation of a body occurs in response to
forces. We will see later that deformation affects stress
(force acting on an area), so there is no simple
stress—deformation relationship. The response of a
body to forces may have many faces. In some cases,
the body is merely displaced or rotated, such as when
you get up from the chair and move around the room.
In other cases, the body becomes distorted, as in the
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FIGURE 4.1

clay block experiment or with the flow of syrup. In this
chapter we will examine these responses both qualita-
tively and quantitatively.

4.2 DEFORMATION AND STRAIN

Deformation and strain are closely related terms that are
sometimes used as synonyms, but they are not the same.
Deformation describes the collective displacements of
points in a body; in other words, it describes the com-
plete transformation from the initial to the final geome-
try of a body. This change can include a translation
(movement from one place to the other), a rotation
(spin around an axis), and a distortion (change in
shape). Strain describes the changes of points in a body
relative to each other; so, it describes the distortion of a
body. This distinction between deformation and strain
may not be immediately obvious from these abstract
descriptions, so we use an example. In Figure 4.2 we
change the shape and position of a square, say, a slice of
the clay cube we used in Chapter 3. We arbitrarily
choose a reference frame with axes that parallel the mar-
gins of the printed page. The displacement of points
within the body, represented by the four corner points of
the square, are indicated by vectors. These vectors
describe the displacement field of the body from the ini-

Deformed trilobites (Angelina sedgwicki) in a Cambrian slate from Wales.
Knowledge about their original symmetry enables us to quantify the strain.

tial to the final shape. The displacement field can be
subdivided into three components:

1. A distortion (Figure 4.2b)
2. A rotation (Figure 4.2¢)
3. A translation (Figure 4.2d)

Each component in turn can be described by a vector
field (shown for point A only) and their sum gives the
total displacement field. Importantly, a change in the
order of addition of these vector components affects
the final result. Deformation, therefore, is not a vector
entity, but a second-order tensor (similar to stress). We
will return to this later.

When the rotation and distortion components are
zero, we only have a translation. This translation is for-
mally called rigid-body translation (RBT), because
the body undergoes no shape change while it moves. For
convenience, we will simply refer to this component as
translation, and the deformation is called translational.
When the translation and distortion components are
zero, we have only rotation of the body. By analogy to
translation, we call this component rigid-body rotation
(RBR), or simply spin, and the corresponding deforma-
tion is called rotational. Recalling the pool table exam-
ple of the previous chapter (Figure 3.2), the deformation
of a pool ball that is hit is fully described by a transla-
tional and a spin component. When translation and spin
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Deformation

(a)

the window, however,
makes you aware of the
displacement by offering
an external reference
frame.

One final element is
missing in our description
of deformation. In Fig-
ure 4.2 we have con-
strained the shape change
of the square by maintain-
ing a constant area. You
recall that shape change
results from the devia-
toric component of the
stress, meaning where the

.
7 . .
\ . principal stresses are

.7 unequal in magnitude

/// (see Figure 3.12). The
< hydrostatic component of
S the total stress, however,
\\ contributes to deforma-

| tion by changing the area
! (or volume, in three
. dimensions) of an object.

Area or volume change is

N called dilation?> and is

Distortion Rotation Translation positive or negative, as

(b) () (d) the volume increases or

FIGURE 4.2 The components of deformation. The deformation of a square (a) is subdivided decreases, respectively.

into three independent components: (b] a distortion; (c] a rotation; and (d) a translation. The
displacement of each material point in the square, represented by the four corners of the initial
square, describes the displacement field. The corresponding strain ellipse is also shown. The
distortion occurs along the axes X and Y, which are the principal strain axes.

are both zero, the body undergoes distortion; this com-
ponent is described by strain. So, strain is a component
of deformation and therefore not a synonym. In essence,
we have defined deformation and strain relative to a
frame of reference. Deformation describes the com-
plete displacement field of points in a body relative to an
external reference frame, such as the edges of the paper
on which Figure 4.2 is drawn. Strain, on the other hand,
describes the displacement field of points relative to
each other. This requires a reference frame within the
body, an internal reference frame, like the edges of the
square. Place yourself in the square and you would
be unaware of any translation, just as when you are
flying in an airplane or riding a train.! Looking out of

Because dilation results
in changes of line lengths it
is similar to strain, except
that the relative lengths of
the lines remain the same.
Thus, it is useful to distinguish strain from volume
change. In summary, deformation is described by:

1. Rigid-body translation (or translation)
2. Rigid-body rotation (or spin)

3. Strain

4. Volume change (or dilation)

It is relatively difficult in practice to determine the
translational, spin, and dilational components of defor-
mation. Only in cases where we are certain about the
original position of a body can translation and spin be
determined, and only when we know the original
volume of a body can dilation be quantified. On the

'We assume constant velocity; your stomach would notice acceleration.
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20r dilatation in the United Kingdom.
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other hand, we often do know the original shape of a
body, so the quantification of strain is a common activ-
ity in structural geology.

4.3 HOMOGENEOUS STRAIN

AND THE STRAIN
ELLIPSOID

Strain describes the distortion of a body in response to
an applied force. Strain is homogeneous when any two
portions of the body that were similar in form and ori-
entation before are similar in form and orientation after
strain. This can be illustrated by drawing a square and
a circle on the edge of a deck of cards; homogeneous
strain changes a square into a parallelogram and a cir-
cle into an ellipse (Figure 4.3b). We define homoge-
neous strain by its geometric consequences:

1. Originally straight lines remain straight.

2. Originally parallel lines remain parallel.

3. Circles become ellipses; in three dimensions,
spheres become ellipsoids.

When one or more of these three restrictions does not
apply, we call the strain heterogeneous (Figure 4.3c).
Because conditions (1) and (2) are maintained during
the deformation components of translation and rotation,
deformation is homogeneous by definition if the strain
is homogeneous. Conversely, heterogeneous strain
implies heterogeneous deformation. Homogeneous and
heterogeneous deformation should not be confused
with rotational and nonrotational deformation; the lat-
ter reflect the presence of a spin component.

Because heterogeneous strain is more complex to
describe than homogeneous strain, we try to analyze
heterogeneously strained bodies or regions by sepa-
rating them into homogeneous portions. In other
words, homogeneity of deformation is a matter of
scale. Consider a heterogeneous deformation fea-
ture like a fold, which can be approximated by three
essentially homogeneous sections: the two limbs and
the hinge (see Chapter 10 for fold terminology). The
heterogeneously deformed large square of Fig-
ure 4.3c consists of nine smaller squares for which
the strain conditions are approximately homoge-
neous. Given the scale dependence of homogeneity
and not to complicate our explanations unnecessarily,
we will limit our discussion in this chapter to homo-
geneous strain.
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(a)

Q

m\
Q

%‘

FIGURE 4.3 Homogeneous and heterogeneous strain.
A square and a circle drawn on a stack of cards (a] transform
into a parallelogram and an ellipse when each card slides the
same amount, which represents homogeneous strain (b).
Heterogeneous strain (c] is produced by variable slip on the
cards, for example by increasing the slip on individual cards
from bottom to top.

In a homogeneously strained, two-dimensional body
there will be at least two material lines that do not
rotate relative to each other, meaning that their angle
remains the same before and after strain. What is a
material line? A material line connects features, such as
an array of grains, that are recognizable throughout a
body’s strain history. The behavior of four material lines
is illustrated in Figure 4.4 for the two-dimensional case,

FIGURE 4.4 Homogeneous strain describes the
transformation of a square to a rectangle or a circle to an
ellipse. Two material lines that remain perpendicular before
and after strain are the principal axes of the strain ellipse (solid
lines). The dashed lines are material lines that do not remain
perpendicular after strain; they rotate toward the long axis of
the strain ellipse.
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in which a circle changes into an ellipse. In homoge-
neous strain, two orientations of material lines remain
perpendicular before and after strain. These two mate-
rial lines form the axes of an ellipse that is called the
strain ellipse. Note that the lengths of these two mate-
rial lines change from the initial to the final stage; oth-
erwise we would not strain our initial circle.
Analogously, in three dimensions we have three mate-
rial lines that remain perpendicular after strain and
they define the axes of an ellipsoid, the strain ellip-
soid. The lines that are perpendicular before and after
strain are called the principal strain axes. Their
lengths define the strain magnitude and we will use the
symbols X, ¥, and Z to specify them, with the conven-
tion that X > Y > Z. In a more intuitive explanation, you
may consider the strain ellipsoid as the modified shape
of an initial sphere embedded in a body after the appli-
cation of a homogeneous strain. We describe strain in
two-dimensional space by the two axes of the strain
ellipse and an angle describing the rotation of this
ellipse. In three-dimensional space, therefore, we use
the three axes of the strain ellipsoid and three rotation
angles. This means that the strain ellipsoid is defined
by six independent components, which is reminiscent
of the stress ellipsoid (see Section 3.6.2). Indeed, the
strain ellipsoid is a visual representation of a second-
rank tensor, but keep in mind that the stress and strain

—p—

ellipsoids are not the same. We dedicate an entire
chapter to the relationship between the stress and strain
ellipsoids (Chapter 5, “Rheology”), where you will
explore its complexity.

4.4 STRAIN PATH

The measure of strain that compares the initial and
final configuration is called the finite strain, identified
by subscript f; which is independent of the details of
the steps toward the final configuration. When these
intermediate strain steps are determined they are called
incremental strains, identified by subscript i. The
summation of all incremental strains (that is, their
product), therefore, is the finite strain. We will see that
there are many ways to measure finite strain in a rock,
but measurement of strain increments is more difficult.
Yet, incremental strain may be more crucial for unrav-
eling the deformation history of a rock or region than
finite strain. Let us explore this with a simple example
(Figure 4.5).

Finite strains for the distortion of a square in
Figures 4.5a and 4.5b are the same, because the initial
and final configurations are identical. The steps or
strain increments by which these final shapes were
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The finite strains, X;and Yy, in (a] and (b] are the same, but the strain path by

which each was reached is different. This illustrates the importance of understanding the
incremental strain history (here, X; and Y;) of rocks and regions and inherent limitation of finite

strain analysis.
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reached, however, are very different. We say that the
strain path of the two examples is different, but the
finite strains are the same. The path presented in
Figure 4.5a has incremental strains that reflect a strain
ellipse that becomes increasingly elliptical; in other
words, the ratio of the long over the short axis (X/Y)
becomes greater. The path in Figure 4.5b, on the other
hand, shows that the orientation of the X; and Y; axes
was perpendicular to those of the finite strain ellipse
during part of the history. Consider this in a geologic
context: the two paths would represent very different
strain histories of a region, yet their finite strains
would be identical. Obviously, an important piece of
information is lost without knowledge of the strain
path. It is therefore critical for structural analysis to
distinguish finite strain from incremental strain. But
because incremental strains are harder to determine,
structural geologists imply finite strain when they
loosely discuss the “strain” of a rock or a region.

4.5 COAXIAL AND NON-COAXIAL

STRAIN ACCUMULATION

Earlier (Figure 4.4) we saw that strain involves the
rotation of material lines. Recall that a material line is
made up of a series of points in a body; for example, a
row of calcium atoms in a calcite crystal or an array of

Y; X

N
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grains in a quartzite. There is no mechanical contrast
between the material line and the body as a whole, so
that material lines behave as passive markers. All
material lines in the body, except those that remain
perpendicular before and after a strain increment (that
is, the principal strain axes), rotate relative to each
other. In the general case for strain, the principal incre-
mental strain axes are not necessarily the same
throughout the strain history. In other words, the prin-
cipal incremental strain axes rotate relative to the finite
strain axes, a scenario that is called non-coaxial strain
accumulation. The case in which the same material
lines remain the principal strain axes at each increment
is called coaxial strain accumulation. These impor-
tant concepts are not obvious, so we turn to a class-
room experiment for further exploration.

First we examine non-coaxial strain accumulation.
Take a deck of playing cards (or a thick phone book)
and draw a circle on the face perpendicular to the
cards. By sliding the cards past one another by roughly
equal amounts, the initial circle changes into an ellipse
(Figure 4.6a). Draw the ellipse axes (i.e., incremental
strain axes) X and Y; on the face. Continuing to slide
the cards produces a more elliptical shape. Again mark
the ellipse axes X, and Y, of this second step on the
cards, but use another color. Continue this action a
third time so that in the end you have three steps
(increments) and three X-Y pairs. Note that the last
ellipse represents the finite strain. Now, as you return
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FIGURE 4.6 Non-coaxial (a) and coaxial (b] strain. The incremental strain axes are different

material lines during non-coaxial strain. In coaxial strain the incremental strain axes are parallel to
the same material lines. Note that the magnitude of the strain axes changes with each step.
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(a) (b)
FIGURE 4.8
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FIGURE 4.7 Acombination of simple shear (a special case of non-
coaxial strain] and pure shear (coaxial strain) is called general shear or
general non-coaxial strain. Two types of general shear are transtension
(a) and transpression (b), reflecting extension and shortening

(b) components.

NFE e =

(d)

Particle paths or flow lines during progressive strain accumulation. These flow

lines represent pure shear (a), general shear (b], simple shear (c), and rigid-body rotation (d). The
cosine of the angle o is the kinematic vorticity number, Wj, for these strain histories; W, =0, 0 <Wy <1,

Wi =1, and Wy = oo, respectively.

the cards to their starting configuration, by restoring
the original circle, you will notice that the pairs of
strain axes of the three increments do not coincide. For
each step a different set of material lines maintained
perpendicularity, and thus the incremental strain axes
do not coincide with the finite strain axes. You also see
that with each step the long axis of the finite strain
ellipse rotated more toward the shear plane over which
the cards slide. You can imagine that a very large
amount of sliding will orient the long axis of the finite
strain ellipse nearly parallel to (meaning a few degrees
off) the shear plane.

In the case of coaxial strain accumulation we return
to our earlier experiment with clay (Figure 4.6b). Take
a slice of clay with a circle drawn on its front surface
and press down on the top and bottom. When you draw
the incremental strain axes at various steps, you will
notice that they coincide with one another, while the
ellipticity (the X/Y ratio) increases. So, with coaxial
strain accumulation there is no rotation of the incre-
mental strain axes with respect to the finite strain axes.?

The component describing the rotation of material
lines with respect to the principal strain axes is called
the internal vorticity, which is a measure of the degree
of non-coaxiality. If there is zero internal vorticity, the
strain history is coaxial (as in Figure 4.6b), which is
sometimes called pure shear. The non-coaxial strain

3In kinematic theory we use the infinitesimally small incremental strain
axes or the instantaneous strain axes.
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history in Figure 4.6a describes the case in which the
distance perpendicular to the shear plane (or the thick-
ness of our stack of cards) remains constant; this is
also known as simple shear. In reality, a combination
of simple shear and pure shear occurs, which we call
general shear (or general non-coaxial strain accu-
mulation; Figure 4.7). Internal vorticity is quantified
by the kinematic vorticity number, W, which relates
the angular velocity and the stretching rate of material
lines. Avoiding the math, a convenient graphical way
to understand this parameter is shown in Figure 4.8.
When tracking the movement of individual points
within a deforming body relative to a reference line,
we obtain a displacement field (or flow lines) that
enables us to quantify the internal vorticity. The angu-
lar relationship between the asymptote and the refer-
ence line defines Wj:

Wy =cos a Eq. 4.1
For pure shear W) = 0 (Figure 4.8a), for general shear
0 < Wy < 1 (Figure 4.8b), and for simple shear Wy = 1
(Figure 4.8c). Rigid-body rotation or spin can also be
described by the kinematic vorticity number (in this
case, Wy = oo; Figure 4.8d), but remember that this
rotational component of deformation is distinct from
the internal vorticity of strain. Using Figure 4.6 as an
example, the deformation history shown in Figure 4.6a
represents non-coaxial, nonrotational deformation.
The orientation of the shear plane does not rotate
between each step, but the incremental strain axes do

o
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TABLE 4.1 TYPES OF STRAIN

Coaxial strain
progressive strain

Heterogeneous strain

Homogeneous strain
in form and orientation after strain

Incremental strain

Instantaneous strain
infinitesimal incremental strain

Finite strain

Non-coaxial strain
strain

Strain in which the incremental strain axes remain parallel to the finite strain axes during

Strain in which any two portions of a body similar in form and orientation before strain undergo
relative change in form and orientation (also: inhomogeneous strain)

Strain in which any two portions of a body similar in form and orientation before strain remain similar

Strain state of one step in a progressive strain history

Incremental strain of vanishingly small magnitude (a mathematical descriptor); also called

Strain that compares the initial and final strain configurations; sometimes called total strain

Strain in which the incremental strain axes rotate relative to the finite strain axes during progressive

|:| Extension
Event 1 Event 2

g3
g2

rotate. The strain history in Figure 4.6b represents
coaxial, nonrotational deformation, because the incre-
mental axes remain parallel.

Already, several types of strain have been introduced,
so we summarize them in Table 4.1 before continuing.

(a) Coaxial
superimposition

(b) Non-coaxial
superimposition

4.6 SUPERIMPOSED STRAIN

The strain path describes the superimposition of a
series of strain increments. For each of these incre-

|:| Shortening

Finite strain

|
1 FIGURE 4.9 Superimposed strain.
The strain ellipse contains regions in
I which lines are extended and regions
Il where lines are shortened, which are
separated by lines of zero finite
elongation. (a) Coaxial superimposition of
I a strain event 2 produces regions in
I which lines continue to be extended (1],
and regions where lines continue to be
shortened (11}, separated by regions
where shortening during event 1 is
v followed by extension during event 2 (II1].
(b] Non-coaxial superimposition
1l additionally produces a region where
extension is followed by shortening
| during event 2 (IV). Practically this
n means that structures reflecting different
strain states may be formed, especially
v in non-coaxial strain regimes such as
shear zones.

ments the body is divided into regions containing
material lines that extend and shorten; these regions
are separated by planes containing lines with zero
length change. Considering only the two-dimensional
case (Figure 4.9) we recognize regions of extension
and regions of shortening separated along two lines of
zero length change in the strain ellipse. When we coax-
ially superimpose a second strain increment on the first
ellipse, we obtain three regions (Figure 4.9a): (I) a
region of continued extension, (II) a region of contin-
ued shortening, and (III) a region of initial shortening

4.6 SUPERIMPOSED STRAIN 69
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FIGURE 4.10 Asmallfold in turbidites from the Newfoundland Appalachians (Canada]). An
axial plane cleavage is visible in the mica-rich layer. Lens cover for scale.

that is now in extension. The geometry is a little more
complex when the incremental strain history is non-
coaxial. Superimposing an increment non-coaxially on
the first strain state results in four regions (Fig-
ure 4.9b): (I) a region of continued extension, (II) a
region of continued shortening, (III) a region of initial
shortening that is now in extension, and (IV) a region
of extension that is now in shortening. Clearly, super-
imposition of significant strain increments can produce
complex deformation patterns in rocks. For example,
extensional structures formed during one part of the
deformation history may become shortened during a
later part of the history, resulting in outcrop patterns
that, at first glance, may seem contradictory.

4.7 STRAIN QUANTITIES

Having examined the necessary fundamentals of strain,
we can now turn our attention to practical applications
in structural analysis using the quantification of strain.
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Take the small fold with axial plane clearage shown in
Figure 4.10. How much strain does this deformation fea-
ture represent? How do we go about determining this? In
the next sections we will examine strain quantification
using three measures: length change or longitudinal
strain, volume change or volumetric strain, and angu-
lar change or angular strain. You’ll find that all of these
approaches are pertinent to the analysis of our little fold.

471

Longitudinal strain is defined as a change in length
divided by the original length. Longitudinal strain is
expressed by the elongation, e, which is defined as

Longitudinal Strain

e=(l-1,)I, or e = 0l/l, Eq. 4.2
where [ is the final length, /, is the original length, and
Ol is the length change (Figure 4.11a). Because we
divide values with the same units, longitudinal strain is

a dimensionless quantity. A longitudinal strain of
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0.3 for a stretched rod or a

continental region is inde-
pendent of the original

dimensions of the object.
This definition of elonga-
tion implies that negative
values of e reflect shorten-
ing whereas positive values
of e represent extension.
We label the maximum,
intermediate, and mini-
mum elongations, e, e,
and ej3, respectively, with N

€| = e; > e3. Remember the
sign convention we just ®

described! In practice,
geologists commonly give
the elongation in percent,
using the absolute value,
|e| X 100%, and the terms
shortening and extension
instead of a negative or
positive sign; for exam-
ple, 30% extension or
40% shortening.

(©
FIGURE 4.11

4.7.2

A relationship similar to that for length changes holds
for three-dimensional (volume) change. For volumet-
ric strain, A, the relationship is

Volumetric Strain

A=V -V)IV, or A =3VIV, Eq. 4.3
where V is the final volume, V, is the original volume,
and V is the volume change. Like longitudinal strain,
volumetric strain is a ratio of values with the same
units, so it also is a dimensionless quantity. Positive
values for A represent volume gain, whereas negative

values represent volume loss.

4.7.3

Longitudinal and volumetric strain are relatively
straightforward and easily defined strain parameters.
Angular strains are slightly more difficult to handle as
they measure the change in angle between two lines
that were initially perpendicular. The change in angle
is called the angular shear, y, but more commonly we
use the tangent of this angle, called the shear strain, y
(Figure 4.11b):

Angular Strain

Y=tan y Eq. 4.4

X/

(d)

Strain quantities. The elongation, e, and stretch, s, in (a); the angular shear, y,
and the shear strain, 7y, in (b). In (c] the relationships between quadratic elongation (A}, stretch
(s], and angular shear () are shown for line OP that transforms into OP' (d).

Like the longitudinal and volumetric strains, the shear
strain is a dimensionless parameter.

4.74

In calculations such as those associated with the Mohr
circle for strain (see Section 4.8), we make use of a
quantity called the quadratic elongation, A, which is
defined as

Other Strain Quantities

A=) =(1+e) Eq. 4.5
where [ is the final length, /, is the original length, and
e is the elongation.

The root of the quadratic elongation is called the
stretch, s, which is a convenient strain parameter that
directly relates to the dimensions of the strain ellipsoid:

s=A2=ll,=1+e Eq. 4.6
The quadratic elongation, A, and especially the stretch,
s, are convenient measures because they describe the
lengths of the principal axes (X, ¥, and Z) of the strain
ellipsoid:

X=Sl,Y=Sz,Z=S3 Eq47

4.7 STRAIN QUANTITIES 71

o



2917-CHO04.gxd 1/23/04 7:11 AM Page 72

with X >2Y > Z, and

X2=7\,1, Y2:7\,2, Zz=7\,3 Eq 4.8

This relationship between the quadratic elongation,
stretches, and the strain ellipse is illustrated in two
dimensions in Figure 4.11c. A circle with unit radius
(r=1) becomes distorted into an ellipse that is defined
by the length of axes VA (i.e., = X) and VA, (i.e., =Y).
As a consequence of this distortion, a line OP at an ini-
tial angle of ¢ with the X-axis becomes elongated
(OP") with an angle @' to the A;/X-axis.* From
Figure 4.11c you can determine that the relationship
between ¢ and @' is described by

tan @' = Y/X - tan @ = (Ay/A)"? - tan @ Eq. 4.9
or, rearranging this equation
tan @ = X/Y - tan @' = (A/A»)? - tan @' Eq. 4.10

In Section 4.2 we introduced the concept of volume
change as a fourth component of deformation in which
length changes occur proportionally. It is instructive to
see how this affects Equations 4.9 and 4.10. In the two-
dimensional case, the area of an ellipse is T(X-Y), thus
an ellipse derived from a unit circle with area T (r =1,
so 7r? = 1) implies that X-Y = 1. Thus, if we assume no
volume change in deformed objects, we simplify
Equations 4.9 and 4.10 to

tan @' = X2 - tan @ Eq. 4.11
or
tan @ = X2 - tan @' Eq. 4.12

because Y = I/X.

Go ahead and apply these relationships to the
geologic situation posed in Figure 4.12 to get some
hands-on experience.’ You can further explore your
understanding of the above manipulations by showing
that Equations 4.11 and 4.12 also apply to the three-
dimensional case when we assume that Y =1, as well
as that the volume is constant. The condition Y =1
means that zero elongation occurs in the direction per-
pendicular to the sectional ellipse containing axes X

“It is customary to use the ' (prime) to mark the deformed state.
SThe angle of the dipping beds before deformation of the overlying con-
glomerate is about 78°.
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FIGURE 4.12 Asequence of tilted sandstone beds is
unconformably overlain by a unit containing ellipsoidal
inclusions (e.g., clasts in a conglomerate). The strain ratio of
the inclusions in sectional view is X/Y =4, and the dip of the
underlying beds is 50°. What was the angle of dip for the beds
in sectional view if the inclusions were orginally spherical?

and Z, which is a commonly made assumption in strain
analysis.

Earlier we distinguished between information con-
tained in finite strain analysis from incremental strain
analysis. The measure of strain that is most suitable for
incremental strain histories is the natural strain. This
measure of strain is no more or less “natural” than any
of the other measures, but derives its name from the
natural logarithm.® Natural strain does not compare the
initial and final strain states, but is the summation of
individual strain increments. Recall that the elongation
is defined as d//l, (Equation 4.2). This also holds for
incremental strains, in which [, represents the length at
the beginning of each increment. For a vanishingly
small increment (or infinitesimal strain), the elonga-
tion is defined as

e; = 0lll, Eq. 4.13
The natural strain, € (epsilon), is the summation of
these increments:

~

=/

1
e=Y 81, = j 811, Eq. 4.14
=1, lo
Integrating Equation 4.14 gives
e=Inlll,=Ins Eq. 4.15

The base of the natural logarithm (In) is 2.72; the base 10 (log) is also used.
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Using Equation 4.6, you can express the natural
strain in terms of the elongation, e, and the quadratic
elongation, A:

e=In(l+e) Eq. 4.16
e= Y Ink Eq. 4.17
4.8 THE MOHR CIRCLE

FOR STRAIN

We learned that the strain state is described geometri-
cally by an ellipsoid, so strain is a second-rank tensor.
We can use the same mathematics for strain that we
have used for stress in Chapter 3, but do remember that
the stress and strain ellipsoids are not the same.
Because of the mathematical similarities, a Mohr cir-
cle construction for strain can be used to represent the
relationship between longitudinal and angular strain in
a manner similar to that for ¢,, and o, in the Mohr dia-
gram for stress. Usually the quadratic elongation, A,
and the shear strain, v, are used, for which we need to
rewrite some relationships and introduce a few conve-
nient substitutions.

Considering Figure 4.11c and applying some
trigonometric relationships, we get

A = Ajcos? @+ Az sin? @ Eq. 4.18
A=Y +As)+ %A —A3) cos 2¢  Eq.4.19

and
Y = [(M/A3) = A3/Ay — 2)]1Y2 cos @ sin @ Eq. 4.20
Y =—Y% (A — A3) sin 2 Eq. 4.21

But this expresses strain in terms of the undeformed
state. We observe a body after strain has occurred, so it
is more logical to express strain in terms of the
deformed state. We therefore need to express the equa-
tions in terms of the angle ¢' that we measure rather
than the original angle @, which is generally unknown.
To this end we introduce the parameters A' = 1/A and
Y = ¥/A and use the equations for double angles. We
then get

AN=Y"+A") = Y% (A —A") cos 2¢' Eq. 4.22
Y =% =\') sin 2¢ Eq. 4.23

If you compare these equations with Equations 3.7 and
3.10 for the normal stress (G,,) and the shear stress ()

—p—

and follow their manipulation in Section 3.8, you will
find that Equations 4.22 and 4.23 describe a circle
with a radius 5 (A3' — L"), whose center is located at
Y% (M'+A3') in a reference frame with ¥ on the verti-
cal axis and A' on the horizontal axis. This is the Mohr
circle construction for strain.

At first glance these manipulations appear unneces-
sarily confusing and they tend to discourage the appli-
cation of the construction. So, let’s look at an example
(Figure 4.13). Assume that a unit square is shortened
by 50% and extended by 100% (Figure 4.13a). Thus,
e; = 1 and e3; = —0.5, respectively; consequently,
A1 =4 and A3 = 0.25. Note that the area remains con-
stant because A;!/2- A3'2= 1. Using the parameter A',
we get A;' = 0.25 and A3' = 4. Plotting these values
on the Mohr diagram results in a circle with radius
r=%0s' =N = 1.9, whose center is at %5 (A;' + A3")
= 2.1 on the A' axis. It is now quite simple to obtain a
measure of the longitudinal strain and the angular
strain for any line oriented at an angle @' to the strain
axes. For example, for a line in the A As-plane (i.e.,
XZ-plane) of the strain ellipsoid at an angle of 25° to
the maximum strain axis, we plot the angle 2¢' (50°)
from the A;' end of the circle and draw line OP'
(Figure 4.13b). The corresponding strain values are

A=09 and y=14
thus
A=1.1 and 7y=15

This means that if line OP represented the long axis of
a fossil (e.g., a belemnite), it will have extended and
also rotated from this original configuration. Using
Equation 4.10 (applied in Figure 4.13), we can also
calculate the original angle ¢ that our belemnite made
with our reference frame:

¢ = arctan [(A/A3)'2 - tan @'] = 62°

This latter calculation highlights the easily misun-
derstood relationship between the angular shear and the
rotation angle of a particular element in a deforming
body. The rotation of line OP to OP' in the deformed
state occurred over an angle of 37° (62° — 25°).
However, this angle is not equal to the angular shear, v,
of that element, which is derived from Equation 4.4,
and gives y = 56°. We plot these various angles in A;A3-
space (i.e., XZ-space) in Figure 4.13c.

You may have noticed that we consider coaxial
strain in our example of the Mohr circle for strain
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FIGURE 4.13 The Mohr circle for strain. For a deformed object (a), the reciprocal values of the

principal strains are plotted in YA'-space, where ' = 1/A and ¥ =Y/A (b). The corresponding
rotation of line OP in XZ-space (or A;Az-space) is shown in (c).

TABLE 4.2

STRAIN STATES

General strain’
(triaxial strain)

Axially symmetric elongation

Plane strain

Simple elongation

A state in which all three strain axes have different lengths, as defined by the relationship X >Y>7
(Figure 4.14a). This strain state does not imply anything about volume change.

An axial strain that includes axially symmetric extension, where X >Y = Z (Figure 4.14b}, and
axially symmetric shortening, where X =Y > Z (Figure 4.14c). Axially symmetric extension
results in a prolate strain ellipsoid, with extension occurring only in the X direction
accompanied by equal amounts of shortening in the Y and Z directions (Y/Z = 1]. This
geometry is sometimes referred to as a cigar-shaped ellipsoid. Axially symmetric shortening
requires equal amounts of extension (X/Y = 1) in the plane perpendicular to the shortening
direction, Z. The strain ellipsoid assumes an oblate or hamburger shape.®

A state where one of the strain axes (commonly Y] is of the same length before and after strain:
X>Y (= 1) >Z (Figure 4.14d). Thus plane strain is a special type of triaxial strain, but it can be
conveniently described by a two-dimensional strain ellipse with axes X and Z, because no change
occurs in the third dimension (Y). In many studies this particular strain state is assumed.

A state where all material points move parallel to a straight line, defined by X>Y=7= 1 or
X=Y (= 1)>Z Inthese two cases, a sphere becomes a prolate ellipsoid in extension and an
oblate ellipsoid in shortening (Figure 4.14e], respectively. Because two strain axes remain of
equal length before and after deformation, simple elongation must involve a change in volume
(A # 0), a volume decrease in the case of simple shortening and a volume increase in the
case of simple extension.

7Not to be confused with general shear (p. 68).
8Both smoking and fatty foods are bad for your health.
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construction, in which the incremental
strain axes are parallel to the finite strain
axes. The construction for non-coaxial
strain adds a component of rotation to
the deformation (Section 4.5).° In Mohr
space, this rotational component moves
the center of the Mohr circle off the A'
(reciprocal longitudinal strain) axis. In
fact, the rotational component of strain
can be quantified from the off-axis posi-
tion of the Mohr circle, but this applica-
tion takes us well beyond our introduction
to the Mohr circle for strain. We direct
you to the reading list for more
advanced treatments.

4.9  STRAIN STATES

Having defined the various strain para-
meters as well as their mathematical
descriptions, we close by listing several
characteristic strain states in Table 4.2,
based on various relationships between
the principal strain axes X, ¥, and Z of the
strain ellipsoid. Except for simple elon-
gation, the strain states may represent
constant volume conditions (that is, A =
0), which means that X - Y - Z=1. These
strain  states are illustrated in
Figure 4.14.

4.10 REPRESENTATION
OF STRAIN

A common goal in strain analysis is to compare results
obtained in one place with those obtained elsewhere in
an area or in an outcrop, or even to compare data from
several different regions. When we determine strain at
a locality, we assume that the volume of rock analyzed
is homogeneous. Strain, however, is typically hetero-
geneous on the scale of a single structure, such as a
fold or a shear zone, and it always is heterogeneous on
the scale of mountains and orogens. Nonetheless,

9This rotation is different from the line rotation in our example; all lines,
except material lines that parallel the principal strain axes, rotate in coaxial
strain.

FIGURE 4.14 Strain states.

(a) General strain (X > Y > Z), (b] axially
symmetric extension (X > Y=27],

(c) axially symmetric shortening
(X=Y>Z],(d) plane strain (X > 1 > Z),
(e) and (e] simple shortening (1 > Z).

given a sufficiently large spatial distribution of data
points we can draw important conclusions on the state
of strain in a structure or a region. Whereas a listing of
numerical values and orientation for X, Y, and Z, the
principal strain axes, allows direct comparisons, a
graphical approach to the presentation of strain data
may be more informative. We’ll explore orientation
and magnitude data for strain in the next sections.

4.10.1 Orientation

A visually appealing way to illustrate the orientation
of the strain ellipsoid is to project the orientation of
one or more strain axes at their respective locations in
an area. This “area” may of course represent many
scales, ranging from a thin section to an entire orogenic
belt. You are not limited to plotting the orientation
of the strain axes, but can also include information on
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o



2917-CHO04.gxd 1/23/04 7:12 AM Page 76

Gsteig.

Les Diablerets

L
S
< ’

C. * . N '\
St Maurlce . \\ L

SE

UH
LN
N
~ N\

nappes
—thrust contact

-~

:u‘ - LN e o —top of Cretaceou
30 % <> A \'lt / g‘(\o . gmt C|rcllle o) *:Lonp:tcg %Ijéassm
A eytron = Strain ellipse

3 Algwlles N UH Ultra-Helvetic nappes = strain ellipse (X

- Rouges ~xx. 01 2 v

massif -2 0 ...5 .. 10km —km

(a) (b)

FIGURE 4.15 In(a) shapes of the XY sectional ellipse of the finite strain ellipsoid are shown on a map of the Helvetic Alps in

Switzerland. In (b] XZ sectional ellipses are shown in a profile constructed from this map (note that the profile plane is not
perpendicular to the map surface). The map and profile show a series of NW-directed, low-angle reverse faults or thrusts in which the
long axis of the strain ellipsoid lies in the direction of thrust transport and the strain ratio general increases with depth.

the magnitude of strain, for example by using the
strain ratio X/Z or absolute strain magnitudes as a
scaling tool.

A limitation of this two-dimensional mode of rep-
resentation is that we only show sections through
the strain ellipsoid, something we call sectional
strain ellipses. These sectional ellipses do not nec-
essarily coincide with a plane containing one or
more of the principal strain axes, the principal
planes of strain, meaning that the axes of the sec-
tional ellipse do not parallel the principal strain
axes. In such cases one is left with two reasonable
options: (1) draw the shape of the sectional ellipse
on the surface, or (2) show the orientation of the
strain axes using plunge and direction of plunge.
Luckily we can often find a projection plane that is
close to a principal plane of strain, so that small
deviations are relatively unimportant.

Figure 4.15 shows an example from an area in the
Swiss Alps of Europe that illustrates the informative
approach of superimposing strain data on a map and on
a section. We discuss the details of the European Alps
in Chapter 23, but you can see that the degree of strain
generally increases with depth in this stack of Helvetic
thrust sheets (i.e., the ratio of X/Z increases with
depth). The orientation of the strain ellipsoid also
varies through the stack, but the long axis, X, generally
points in the direction of northwesterly thrust transport
and parallels the boundaries of high strain regions
(shear zones; see Chapter 12) that separate individual
thrust sheets.
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4.10.2 Shape and Intensity

The inherently three-dimensional strain data can be
conveniently represented in a two-dimensional plot,
called a Flinn diagram,'° by using ratios of the princi-
pal strain axes. In fact, we’ll see later (Section 4.11)
that strain analysis often produces strain ratios rather
than absolute magnitudes of the strain axes. In the Flinn
diagram for strain (Figure 4.16a) we plot the ratio of the
maximum stretch over the intermediate stretch on the
vertical (a) axis and the ratio of the intermediate stretch
over the minimum stretch on the horizonal (b) axis:

a=XY=(+e)/l +e)
b=Y/Z=(+e)/l +e3)

Eq. 4.24
Eq. 4.25

The shape of the strain ellipsoid is represented by the
parameter, k:
k=@-D/b-1) Eq. 4.26
The value of k describes the slope of a line that
passes through the origin (angle 3 in Figure 4.16a).
A strain sphere lies at the origin of this plot (coor-
dinates 1,1), representinga=b=1orX=Y=2Z=
1. Ellipsoid shapes are increasingly oblate for val-
ues of k approaching 0 and increasingly prolate for

values of k approaching . If k = 0, the strain is
uniaxially oblate (@ = X/Y = 1), and if k = oo, the

10Named after Derek Flinn.
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FIGURE 4.16 The Flinn diagram plots the strain ratios X/Y versus Y/Z (a). In the Ramsay

diagram (b) the logarithm of these ratios is used; in the case of the natural logarithm (In] it plots
(€1 —€2) versus (&, — €3). The parameters k and K describe the shape of the strain ellipsoid. Note
that volume change produces a parallel shift of the line k=1 or K=1.

strain is uniaxially prolate (b = Y/Z = 1). The value
k = 1 represents the special case for which a equals
b, which is called plane strain (X > Y =1 > Z). The
line represented by k = 1 states separates the field
of constriction (e« > k > 1) from the field of flat-
tening (1 >k > 0) in the Flinn diagram.!!

A useful modification of the Flinn diagram, called
the Ramsay diagram,'? uses the natural logarithm of
the values a and b (Figure 4.16b):

Ina=1In(X/Y)=1In [(1 +e)/(1 + ey)] Eq. 4.27

Inb=1In(Y/Z)=1n [(1 + e)/(1 + €3)] Eq. 4.28
Using

Inx/y=Inx—-1Iny, and

e=In(l+e) Eq. 4.16

where € is natural strain, we convert Equations 4.27
and 4.28 to

Ina=¢-¢
lnb=82—83

Eq. 4.29
Eq. 4.30

Later we will modify this by adding “apparent” to flattening and con-
striction, which reflects the role of volume change.
12Named after John Ramsay.

The parameter k of the Flinn diagram becomes K in
the Ramsay diagram:

K=Ina/ln b= (g —¢&)/(e; —€3) Eq. 4.31
Both logarithmic plots with base e (natural loga-
rithm, In) and base 10 (log) are used in the Ramsay
diagram. The Ramsay diagram is similar to the Flinn
diagram in that the line K = 1 separates the fields of
constriction (eo > K > 1) and flattening (1 > K > 0)
and the unit sphere lies at the origin (In a =
In b = 0). Note that the origin in the Ramsay dia-
gram has coordinates (0, 0). There are a few advan-
tages to the Ramsay diagram. First, small strains
that plot near the origin and large strains that plot
away from the origin are more evenly distributed.
Second, the Ramsay diagram allows a graphical
evaluation of the incremental strain history, because
equal increments of progressive strain (the strain
path) plot along straight lines, whereas unequal
increments follow curved trajectories. In the Flinn
diagram both equal and unequal strain increments
plot along curved trajectories.

The foregoing description assumes that volume
change (A) does not occur during the strain history. To
consider the effect of volume change, recall thatif A=0
(i.e., there is no volume change) then X - Y - Z = 1.

4.10 REPRESENTATION OF STRAIN 7
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Thus, using Equation 4.3 A = (V — V,)/V,, and substi-
tuting V=X Y -Zand V, =1, we get

A+1=X-Y-Z=(1+e) -(1+e)-(1+e3) Eq.4.32
Expressed in terms of natural strains, this becomes

In(A+1)=¢,+e +¢3 Eq. 4.33
Further rearrangement of this expression in a form that
uses the axes of the Ramsay diagram gives

(e1—€)=(er—€3)—-36,+In(A+ 1) Eq. 4.34
Prolate and oblate ellipsoids are separated by plane
strain conditions (€, = 0)

(e1—€)=(er—€3)+In(A+1) Eq. 4.35
which represents a straight line (y = mx + b) with unit
slope (m =1, or angle B is 45°). If A > 0O the line inter-
sects the (¢ — &) axis (volume gain), and if A < O it
intersects the (&, — €3) axis (volume loss). In all cases,
the slope of the line remains at 45° and €, = 0. In
Figure 4.16b the case for various percentages of vol-
ume loss is illustrated. We use the terms apparent flat-
tening and apparent constriction for the fields in the
diagram that are separated by the line representing
plane strain conditions (K = 1). The term “apparent” is
used because volume change must be known to deter-
mine the actual strain state of a body. For example, the
location of a strain ellipsoid in the “flattening field”
may represent true flattening, but it may also represent
plane strain or even true constriction conditions. These
simply depend on the degree of volume loss. Like the
natural strain parameter, the Ramsay plot offers a dis-
tinction between strain increments with constant ratios
of volume change and those with varying ratios. In the
former case the strain path is straight, whereas in the
latter case the path is curved.

The parameters k and K describe the shape of the
ellipsoid, but the position of a data point in the Flinn
and Ramsay diagrams not only describes the shape
of the strain ellipsoid, but also reflects the degree
(or intensity) of strain. This second element is not so
readily appreciated. The farther a point in the Flinn/
Ramsay diagram is located from the origin, the
more the strain ellipsoid deviates from a sphere. But
the same deviation from a sphere (i.e., the same
degree of strain), occurs for different shapes of the
ellipsoid, that is, for different values of k (or K).
Similarly, the same shape of the strain ellipsoid may
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occur for different degrees of strain. The parameter
that describes the degree or intensity of strain is

i={[X/Y) - 12+ [(Y/Z) - 117} Eq. 4.36
or in the case of natural strains
I= (g — &) + (& — &3)? Eq. 4.37

So, the ability of the Flinn diagram to represent
strain states and volume change and the added conve-
nience of the Ramsay diagram to evaluate incremental
strain histories present sufficient flexibility to graphi-
cally present most strain data. Listing the correspond-
ing shape (k or K) and intensity (i or I) parameters
allows for numerical comparisons between strain
analyses in the same structure and/or those made over
a large region.!3

Other graphical strain representations have been
proposed, but in practice they offer little improve-
ment over the Flinn or Ramsay diagrams. In closing,
we explore a new method that combines both orien-
tation and magnitude data. The three principal axes
of the strain ellipsoid are plotted in lower hemi-
sphere projection, whereas their relative magnitudes
are represented by intensity contours. The number of
contours separating the axes is proportional to the
difference in magnitude. Figure 4.17 shows a num-
ber of these plots for a constant orientation of the
principal strain axes, but with ellipsoids of different
shape (defined by k) and degree (defined as X/Z). As
the shape changes from prolate (ellipsoids 1-8) to
oblate (ellipsoids 13-20), the distribution changes
from a point maximum to a girdle. As the degree of
strain increases, the number of contours increases
(from left column to right column). In Figure 4.17b
the corresponding strain states are plotted in a Flinn-
type diagram.

4.11 FINITE STRAIN

MEASUREMENT

We are now ready to tackle the practical aspects of
strain analysis. The determination of strain is a com-
mon task for structural geologists unravelling the geo-
logic history of an area or examining the development

B3There are no simple mathematical relationships between k and K, and i
and L.
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Magnitude-orientation diagrams (a), showing oblate, plane strain, and prolate

ellipsoids of varying intensity. The maximum, intermediate, and minimum axes in all diagrams are
60°/000°, 30°/180°, and 00°/090°, respectively. The corresponding position of each ellipsoid in a

Flinn-type diagram is shown in (b).

of individual structures. Over the years, many methods
have been proposed, some being more useful and rig-
orous than others. In this section, therefore, you will not
find an exhaustive treatment of all methods of strain
analysis; rather we limit our description to the princi-
ples, and advantages and disadvantages, of the more
widely used methods. Advanced structural geology
textbooks and laboratory manuals discuss related strain
methods in greater detail and often present step-by-step
instructions for each method. There is no doubt that the
best way to learn about each method (and appreciate
the assumptions) is to apply them to data sets.

The availability of personal computers and periph-
erals (digitizer, scanner, image analyzer) has added a
new and powerful dimension to strain analysis.
Increasingly sophisticated programs are available that
carry out many of the more time-consuming tasks. It

has become easy to obtain lots of strain data without
knowing much about the methods. This “black box”
approach is dangerous, because you may not realize
the implicit assumptions and consider the limitations
of a method. Understanding the basic tenets of strain
determinations is necessary to interpret the data, so in
the next few sections we focus on the fundamentals of
the art of strain analysis.

4.11.1 What Are We Really Measuring
in Strain Analysis?

Strain analysis attempts to quantify the magnitude
and/or the orientation of the strain ellipsoid(s) in rocks
and regions. In its most complete form, each strain
analysis gives the lengths and orientations of the three
principal strain axes. More commonly, however, we
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obtain strain ratios (X/Y, Y/Z, and X/Z), because we do
not know the absolute dimensions of the original state.
Powerful as strain quantification may appear, we need
to ask two important questions. The first question
arises because the strain analyzed may only represent
a part of the total strain history that the rock or region
has undergone. So the question is: how complete is our
measurement? The second question comes about
because the results of a particular strain analysis only
pertain to the objects that were used for the analysis. A
difference in behavior between the objects and other
parts of the rock, say conglomerate clasts and their
matrix, may result in a strain value for the whole rock
that differs from that for the conglomerate clasts. So
our second question is: how representative is our
analysis? We explore this second consideration by two
simple experiments that are shown in Figure 4.18.

We place a marble within a cube of clay, and as we
load the block it deforms into a rectangular box. After
sectioning, however, you learn that the marble remains
undistorted! So, using the marble as the basis for strain
analysis you conclude there is zero percent strain (or X/Y
= 1), yet looking at the clay you clearly see that strain has
accumulated. In fact, you determine a strain ratio, X/¥, of
1.8 for the clay. Now we carry out a second experiment,

10 kg

Clay

Inclusion

(a)

4
O

Marble

(b)
FIGURE 4.18

Clay: X'Y=1.33/0.75=1.77
Marble: X/'Y=1/1=1
Fluid: X/Y =1.50/0.66 = 2.27

clay matrix.
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in which we replace the space occupied by the marble
with a fluid. The result is quite different from that of the
previous run. In the second case both materials show
finite strain, but the strain measured from the bubble,
which now has the shape of an ellipsoid, is higher than
that measured from the shape of the deformed clay
block. These obviously contrasting results do not repre-
sent a paradox, because all answers are correct in their
own way. There is zero strain for the marble, and finite
strain for the fluid bubble is greater than that for the clay
block. These different results simply reflect the response
of materials with different strengths. The clay is weaker
than the marble, but the fluid bubble is weaker than the
clay. We therefore identify strain markers of two types:
passive and active markers.

Passive strain markers are elements in the body that
have no mechanical contrast; they deform in a manner
indistinguishable to that of the whole body. For exam-
ple, a circle drawn on our clay cube would constitute a
passive marker. Such markings are rare in nature, but
inclusions of the same composition as the matrix are
close to this condition; for example, quartz grains in a
quartzite or oolites in a carbonate. In the case of passive
markers, we say that our body behaves as a homoge-
neous system for strain.

Active strain markers
have mechanical contrast
with their matrix and may
behave quite differently.
The marble and fluid
inclusions in the above
experiments are both
examples of active mark-
ers. Conglomerate clasts
in a shale matrix or gar-
nets in a mica schists are
natural examples of active
strain markers, which rep-
resent a heterogeneous
system for strain.

The active role of mark-
ers need not be a crippling
problem as long as the
strain results are consid-

In two simple experiments we deform a cube of clay with a marble inclusion
and a fluid inclusion. If we require that the elongations in the clay are the same for both runs, the
resulting elongations for the marble and fluid bubble are quite different. This illustrates the
different response to stress of materials with mechanical contrast or heterogeneous systems.

A practical example is the determination of strain using (strong) conglomerate clasts in a (weak])

Fluid ered with the limitations of
©) each method in mind.
Finally, strain analysis can
lead to misinterpretation
because of an unjustified
confidence in hard num-
bers, which has been poeti-
cally described as “garbage
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in, garbage out” Try to remember our simple clay
experiments when you get to the interpretation of your
strain data.

4.11.2

Recall that homogeneous strain is defined as the change
in shape from a sphere to an ellipsoid. Thus, geologic
features with spherical shapes are perfect for strain
analysis and some of the first analyses were indeed car-
ried out using spherical objects. The classic example
involves ooids in (oolitic) limestones (Figure 4.19).
Ooids are particles that have grown radially by accretion
around a nucleus; commonly they are calcareous in
composition. These spheres become increasingly ellip-
soidal with increasing strain (Figure 4.19b and c). Some
other examples of objects that are approximately spheri-
cal are vesicles and amygdules in basalt flows and reduc-
tion spots (areas where chemical change has occurred
due to the presence of impurities) in shales. But keep in
mind that depositional conditions may affect these strain
markers; the flow of lava may stretch amygdules and
compaction may affect the shape of reduction spots.
Once we are convinced that our markers are initially
spherical, the strain analysis of these objects is rela-
tively straightforward. If we preserve the deformed
shapes in three dimensions, we can obtain a direct rep-
resentation of the shape of the strain ellipsoid by mea-
suring the shape of the objects in three mutually
perpendicular sections. In fact, these sections do not
necessarily have to be perpendicular, but this simpli-
fies the procedure. In each section we measure the long

Initially Spherical Objects

FIGURE 4.19
(X/Z=1.8) and (c) 50% (X/Z =4.0) shortening.

Ooids (a) that are deformed after (b) 25%

—p—

and the short axis of the sectional ellipse for several
objects, which gives us ratios. The term sectional
strain ellipse was used before to emphasize the fact
that you do not measure the principal axes of the
objects, but only their lengths in section. We combine
the ratios from each of the three sections to determine
the shape of the strain ellipsoid. By choosing the sec-
tions such that they coincide with the principal planes
of strain (that is, the planes containing two of the prin-
cipal strain axes) we simplify our procedure. In this
case, we directly obtain the strain ratios (X/Y, Y/Z, and
X/7) in our three sections. Otherwise we need to use
trigonometric relationships to determine the ellipsoid.

An example is given in Figure 4.20. Say, you mea-
sure a ratio of X/Y = 2 in one section and in a second
section, parallel to the YZ-plane of the strain ellipsoid,
you measure a ratio of Y/Z = 1.2. In three dimensions
this gives a ratio of X/Y/Z of 2.4/1.2/1. You can check
this in a third section, containing X and Z, which
should give a ratio X/Z = 2.4. Assuming that the vol-
ume remained constant (A = 0), you can fully specify
the strain state of your sample. If

XIYIZ=24/12/1 and A+1=XYZ=1

then
X=2Y and Z=Y/1.2
thus
2Y-Y-(Y/1.2)=17Y3=1
SO

Y=0.8 and X/Y/Z=1.7/0.8/0.7

Now determine what happens to the strain ratio
X/YIZ if you allow for approximately 50% volume loss
(A=-0.5), representing a volume change that has been
suggested in many studies.!* You see that, irrespective
of the amount of volume change, the strain ratios
remain the same, but that the magnitudes of the
individual axes become smaller with volume loss
(and vice versa, i.e., greater with volume gain).
Consequently, the position of the strain states in Flinn
and Ramsay diagrams remains the same with or with-
out volume change, and thus values of k (or K) and i

1X1Y/1Z = 1.3/0.7/0.5
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3 - FIGURE 4.20 Strain from
initially spherical objects. The long
and short axes of elliptical objects
are measured in three orthogonal
sections. For convenience we
assume that these sectional
ellipses are parallel to the

) principal planes. The slope of

regression lines through these

z points (which should intersect the
X_oa4 origin] is the strain ratio in that
z section. In this example: X/Y =2,

Y/Z=1.2,and X/Z=2.4, which
gives X/Y/Z=2.4/1.2/1.

FIGURE 4.21 Changesin markers

(or I) also remain the same. So we have no indication
of volume change from our analysis of the shape of
markers unless we know their original volume. To
solve the critical problem of volume change we may
use geochemical approaches, to which we will return
in another chapter.

4.11.3

Strained particles of all shapes have several properties
in common with the finite strain ellipsoid. Material
lines (meaning, arrays of particles) that are not parallel
to any one of the principal strain axes will tend to
rotate toward the maximum strain axis (X) and away
from the minimum strain axis (Z). Material lines that
are parallel to the Z-axis will undergo the greatest
amount of shortening, whereas material lines that are
parallel to the X-axis will have the greatest amount of
extension. For an intuitive understanding of strain
from nonspherical objects these two properties are
most important. Figure 4.21 illustrates what happens to

Initially Nonspherical Objects

82 DEFORMATION AND STRAIN

of various shapes under (a)
homogeneous strain, (b) coaxial,
constant volume strain, and (c) non-
coaxial, constant volume strain. Note
especially the change from circle to
ellipse and from an initial ellipse to an
ellipse of different ratio, and the relative
extension and shortening of the
markers.

markers with variable shapes. Although they look dif-
ferent, they all change in a predictable manner; but
actually quantifying strain from these changes is
another matter. Strain quantification is greatly simpli-
fied if the initial shape of our marker is an ellipsoid (or
ellipse in the two-dimensional case of Figure 4.21),
because the superimposition of ellipsoids, by defini-
tion, produces another ellipsoid. Mathematically, is it
true that adding two tensors of the same rank produces
a third tensor of that rank? Let’s look at this first for
low-rank tensors: adding two zero-rank tensors
(scalars) gives another scalar; for example, 3 + 5 = 8.
Adding two first-rank tensors (vectors) produces
another vector. So this indeed is a property of tensors,
and therefore adding two second-rank tensors will pro-
duce another second-rank tensor.!> In other words,
superimposing the finite strain ellipsoid on an ellip-
soidal body gives an ellipsoid that contains the proper-

I5Mathematically it is the product of two tensors.

o
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FIGURE 4.22
conglomerate (Narragansett, RI, USA).

Deformed clasts in a late Paleozoic

ties of both the initial ellipsoid (initial marker shape)
and the superimposed ellipsoid (finite strain ellipsoid).
We already showed this graphically when discuss-
ing superimposed strain (Figure 4.9). Although most
objects in nature are not perfect spheres, their shapes
may be reasonably approximated by ellipsoids; for
example, ellipsoidal clasts of a conglomerate (Fig-
ure 4.22). You will realize that we cannot simply deter-
mine the strain by measuring shapes in the deformed
state of the ellipsoids, without knowing the initial
shape of the objects. Two techniques are commonly
used to resolve this problem: the center-to-center
method and the R;/® method.

4.11.3.1 CENTER-TO-CENTER METHOD The basic principle of
the center-to-center method of strain analysis is that
the distances between the centers of objects are system-
atically related to the orientation of the finite strain ellip-
s0id.!® For example, in the XY-plane of the strain
ellipsoid, grain centers that lie along the direction of the
shortening axis (¥) tend to become closer during defor-
mation than grain centers aligned with the extension
axis (X). Measuring the distances of centers as a func-
tion of an arbitrary reference orientation produces max-
imum and minimum values that correspond to the
orientation and the strain ratio of X and Y (Figure 4.23).
Computers have greatly eased the application of this
principle by using a digitizer to determine grain centers
and a method to graphically analyze the results.
Dividing the center-to-center distance between two
objects by the sum of their mean radii is a normalization
procedure that better constrains the shape of the ellip-

16Requiring an anticlustered initial distribution of centers.

Reference line =1.64

(a) ¢(b)48
FIGURE 4.23 Strain from initially spherical or nonspherical
objects using the center-to-center method. The distance between
object centers is measured as a function of the angle with a
reference line (a). A graphical representation of this method
using 250 deformed ooids in a natural sample section is shown in
(b). The empty area defines an ellipse with the ratio X/Y; the angle
of the long axis with the reference line is also given.

<Ix

soid.!” Figure 4.23b shows the result of a normalized
center-to-center analysis using a computer program.

4.11.3.2 R;/® METHOD The R;/® method utilizes the
systematic shape changes that occur in deformed ellip-
soidal objects. In a given section we measure the long
and short axes of sectional ellipses and the orientation
of the long axis with respect to a reference line (Fig-
ure 4.24a). For convenience we again assume that the
section is parallel to the XY-plane, but this is not a pre-
requisite of the method. Plotting the ratio of these axes
(Ry) versus the orientation (®) yields a cloud of data
points, reflecting the addition of the initial ellipsoid
(the original shape of the body) and the finite strain
ellipsoid. The maximum and minimum values of Ry are
related to the initial ratio (R,) of the objects and the
strain ratio (R,, in this example X/Y), as follows:

Rf,max =R, R,
Rf,min =R,/R;

Eq. 4.38
Eq. 4.39

which gives the strain ratio, Ry, by dividing Equation 4.38
by Equation 4.39:
Rs= (Rf,malx/Rf,min)l/2 Eq. 4.40

The maximum initial ratio is determined by multiply-
ing Equations 4.38 and 4.39:

Ro = (Rﬁmax ' Rf,min)l/2 Eq 441

I7Known as the Fry and norm(alized)-Fry methods, respectively, after
Norm Fry.
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Reference line

(@) b)
FIGURE 4.24

90

Strain from initially spherical or nonspherical objects using the R¢/® method.

The ratios of elliptical objects are plotted as a function of their orientation relative to a reference
line (a). Application of this method to 250 ooids (same sample as in Figure 4.23) shows the cloud
of data points that characterizes this method. From the associated equations we determine the
strain ratio and the angle of the long axis with the reference line. The values obtained from using
the center-to-center (Figure 4.23) and Ry/® (Figure 4.24) methods are indistinguishable within the

resolution of these methods.

These relationships hold when the original ratio, R,, is
greater than the strain ratio, Ry (R, > Ry). On the other
hand, if R, < R,, then

Rfmax = Ry - R, (same as above), but
Rﬁmin =R/R,

Eq. 4.42
Eq. 4.43

and the strain ratio and the maximum original ratio
become

R;= (Rf,max : Rf,min)l/2
R, = (Rf,max/Rf,min)l/2

Eq. 4.44
Eq. 4.45

The orientation of the X-axis relative to the refer-
ence line in our particular example is determined by
the position of Rymax and the Y-axis is perpendicular to
the X-axis in the section surface. Evaluation of the
scatter of points in R¢/® plots is greatly eased by ref-
erence curves that are used as overlays on the data. An
example of the application of this method is shown in
Figure 4.24b.

4.11.4 Objects with Known Angular
Relationships or Lengths

The transformation of a sphere to an ellipsoid involves
changes in line lengths as well as angular changes
(Figure 4.4). Thus, methods that allow us to determine
either or both of these parameters are suitable for strain
determination. We will explore the principles behind
some methods in the following sections.

84 DEFORMATION AND STRAIN

4.11.4.1 ANGULAR CHANGES Recall the relationship
between the original angle ¢ of a line, the angle after
deformation (¢'), and the strain ratio (X/Y):!8

X/Y = tan @/tan @' Eq. 4.46

The original angular relationships are well known in
geologic objects that have natural symmetry. One suit-
able group of objects is fossils, such as trilobites
(Figure 4.1) and brachiopods, because they contain
easily recognizable elements that are originally per-
pendicular. When we have several deformed objects
available that preserve these geometric relationships,
we can reliably obtain both the orientation of the strain
axes and the strain ratios from their distortion. One
approach is shown in Figure 4.25, which requires sev-
eral deformed fossils in different orientations. Note
that the method is independent of the size of the indi-
vidual fossils (big ones mixed with small ones) and the
presence of different species (as long as the symmetry
element remains present), because only the angular
changes in these objects are used in the analysis. In the
plane of view, which often is the bedding plane, we
measure the angular shear, y, for each deformed
object. We plot the value of y versus a reference ori-
entation (angle o), making sure that we carefully keep
track of positive and negative angles.!® The resulting

18We only consider the two-dimensional case here, so X/Z (see Equation 4.9)
becomes X/Y.
9This is known as the Breddin method, after Hans Breddin.
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Strain is determined from a collection of deformed bilaterally symmetric

brachiopods (a), by constructing a graph that correlates the angular shear with the orientation
(b]. From this (Breddin) graph the orientation of the principal axes and the strain ratio can be

determined.

relationship is a curve that intersects the o-axis at two
points (Figure 4.25b). These intersections represent
conditions of zero angular shear, which coincide with
the orientations of the principal strain axes in this sur-
face, because the principal strain axes are defined as
the material lines that are perpendicular before and
after strain (Section 4.3). The strain ratio is determined
using Equation 4.9 at conditions for maximum angular
shear, which occurs at an angle ¢ = 45°. Substituting
tan @ = 1 in Equation 4.46, gives

Y/X = tan @'pax Eq. 4.47
where @'« is the angle between the position of the
principal axis and maximum angular shear on the o-
axis (Figure 4.25b). In cases where not enough distorted
fossils are available to derive a reliable curve, the
strain ratio can be determined by comparison with a set
of curves that are predetermined for various strain
ratios. Figure 4.25 also illustrates that a population of
fossils with different orientations in the plane of view
allow direct determination of the orientation of the

principal strain axes. By definition, fossils that do not
show any angular shear must have symmetry elements
that coincide with the orientation of the principal strain
axes (fossils A and B in Figure 4.25).

4.11.4.2 LENGTH CHANGES Change in line lengths
is possibly the easiest strain method to understand,
but we postponed its discussion until now because
its practical application is limited to special cir-
cumstances. A classic example of the circumstances
in which longitudinal strain analysis is appropriate
is shown in Figure 4.26, which illustrates two sec-
tions through a rock containing deformed belem-
nites. Recalling how strain induces a change from a
circle to an ellipse, you will remember that length
changes occur in a systematic manner (Figure 4.4).
Given measurements of several length changes we
can determine a best-fit strain ellipsoid, or ellipse
in two dimensions. For this type of analysis it is
most convenient to use ratios of the longitudinal
strain quantities, the stretch (s = l/l,) or its square,
the quadratic elongation (A = [l/[,]?), because
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FIGURE 4.26

Stretched belemnite from the Swiss Alps. In longitudinal view (a), calcite filling

is seen between the fossil segments, whereas in cross-sectional view (b) the marker remains

circular. MN is the location of the sectional view.

Stretching
lineation
X)

) S
)\'B = [f/(€1+ €2- . '€4)]2 A= 051

FIGURE 4.27 Changesinline length from broken and
displaced segments of two once continuous fossils (A and B;
belemnites) assuming that the extension direction (and thus @')
is known. Simultaneously solving equation A'= A cos® @' + A,'
sin? @' (the reciprocal of Equation 4.18) for each element gives
the principal strains X and Y. An advantage of this method is
that volume change (A) can be directly determined from the
relationship X- Y=/+A.

these quantities correspond directly to the lengths
of the ellipsoid axes for orientations parallel to the
principal strain axes. Individual stretches are readily
measured if the original length of the object is
known. To determine the strain ratios we need at
least two different stretches and some indication of
the orientation of one of the principal strain axes
within that plane (Figure 4.27); without an indica-
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tion of the orientation, we need at least three longi-
tudinal strain measures. Optimally we apply this
analysis in a perpendicular surface to obtain the
three-dimensional strain, but this is rare in natural
rocks. Strain determinations from length (and angu-
lar) changes typically give two-dimensional strain,
but given appropriate assumptions (like plane strain
or constant volume) the results are nevertheless
quite useful. For example, the belemnites in Fig-
ure 4.27 give a X/Y strain ratio of 1.23, but also
indicate volume gain within this plane. Assuming
constant volume strain for the rock as a whole
implies that Z = 1/(X - Y) = 0.66.

4.11.5 Rock Textures
and Other Strain Gauges

So far we have mainly considered strain analysis from
objects that change shape. But what about obtaining
strain from rigid objects, that is objects that react to strain
without changing shape? Imagine that our clay cube in
Figure 4.18 contains a few hundred steel needles that are
randomly oriented. After deformation these needles will
have changed orientation, but they will not have changed
shape. We learned that reorientation is a function of the
amount of strain, and that all material lines not parallel to
the principal strain axes change angle in an orderly fash-
ion. We should be able, therefore, given a few assump-
tions, to quantify the strain by measuring the preferred
orientation of grains. Such measurements can be obtained
in a number of ways, including methods that measure
grain shape and grain crystallography. Two representative
methods are X-ray goniometry (Figure 4.28) and mag-
netic anisotropy. Without getting into the details, goniom-
etry uses the diffraction of X-rays in a sample to measure
the crystallographically preferred orientation of a popula-
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FIGURE 4.28
ray diffractometer (in this case a single-crystal device) with a
special attachment to rotate a sample that is located within the
holder (middle) through the X-ray beam. The X-ray source is to
the right.

X-ray pole-figure device, consisting of an X-

tion of grains. Magnetic anisotropy measures the
response of a sample to an external field, which reflects
the shape or crystal structure of minerals in the sample.
Examples of the results from these two methods on
chlorite-dominated and mica-dominated slate samples are
shown in Figure 4.29 in lower hemisphere projections.
The preferred orientation of the minerals is determined
relative to a uniformly distributed grain population. In one
analysis no mechanical contrast between markers and
matrix is assumed, meaning that the markers respond to
strain in the same way as the rock as a whole (such
objects are called passive markers).>’ From theoretical
considerations that we will not develop here, correspond-
ing strains are defined by

e = pi_lB -1 Eq 4.48
in which e is the “elongation” and p is obtained by
the normalization of principal pole density to the
average pole density for each of three perpendicular
directions (i = 1-3), which determines the strain
ellipsoid. Note our use of quotation marks around
“elongation” to indicate that only under specific con-
ditions does e agree with e (the elongation of
Equation 4.2). Regardless, the method gives a reli-
able quantitative measure of the intensity of the grain

20Note that there is a strong mechanical contrast between steel needles and
clay in the hypothetical experiment. In natural rocks this mechanical con-
trast is much less, and at low strains there is little difference between a
passive-marker model (March model) and models involving active markers
(e.g., Jeffery model).

L

(@) (b)
FIGURE 4.29 X-raygoniometry data showing the c-axis
preferred orientation of (a) chlorite and (b) mica in two slates;
the contours are multiples of random distribution.
Superimposed on these X-ray textures are the magnetic
susceptibility fabrics from each sample, using a square/
triangle/circle for the maximum/intermediate/minimum
susceptibility axis; the minimum susceptibility axis coincides
with the orientation of the c-axis.

fabric. Magnetic anisotropy data is used analogously
to determine a strain ellipsoid, but this method is less
robust.

A few other strain methods are worth mentioning
but they require some knowledge that will not be pre-
sented until later chapters in this book. So, unless you
have already studied that material, they are men-
tioned here for completion only. The change in orien-
tation of a foliation may be used as a strain gauge in
shear zones and provides an estimate of the shear
strain, given knowledge of the width of the zone,
degree of coaxiality, and origin of the foliation (see
Chapter 12). Fibrous overgrowths on rigid grains or
fibrous vein-fillings may track the strain history, and
are used as incremental strain gauges (Chapter 7).
Finally, crystal plastic processes like twinning and
recrystallization (Chapter 9) can provide a measure
of finite strain.

4.11.6 What Do We Learn
from Strain Analysis?

We close this chapter on deformation and strain by
exploring the significance of strain analysis. After
decades of work, structural geologists have produced a
vast amount of finite and incremental strain data, on
structures ranging from the microscale (thin sections) to
the macroscale (mountain belts and continents). The aim
of most of these studies is to measure strain magnitude
across a region, an outcrop, or a hand specimen, in order
to quantify the structural history or the development of a
particular feature. For example, a sharp increase in strain
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FIGURE 4.30 Compilation of finite strain values from natural markers in a Ramsay diagram

that plots logg X/Y versus logyg Y/Z; the corresponding X/Y and Y/Z ratios are also indicated. The
field inside the dashed line contains an additional 1000 analyses, primarily from slates, that have
been omitted for clarification. Plane strain conditions at constant volume (k= 1, A = 0] separate
the field of apparent constriction from the field of apparent flattening, which contains most of the
strain values. Plane strain conditions accompanied by 50% volume loss are indicated by the line

k=1, A=-0.5.

magnitude in an area may define a region of high strain,
like a ductile shear zone (Chapter 12). Strain analysis
provides general constraints on the strain required to
form specific geologic structures, such as folds (Chapter
10), and foliations and lineations (Chapter 11), which
can then be incorporated into the larger regional history.
For example, strain determinations in samples with slaty
cleavage (Chapter 11) indicate that shortening strain is
greater than 50%. We could describe the results of
numerous other studies, but instead we will draw a few
general conclusions from the large data set that is shown
in Figure 4.30.

A compilation of hundreds of finite strain values
that were obtained using a variety of techniques are
plotted in a Ramsay diagram with the axes log;y X/Y
versus log;o Y/Z (Figure 4.30). This large data set gives
a good idea of the magnitudes of strain that are typical
in natural rocks. Axial ratios range from 1 to 20 and
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stretches are in the range 1 <X <3,and 0.13<Z < 1.
You also notice that most of the analyses lie in the field
of apparent flattening (compare with Figure 4.16),
which may be interpreted as true flattening strain or
the involvement of volume loss.?! If we assume that
plane strain conditions (k = 1) equally divide the num-
ber of measurements, then a volume loss on the order
of 50% (A =-0.5) is required. One wonders, of course,
where that volume of rock material went, and the role
of mass transfer continues to be a topic of lively debate
in the literature. The problem is further aggravated
when you consider that strain values reflect the strain
of the marker that was used in the determination and

21As a third alternative, this may be explained by the superimposition of
non-coaxial strain increments, such as vertical compaction followed by
horizontal shortening.
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not necessarily that of the host rock. For many practi-
cal examples this means that the values may actually
underestimate the finite strain. Finally, most of these
data represent regional strains and exclude strains
measured in shear zones. The axial ratio increases
exponentially with increasing shear strain, and reported
values for y of as much as 40 in shear zones (meaning
that ¢ is approaching 90°; Equation 4.3) represent
extremely large axial strain ratios that lie well outside
the plot—a wide range in magnitudes, indeed.

4.12 CLOSING REMARKS

The analysis of strain is a popular approach by struc-
tural geologists to understand and quantify the geologic
history of rocks and regions. One should be cautious,
however, with the interpretation of these data, and with
numerical values in particular. Whereas numbers tend to
provide a sense of reliability, adequate interpretation
requires a solid understanding of the underlying assump-
tions as well as the inherent errors in these numbers.
Always remember that the numbers generated are no bet-
ter than the input parameters (assumptions, measure-
ments). One aspect that was ignored thus far is the
duration over which a certain amount of strain accumu-
lates, which is called the strain rate. In basic terms, (Ion-
gitudinal) strain rate is elongation divided by time (e/?).
In the next chapter (“Rheology”), this important concept
is explored. The rheology of rocks describes the rela-
tionship between stress and strain, and offers an oppor-
tunity to integrate much of what we learned thus far.

ADDITIONAL READING

Elliott, D., 1972. Deformation paths in structural geol-
ogy. Geological Society of America Bulletin, 83,
2621-2638.

—p—

Erslev, E. A., 1988. Normalized center-to-center strain
analysis of packed aggregates. Journal of Structural
Geology, 10, 201-209.

Fry, N., 1979. Random point distributions and strain
measurement in rocks. Tectonophysics, 60, 89—104.

Groshong, R. H., Jr., 1972. Strain calculated from
twining in calcite. Geological Society of America
Bulletin, 83, 2025-2038.

Lisle, R. J., 1984. Geological strain analysis. A manual
for the Ry /® method. Pergamon Press: Oxford.

Lister, G. S., and Williams, P. F., 1983. The partition-
ing of deformation in flowing rock masses.
Tectonophysics, 92, 1-33.

Means, W. D., 1976. Stress and strain. Basic concepts
of continuum mechanics for geologists. Springer-
Verlag: New York.

Means, W. D., 1990. Kinematics, stress, deformation
and material behavior. Journal of Structural
Geology, 12, 953-971.

Means, W. D., 1992. How to do anything with Mohr
circles (except fry an egg): A short course about ten-
sors for structural geologists. Geological Society of
America Short-Course Notes (2 volumes).

Oertel, G., 1983. The relationship of strain and pre-
ferred orientation of phyllosilicate grains in rocks—
a review. Tectonophysics, 100, 413—447.

Pfiffner, O. A., and Ramsay, J. G., 1982. Constraints
on geologic strain rates: Arguments from finite
strain states of naturally deformed rocks. Journal of
Geophysical Research, 87, 311-321.

Ramsay, J. G., and Wood, D. S., 1973. The geometric
effects of volume change during deformation
processes. Tectonophysics, 16, 263-277.

Ramsay, J. G., and Huber, M. L., 1983. The techniques
of modern structural geology. Volume 1: Strain
analysis. Academic Press: London.

Simpson, C., 1988. Analysis of two-dimensional finite
strain. In Marshak, S., and Mitra G., eds., Basic meth-
ods of structural geology. Edited by: S. Marshak
and G. Mitra. Prentice Hall: Englewood Cliffs,
pp- 333-359.

ADDITIONAL READING 89



