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.

 1 (3 )

 1. .
( 1, 1)  B( 2, 2). ,

 B  k ,
. 1, 2, 1, 2, k  1 .

( 1, 1)  B( 2, 2)
:  d = 2 2

2 1 2 1( ) ( )x x y y .
 1 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 

1 2 4 3 4 2 3 –4 4 –6 7 –3 2 –1 0 
2 4 5 4 3 1 –4 3 –3 7 –3 4 –1 0 –5 
1 0 –7 4 5 5 2 1 –4 4 –6 7 –3 2 –1 
2 4 5 5 2 1 –4 4 –6 7 –3 2 –1 0 2 

k 2 2 3 3 4 4 2 2 3 3 4 4 5 5 

15 16 17 18 19 20 21 22 23 24 25 26 27 28 

1 –3 –4 3 4 1 –1 –6 –3 –9 8 3 –3 5 –5
2 –4 –3 4 3 –1 –6 9 –4 8 3 –3 5 –5 6 
1 3 4 1 –1 –6 9 –9 8 3 –3 5 –5 6 0 
2 4 1 –1 –6 9 –9 8 3 –3 5 –5 6 0 –6

k 2 3 3 4 4 5 5 1 2 2 3 3 4 4 

 2. ,
.

 1. 2 + 2 = 25 1 1
, , .

1, 2  1 .
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 2. :  = k 2 + 2  = (x1 + x2)y1.
. 1, 2, 1,

2, k  1 .
:

.
, . . ,
.

 3. 2 + 2 = k2

.  k  1 .
 3: 

,
 = 0 ,

,
 = 0 

.
 1. ,

 (12, 16) ,  (3, 4). 
( , ). :

2  = . .  = 22 )4()3( yx ,
 = 22 )16()12( yx .  2 22 )4()3( yx = 22 )16()12( yx .

: 4((  – 3)2 + (  – 4)2) = (  – 12)2 +
+ (  – 16)2  4 2 – 24  + 36 + 4 2 – 32  + 64 = 2 – 24  + 144 + 2 – 32  + 
256. :
3 2 + 4 2 = 156. 

 2.  = 2  = 4. 
:

4

2

y
xy ; 2 = 4, 1 = 2, 1 = 4, 2 = –2, 2 = 4. (–2, 4) (2, 4) – 

.
, .

 3. , .
 4. ( 1, 1) ( 2, 2)
 k. : )

( 1, 1)  k; 
) ( 1, 1)

( 2, 2); ) , ) )
, ,

 « »; )
, ) ),

( 2, 2). 1, 2, 1, 2, k  1 
.
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, ( 1, 1)
, :  – 1 =  

= k(  – 1). ,

( 1, 1) ( 2, 2), :
12

1

yy
yy

 = 
12

1

xx
xx .

:
a
x +

b
y =1.

:  +  +  = 0. 
, ( 1, 1)

: (  – 1) – (  – 1) = 0. 
 3. (2, 3), (–1, 4), k = 4: 

)  – 3 = 4(  – 2);   = 4  – 5 – 
(2, 3)  k = 4; 

)
21

2
34
3 xy ;  – 3 = 

3
2

3
1 x ;  = 

3
11

3
1 x  – 

, (2, 3) (–1, 4); 
) 4  –  – 5 = 0;  + 3  – 11 = 0 – ;

 = 4  – 5;  = 
3

11
3
1 x  – ;

1
5

4
5

yx ; 1
3

1111
yx  – ;

) 4(  – 4) + (  + 1) = 0;  = 1/4  + 15/4 – 
 4  –  – 5 = 0; (  – 4) – 3(  + 1) = 0;  = 3  + 7 – 

 + 3  – 11 = 0. 
 4. ,

.
 2

1 2 3 4 5 6 7 8 9 10 11 12 13 

2 4 3 4 2 3 4 3 6 7 3 2 1 
C 8 7 4 5 5 2 1 4 4 6 7 3 2 
D 4 5 5 2 1 4 4 3 1 4 3 3 7 
E 2 2 3 3 4 4 2 2 3 3 4 4 5 
F –

13
–

10
–

14
–

13
–

13
–
7

–
13

–
14

–
10

–
13

–
10

–
14

–
13

14 15 16 17 18 19 20 21 22 23 24 25 26 27

A 4 3 3 4 3 4 1 1 6 3 9 8 3 3 
C 1 2 4 5 1 1 6 9 9 8 3 3 5 5 
D 2 5 4 1 1 6 9 9 8 3 3 5 5 6 
E 5 1 2 3 3 4 4 5 5 1 2 2 3 3 
F –13 –7 –8 –7 –6 –9 –14 –8 –14 –8 –9 –6 –9 –9
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 5. : 2 + y2 + Dx +  
+ Ey + F = 0. ,

.
. , D, E, F  2 .

: (  – 0)2 + (  – 0)2 = 
 = R2, 0, 0 – , R – .

 6. : 2 + y2 + Dx + Ey + 
+ F = 0. ,

, , , .
. , , D, E, F 

 2 .

: 2

2
0 )(

a
xx  + 2

2
0 )(

b
yy  = 1, 

0, 0 – , , b – .
1( , 0), 1(0, b), 2(– , 0), B2(0, –b) – ,  F1(c, 0)  F2(–c, 0) – 

, 2

2

a
x  + 2

2

b
y  = 1. 

 = 22 ba  – .
a
c  – .

 7. : 2 – y2 + Dx + Ey + 
+ F = 0. ,

, , , ,
. .

, , D, E, F  2 .

: 2

2
0 )(

a
xx  – 2

2
0 )(

b
yy  = 1 

2

2
0 )(

a
xx  – 2

2
0 )(

b
yy  = –1, 0, 0 – ;  – 

; b – 
.  = 22 ba

. 1( , 0), 2(– , 0) – ,
F1(c, 0)   F2(–c, 0) – ,

a
c  – ,

2

2

a
x  – 2

2

b
y  = 1. 1(0, b), B2(0, –b) – 

, F1(0, )   F2(0, – ) – ,
b
c  – 

, 2

2

a
x  – 2

2

b
y  = –1. x

a
by  – 

.
 8. : 2 + Dx + Ey + F = 0. 

y2 + Dx + Ey + F = 0. ,
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, .
, , D, E, F 

 2 .
: (  – 0)2 = 2 (  – 0)

(  = 0)  (  – 0)2 = 2 (  – 0)
(  = 0), :  – ,

0, 0 – . ,
2 = 2 ,  F(0,

2
p ) ,

 = –
2
p  – . , 2

= 2 ,
F(

2
p , 0) ,  = –

2
p  – .

 4. : 2 2 + 4y2 + 4x + 8y + 
+ 5 = 0. ,

, , , .
2 2 + 4y2 + 4x + 8y – 6 = 0  2( 2 + 2  1 + 1 - 1) + 4( 2 + 2  1 +  

+ 1 – 1) – 6 = 0 2(  + 1)2 – 2 + 4(  + 1)2 – 4 – 6 = 0  2(  + 1)2 + 4(  +  

+ 1)2 = 12 1
3

)1(
6

)1( 22 yx  – ;  = 6 ,

b = 3  – , (–1, –1) – ,  = 
336  – , F1( 3 , 0), F2(– 3 , 0) – ,

1( 6 , 0), 2(– 6 , 0), B1(0, 3 ), B2(0, – 3 ) – .
3 0,5
6

 – .

 5. .
, b  3 

.
 3 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 

2 4 3 4 2 3 –4 4 –6 7 –3 2 –1 0 
4 5 4 3 1 –4 3 –3 7 –3 4 –1 0 –5 

z 0 –7 4 5 5 2 1 –4 4 –6 7 –3 2 –1 
bx 4 5 5 2 1 –4 4 –6 7 –3 2 –1 0 2 
by 2 2 3 3 4 4 2 2 3 3 4 4 5 5 
bz 5 –4 2 1 –6 –8 9 4 0 –2 8 4 3 5 
cx 3 –4 4 –6 7 1 –4 3 –3 7 –4 3 –3 7 
cy –4 3 –3 7 –3 3 –4 4 –6 7 7 –3 2 –1 
cz 7 –3 2 –1 0 –4 3 –3 7 –3 3 –4 4 –6 
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15 16 17 18 19 20 21 22 23 24 25 26 27 28 

–3 –4 3 4 1 –1 –6 –3 –9 8 3 –3 5 –5
–4 –3 4 3 –1 –6 9 –4 8 3 –3 5 –5 6 

z 3 4 1 –1 –6 9 –9 8 3 –3 5 –5 6 0 
bx 4 1 –1 –6 9 –9 8 3 –3 5 –5 6 0 –6
by 2 3 3 4 4 5 5 1 2 2 3 3 4 4 
bz 9 4 0 –2 8 4 3 5 1 5 –4 2 1 –6
cx –1 4 –6 9 –4 8 3 4 1 –1 –6 9 –3 –4
cy 4 1 –1 –6 9 –3 –4 –6 9 –4 8 3 –3 –4
cz –3 –4 3 4 4 1 –1 –6 9 –3 –4 9 –4 8 

 9. , b, ,
.

: |a| =  = 222
zyx aaa .

a :
 = |a| cos ,  = |a| cos , z = |a| cos .

:  = i + j + zk.
 10. , b,  = – 3. :

, b, ;  b;
 b; ;
 b, , b .

,
, . .  = i + j + zk.  ( )

 ( ),
. . ± b = (ax ± bx)i + (ay ± by)j + (az ± bz)k.

b :  b = b  + b + zbz.
, . . 2 = 

2. b : cos  = 

ba
ba .

 11. , ,
, b, .

, , ,
b, . ,

 b, , b .
, b .

,

, . .
z

z

y

y

x

x

b
a

b
a

b
a .

,
, . . b  + b + zbz = 0. 
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b =
b = [ , b],  ,

, . . |c| = ab sin ,
,

, b .
, . . = i + j + zk b = b i + b j + bzk,

: b = 
zyx

zyx

bbb
aaa
kji

.

, . . = i + j + zk, b = b i + b j + bzk = i +  
+ j + zk

: b  = 
zyx

zyx

zyx

ccc
bbb
aaa

.

 2 (3 )

 1. .
 1. : ) ,

 ( 1, 1, z1),
N(A,B,C); ) ;
) ,

( 1, 1,z1), ( 2, 2,z2)  ( 3, 3,z3); )
( 2, 2,z2) ,

); ) ,
) ). 

 4 .
, 1( 1, 1, z1)

N( , , ) : (  – 1) + 
+ (  – 1) + (z – z1) = 0. :

222 CBA
DCzByAx = 0. 2( 2, 2, z2) ,

: d  = 
222

111

CBA

DCzByAx .

: d0 = 
222 CBA

D .

1  + 1  + 1z + D1 = 0 2  + 2  + 2z + D2 = 0 
N1(A1, B1, C1) N2(A2, B2, C2),
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, N1

N2 : cos  = 
21

21

NN
NN .

 4 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 

2 4 3 4 2 3 –4 4 –6 7 –3 2 –1 0 
B 4 5 4 3 1 –4 3 –3 7 –3 4 –1 0 –5 
C 0 –7 4 5 5 2 1 –4 4 –6 7 –3 2 –1 
x1 4 5 5 2 1 –4 4 –6 7 –3 2 –1 0 2 
y1 2 2 3 3 4 4 2 2 3 3 4 4 5 5 
z1 5 –4 2 1 –6 –8 9 4 0 –2 8 4 3 5 
x2 3 –4 4 –6 7 1 –4 3 –3 7 –4 3 –3 7 
y2 –4 3 –3 7 –3 3 –4 4 –6 7 7 –3 2 –1 
z2 7 –3 2 –1 0 –4 3 –3 7 –3 3 –4 4 –6 
x3 1 –4 3 –3 7 –3 1 4 2 3 –4 4 –6 4 
y3 4 2 3 –4 1 –4 3 –3 7 –3 4 5 5 1 
z3 4 5 5 4 2 3 –4 4 1 –4 3 –3 7 –3 

15 16 17 18 19 20 21 22 23 24 25 26 27 28 

–3 –4 3 4 1 –1 –6 –3 –9 8 3 –3 5 –5
B –4 –3 4 3 –1 –6 9 –4 8 3 –3 5 –5 6 
C 3 4 1 –1 –6 9 –9 8 3 –3 5 –5 6 0 
x1 4 1 –1 –6 9 –9 8 3 –3 5 –5 6 0 –6
y1 2 3 3 4 4 5 5 1 2 2 3 3 4 4 
z1 9 4 0 –2 8 4 3 5 1 5 –4 2 1 –6
x2 –1 4 –6 9 –4 8 3 4 1 –1 –6 9 –3 –4
y2 4 1 –1 –6 9 –3 –4 –6 9 –4 8 3 –3 –4
z2 –3 –4 3 4 4 1 –1 –6 9 –3 –4 9 –4 8 
x3 4 4 5 5 1 2 8 3 –3 5 –5 6 –3 4 
y3 8 3 –3 5 –5 6 –3 4 4 4 5 5 1 2 
z3 –3 4 3 8 3 –3 5 –5 6 –3 4 3 –1 –6

 2. : )
s(m, n, p) 

 ( 0, 0, z0); ) .  m, 
n, p, x0, y0, z0  5 .
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:

ptzz
ntyy
mtxx

0

0

0

.  t, 

:
p

zz
n

yy
m

xx 000 .  m, n  p 

. , ,
, , ,

 cos , cos , cos s,
: m = s  cos , n = s  cos , p = s  cos ,  s = 222 pnm  – 

s. : cos  = 
s
m , cos  = 

s
n , cos  = 

s
p .

 5 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 

m 2 4 3 4 2 3 –4 4 –6 7 –3 2 –1 0 
n 4 5 4 3 1 –4 3 –3 7 –3 4 –1 0 –5 
p 0 –7 4 5 5 2 1 –4 4 –6 7 –3 2 –1 
x0 4 5 5 2 1 –4 4 –6 7 –3 2 –1 0 2 
y0 2 2 3 3 4 4 2 2 3 3 4 4 5 5 
z0 5 –4 2 1 –6 –8 9 4 0 –2 8 4 3 5 

15 16 17 18 19 20 21 22 23 24 25 26 27 28 

m –3 –4 3 4 1 –1 –6 –3 –9 8 3 –3 5 –5
n –4 –3 4 3 –1 –6 9 –4 8 3 –3 5 –5 6 
p 3 4 1 –1 –6 9 –9 8 3 –3 5 –5 6 0 
x0 4 1 –1 –6 9 –9 8 3 –3 5 –5 6 0 –6
y0 2 3 3 4 4 5 5 1 2 2 3 3 4 4 
z0 9 4 0 –2 8 4 3 5 1 5 –4 2 1 –6

 2. , - .
 3.  - : r(t) = x(t)i + y(t)j + z(t)k,  t – 

, x(t) = nt2, y(t) = t2 + m, z(t) = pt + m –  r(t) 

.

: ) -  r = r(t)

t0 = 2; ) r(t)

t0 = 2; ) r(t)
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 t0 = 2.  m, n, p  5 

.

 – r(t) = x(t)i + y(t)j + z(t)k

,
( )

lim
0

dr r t
tdt t .  x(t), y(t), z(t) – 

, 0t dr dx dy dz
i j k

dt dt dt dt .

dr
dt  (

). -

:
2 2 2( ) ( ) ( )

dr dx dy dz
dt dt dt dt .

r(t) = x(t)i + y(t)j + z(t)k 0( 0, 0, z0) :

/
0

0
/
0

0
/
0

0

z
zz

y
yy

x
xx , 0 = (t0),  y0 = y(t0),  z0 = z(t0), x0

/ = x/(t0), y0
/ = 

= y/(t0), z0
/ = z/(t0).

, . . ,

, :

x0
/(  – 0) + y0

/(  – 0) + z0
/(z – z0) = 0. 

 3. .
 4. : )

; )
l
z

z = 2( 2 + 2)2 l,  = mi + nj
0( 0, 0). )

,
)  m, n, x0, y0  5. 

, .
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,
.

 z 
, . .

( , ) ( , )z f x x y f x yx
x x .  0, 

,
z = f(x, y) 

x
z  fx

/(x, y), . .

x
z

=
( , ) ( , )

lim
0

f x x y f x y
x x .

y
z  f /(x, y)  z = f(x, y) : y

z
=

( , ) ( , )
lim

0
f x y y f x y

y y .

l
z l

, , . .

l
z  = 

l
zl

l 0
lim =

x
z  cos  + 

y
z  cos .

l
z

l.
l
z l,

 = i + j, ( , )

: ),( yxMl
z = ),) yxMx

z  cos  + )( yxMy
z  cos , : cos  = 

a
ax , cos  = 

a
ay .

 3 (3 )

 1. .
,

.
.

.
1. (xn)/ = nxn-1, ( )/ = 0, (x)/ = 1,    (x2)/ = 2x,   ( x )/ = 

x2
1 ,    (

x
1 )/ = – 2

1
x

.

2. ( )/ = ax ln a, ( )/ = .
3. (logax)/ = 

ax ln
1 , (ln x)/ = 

x
1 .

4. (f(x) (x))/ = f(x) (x)( (x) f/(x)+ /(x) lnf(x)).
5. (ln y)/ = 

y
y .
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6. (sin x)/ = cos x, (cos x)/ = –sin x, (tg x)/ = 
x2cos

1 , (ctg x)/ = – 
x2sin

1 .

7. (arcsin x)/ = 
21

1
x

, (arccos x)/  = – 
21

1
x

, (arctg x)/ = 21
1
x

,

(arcctg x)/ = – 21
1
x

.

, . . F(x, y) = 0, 

, ,
.

.

1. dx0 = C, dxxn =
1

1

n
xn

+ C, n  –1, dx  =  + , xdx =
2

2x + ,

dxx =
3

2 3x + , dx
x

1 = 2 x  + , dx
x2

1 = –
x
1  + .

2. dx
x
1 = ln|x| + C, dxax =

a
ax

ln
+ C, a > 0, a  1, dxex = ex + C. 

3. xdxsin  = –cos x + C, xdxcos  = sin x + C. 

4. dx
x21

1  = arcsin x + C = –arccos x + C, dx
xa 22

1  = arcsin 
a
x  + C =  

= –arccos 
a
x  + C, a > 0, –a < x < a. 

5. dx
x21

1  = arctg x + C = -arcctg x + C, dx
xa 22

1  = 
a
1 arctg 

a
x  + C = 

=  –
a
1 arcctg

a
x , a  0. 

6. dx
ax 22

1  = 
a2

1 ln
ax
ax  + C, a  0, dx

ax2

1  = ln| x + ax2 | + C, a  0. 

7. dx
x2cos

1 = tg x + C, dx
x2sin

1 = –ctg x + C, dx
xa

x
22  = 

2
1 ln|a2  x2| + C. 

8. dx
xa

x
22

 = 22 xa + C, dxxa 22  = 
a
xaxax arcsin

22

2
22  + C. 

9. dxax 22  = 22
2

22 ln
22

axxaaxx  + C. 

 1. .
dxx

xx
x )11( 4

83
.
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dxx
xx

x )11( 4
83

 = dxx 2
1

+ dxx 3
1

+ dxx 8 + dxx 4  = 
23

732
343 2 7

2 3

x x x x C  = Cx
x

xx 3
7

3 23

4
7

1
2

3
3

2 .

 2. dx
x21

1 .

dx
x21

1  = 

2

2,21
dtdx

dxdtt =
t

dt
2

=
t
dt

2
1 = Ct ||ln

2
1 .

 3. dxxe x2 .

dxxe x2 =

2

,,,
2

2

x

x

ev

dxedvdxduxu = u  v – vdu  = x
2

2xe  –

– dxe x

2

2

= Cexe xx

42

22

.

: xx ln dx,  
xdxx sin , xdxx cos , xdxx arcsin , x arctg dx .

 4.
842 xx

dx .

842 xx
dx = , =

84)422( 2 xx
dx  =

=
4)2( 2x

dx = Cxarctg
2

2
2
1 . :

1572 xx
dx .

 5. dx
xx

x
)2()1(

12
2 .

dx
xx

x
)2()1(

12
2 = = dx

x
A

)1(
+

+ dx
x

B
2)1(

+ dx
x

C
)2(

= dx
x )1(

1 + dx
x 2)1(

1 + dx
x )2(

1 =
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= –ln|x ––1| + 
1

1
x

 + ln|x – 2| + C. 

, B, C: 
2)1(1 2 x

C
x

B
x

A =

=
)2()1(

2223
2

22

xx
CCxCxBBxAAxAx

)2()1(
)1()2()2)(1(

2

2

xx
xCxBxxA

122

023

0

0

1

2

CBAx

CBAx

CAx

12
0

BC
BC

CA

1
1

1

B
C
A

.

 6. : xdx2sin .

xdx2sin = dxx
2

2cos1 = dx
2
1  – dxx

2
2cos = x

2
1  – Cx2sin

4
1  (

: sin2x = 
2

2cos1 x  cos2 x = 
2

2cos1 x ).

 7. : dx
x

x
3cos

sin .

dx
x

x
3cos

sin =
x
xd

3cos
)(cos = Cx

2
cos 2

= C
x2cos2

1 .

 8. : xdxx cossin .

xdxx 3cossin  = dxxx ))4sin()2(sin(
2
1 = xdx2sin

2
1  + xdx4sin

2
1 = )2cos(

4
1 x  – 

– Cx)4sin(
8
1 .

: sin x  cos y =
2
1 [sin(x – y) + sin(x + y)];

sin x  sin y =  
2
1 [cos(x – y) – cos(x + y)]; cos x cos y = 

2
1 [cos(x – y) + cos(x + y)].    

 2. .
.

.

 – :
b

a

dxxf )(  = F(x) b
a  = F(b) – F(a). 

 3. .
.

.

a

dxxf )(  f(x) 

 [a, + )  t, 
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 + , . .
a

dxxf )(  = 
t
lim

t

a

dxxf )( . ,

,  – 
.

.

 (– , b] :
b

dxxf )(  = 
b
lim

b

t

dxxf )( .

 (– , + ) : dxxf )(  = 
a

dxxf )(  + 
a

dxxf )( .

dxxf )( .

a

dxxf )( ,
a

dxxf )( ,

dxxf )( .

dxe
x
2

2

= 2

 – .
b

a

dxxf )(  y = f(x) 

 [a, b) 
0

lim
b

a

dxxf )( ,  > 0, . .

b

a

dxxf )(  = 
0

lim
b

a

dxxf )( . ,

,  – 
.

 y = f(x) ,  ( , b]: 
b

a

dxxf )(  = 

 = 
0

lim
b

a

dxxf )( .  ( , b), 

b

a

dxxf )( .

b

a

dxxf )( =
c

a

dxxf )(  + 
b

c

dxxf )( ,
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,
b

a

dxxf )(

.

 1. 
1

2

1 dx
x

.

1
2

1 dx
x

=
b

b
dx

x1
2

1lim = b

b x 1)1(lim = 1)11(lim
bb

.

 2.
1

0

1 dx
x

.

1

0

1 dx
x

 = 
1

0

1lim dx
x

= 1

0
)2(lim x = )212(lim

0
= 2. 

 4 (3 )

 1. .
,

.
 u = f(x, y). ,

Z, : u = f(x, y, z).
, ,

 = F( ), ,
, . .

,  = F( , ).
,  = Fx( , ) = Fy( , )

:  = F( , , z) 
:  = Fx( , , z), = Fy( , , z), z = Fz( , , z). 

,
, . . f(M) = const,  (

)  ( ).
 u = f(x, y) – .

 grad u = {
y
u

x
u , }

: grad u = 
y
uj

x
ui , i j – ,

. ,
 u = f(x,y,z)  grad u = {

z
u

y
u

x
u ,, }, 

: grad u = 
z
uk

y
uj

x
ui .
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, . . gradu
l
u

l
max  =  

=
222

z
u

y
u

x
u . ,

0n :

222

0

z
u

y
u

x
u

k
z
uj

y
ui

x
u

gradu
gradun .

:
grad(u + v) = gradu + gradv; grad(u  v) = u gradv + v gradu; grad(c  u) = 
= c  gradu. 

 1. : )  u = 
22 nymx

x p

0( 0, 0); )
; )  M0.

 m, n, p, x0,y0  6 .

 6 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 

m 2 4 3 4 2 3 4 4 6 7 3 2 1 0 
n 4 5 4 3 1 –4 3 –3 7 –3 4 –1 0 –5 
p 0 1 4 2 1 2 1 4 3 2 1 2 1 1 
x0 4 5 5 2 1 –4 4 –6 7 –3 2 –1 0 2 
y0 2 2 3 3 4 4 2 2 3 3 4 4 5 5 
z0 5 –4 2 1 –6 –8 9 4 0 –2 8 4 3 5 

15 16 17 18 19 20 21 22 23 24 25 26 27 28 

m 3 4 3 4 1 1 6 3 9 8 3 3 5 5 
n –4 –3 4 3 –1 –6 9 –4 8 3 –3 5 –5 6 
p 3 1 1 1 2 3 3 4 3 3 2 2 1 0 
x0 4 1 –1 –6 9 –9 8 3 –3 5 –5 6 0 –6
y0 2 3 3 4 4 5 5 1 2 2 3 3 4 4 
z0 9 4 0 –2 8 4 3 5 1 5 –4 2 1 –6

 2.
.  – .
 Q  S 

, .
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: Q = 
S

Sda  Q = 
S

ndSa

Q = 
S

zyx dxdyadxdzadydza )(  Q = 
S

(ax  cos(n,x) + ay  cos(n,y) +  

+ az  cos(n,z))dS, n –  n 
: n = ax  cos(n,x) + ay  cos(n,y) + az  cos(n,z), cos(n,x), cos(n,y), 

cos(n,z) –  S.
 S  Q > 0, . .
, ,

.  S  Q < 0, . .
,  ( ).

 S  Q = 0, 
.

, ,

div a, . . div a(p) = S

P

sda
lim .

 – .
,

, . .
.  (

),  ( )
 ( ).

.
:

div a = 
z

a
y

a
x

a zyx . ,  div a = 0, 

.
: div (a + b) = div a + div b; div (ua) = u  div a + 

+ gradu a$ div (ca) = c  div a,  – .

 – . :
 S ,

 V,  S, . .
VS

dadivSda .

 – 
,

.
 2.  Fn

r
r
MfF 3  R 
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.  f = 6,67  10–8 2

3c
.   M =  |m|  109 , r = 103 · |p|, . , m  

 p  6 .
 1. : Q = 

S
ndSa  ,  an = Fn.

Q = 
S

ndSF . ,

 Fn F , . . Fn = |F| = 
 = 2

222
3 R

Mfzyx
R
Mf ,  r = R. 

: Q = 
S

dS
R
Mf 2 = f 2

2 4 R
R
M  = 4 fM.

 3. -
0( 0, 0, z0). 0, 0, z0  6 
.

2. -
0(0, 3, 4).

- :
r
rr 0 , kzjyixr ,

222 zyxr .

div (ua) = u  div a + gradu a, ,  u = 
r
1  = r ; div ( 0r ) = div

r
r =

=
r
1 div r  + grad

r
1 r ; div r = div ( kzjyix ) = 

z
z

y
y

x
x = 3; grad

r
1 =

= grad(x2 + y2 + z2)–1/2 = – ixzyx 2)(
2
1 2

3
222 – jyzyx 2)(

2
1 2

3
222 –

kzzyx 2)(
2
1 2

3
222 = –

2
3

222 )( zyx

kzjyix .

grad
r
1 r ;  grad

r
1 r  = 

2
3

222 )( zyx

zzyyxx = –
rr

r 1
3

2

.

 div 0r =
rrr
213 . ,

 div )(0 Mr =
5
2

430
2

222
.

 4.
kpxnzjmzpyinymxa )()()( 222222 ( 0, 0, z0).  m, n, 

p, 0, 0, z0  6 .
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 5.  – 
kpxnzjmzpyinymxa )()()( 222222

 0  1, 0  1, 0  z  1. 
 3.  – 

kxzjzyiyxa )()()( 222222

 0  1, 0  1, 0  z  1. 
 – 

VS

dadivSda  div a  div a  = 
z

a
y

a
x

a zyx . div a =

= 2(  +  + z ). : Q = 
V

dzyx )(2 =

=
V

zdydxd )(2 . :

1

0 SV

dydzxdxxd ,  S – , .

,  1, . .

1
S

dydz . ,
2
1

2
1
0

2xxd
V

.

: Q = 2( )
2
1

2
1

2
1  = 3. 

 3. , .
.

: u = 
L

rda .

. ,
, .  L ,

.
:

u = 
L

rda  u = 
L

dra  u = 
L

zyx dzadyadxa )( ,  u = 
L

dsa 0 ,

 –  L, 0  – 
 L. 

.
.

,

, ,
, , . .

rotna = 
S

rda
L

S 0
lim .  rot a,
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:

zyx aaa
zyx

kji

arot

rot a = i
z

a
y
a yz + j

x
a

z
a zx + k

y
a

x
a xy .

. ,  rot a = 0, 
.

: rot(a + b) = rot a + rot b; rot(ua) = u rot a + 
+ gradu x a; div(rot a) = 0; div(a x b) = b  rot a – a rot b; rot(rot a) = graddiv 
a – – a.

:
L S

sdarotrda .  L 

,
. ,

,
.

 6.  rot a , a  = (mxpy2z + nxp) i  + nxpymzn j  + (x3yp + 
+ pz2) k .  m, n, p  6 .

4.  rot a , a  = (3x2y2z + 3x) i  + 2x3yz j  + (x3y2 + 
 + 3z2) k .

223322 3233 zyxyzxxzyx
zyx

kji

arot  = i
z

yzx
y

zyx )2()3( 3
223

+

j
x

zyx
z

xzyx )3()33( 22322

+ k
y

xzyx
x

yzx )33()2( 223

= (2x3y – 2x3y) i +

+ (3x2y2 – 3x2y2) j + (6x2yz – 6x2yz) k  = 0. 
 7. kxyjxziyza

(m, n, p)  B(x0, y0, z0).  m, n, p, x0, y0, z0
 6 .

7. kxyjxziyza
(1, 2, 3)  B(6, 1, 1). 

 u = 
L

rda , :
AB

rda  = 

 = 
AB

zyx dzadyadxa )( =
AB

xydzxzdyyzdx )( .  z, 

dy  dz  dx. :
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AB

A

xx
xx =

AB

A

yy
yy  = 

AB

A

zz
zz .

:
16
1x =

21
2y  = 

31
3z   –x + 1 = 5y – 10, y = –1/5x +  

+ 11/5, dy = –1/5dx, –2x + 2 = 5z – 15, z = –2/5x +17/5, dz = –2/5dx. 

:
AB

rda  = 
AB

xydzxzdyyzdx )(  =

= dxxxxxxx ))
5
2)(

5
11

5
()

5
1()

5
17

5
2()

5
17

5
2)(

5
11

5
((

6

1

=
6

1

2 )187786(
25
1 dxxx  = 6

1
23 )187392(

25
1 xxx =

25
1 (432 – 1404 +1122 – 2 + 

 + 39 – 187) = 0. 
 8.

kpzjniymxa p2  x2 + y2 = R2.  m, n, p 
 6 .

 8.
kzjiyxa 32  x2 + y2 = R2.

L S

sdarotrda ,

 S, 
, . .

S

Sdarot . arot :

rot a  = i
z

a
y
a yz + j

x
a

z
a zx + k

y
a

x
a xy = (0 - 0) i  + (0 - 0) j  + (0 – 

3x2y2) k .
: x = rcos , y = rsin , dS = rdrd .

,

a :
S

Sdarot = –3
2

0 0

522 cossin
R

drrd  =  

=
6
3 6R 2

0

22 cossin d  = 
46

3 6R 2

0

2 2sin d  = 
46

3 6R 2

0 2
4cos1 d  = 

16

6R (
2

0

d  – 

–
2

0

)4(4cos
4
1 d ) = 2

0

6

))4sin(
4
1(

16
R

8

6R .

 5 (3 )

 1. 
.

,
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.  – 
.

.
:  =  + b,  b ,

. ,
 b ,

.

:
n

x
x

n

i
i

1 ,
n

y
y

n

i
i

1 ,
n

x
x

n

i
i

1

2
_
2 ,

n

yx
xy

n

i
ii

1
_

.

: __
2 xyxaxb

yxab
.

:  = 
2

_
2

_

)(xx

yxxy ,  b = axy .

. . i yi xi
2 xi yi

1     
2     
…     
n     
n

i 1

    

x y _
2x

_
xy

 1. 
b  =  + b. 

 =  + b. 
 7.

 7 
 1 xi 0,0 0,2 0,4 0,6 0,8 1,0

 yi 0,9 1,1 1,2 1,3 1,4 1,5
 2 xi 1,6 1,8 2,0 2,2 2,4 2,6

 yi 1,7 1,8 1,9 2,0 2,1 2,2
 3 xi 3,2 3,4 3,6 3,8 4,0 4,2

 yi 2,5 2,6 2,7 2,8 2,9 3,0
 4 xi 4,8 5,0 5,2 5,4 5,6 5,8

 yi 3,3 3,4 3,5 3,6 3,7 3,8
 5 xi 6,4 6,6 6,8 7,0 7,2 7,4

 yi 4,0 4,1 4,2 4,3 4,4 4,5



 26

 6 xi 8,0 8,2 8,4 8,6 8,8 9,0
 yi 4,8 4,9 5,0 5,1 5,2 5,3

 7 xi 0,1 0,3 0,5 0,7 0,9 1,1
 yi 1,0 1,1 1,2 1,3 1,4 1,5

 8 xi 1,7 1,9 2,1 2,3 2,5 2,7
 yi 1,8 1,9 2,0 2,1 2,2 2,3

 9 xi 3,3 3,5 3,7 3,9 4,1 4,3
 yi 2,6 2,7 2,7 2,8 2,9 3,0

 10 xi 4,9 5,1 5,3 5,5 5,7 5,9
 yi 3,3 3,4 3,5 3,6 3,7 3,8

 11 xi 4,9 5,1 5,3 5,5 5,7 5,9
 yi 4,8 4,9 5,0 5,1 5,2 5,3

 12 xi 3,3 3,4 3,5 3,6 3,7 3,8
 yi 1,0 1,1 1,2 1,3 1,4 1,5

 13 xi 5,8 6,0 6,2 6,4 6,6 6,8
 yi 1,8 1,9 2,0 2,1 2,2 2,3

 14 xi 0,5 0,6 0,7 0,8 0,9 1,0
 yi 2,6 2,7 2,7 2,8 2,9 3,0

 15 xi 5,2 5,4 5,6 5,8 6,0 6,2
 yi 3,3 3,4 3,5 3,6 3,7 3,8

 16 xi 2,0 2,2 2,4 2,6 2,8 3,0
 yi 0,9 1,1 1,2 1,3 1,4 1,5

 17 xi 2,6 2,8 3,0 3,2 3,4 3,6
 yi 1,7 1,8 1,9 2,0 2,1 2,2

 18 xi 5,2 5,4 5,6 5,8 6,0 6,2
 yi 2,5 2,6 2,7 2,8 2,9 3,0

 19 xi 5,8 6,0 6,2 6,4 6,6 6,8
 yi 3,3 3,4 3,5 3,6 3,7 3,8

 20 xi 7,4 7,6 7,8 8,0 8,2 8,4
 yi 4,0 4,1 4,2 4,3 4,4 4,5

 21 xi 2,0 2,2 2,4 2,6 2,8 3,0
 yi 7,9 8,1 8,2 8,3 8,4 8,5

 22 xi 2,6 2,8 3,0 3,2 3,4 3,6
 yi 9,1 9,2 9,3 9,4 9,5 9,6

 23 xi 5,2 5,4 5,6 5,8 6,0 6,2
 yi 0,5 0,6 0,7 0,8 0,9 1,0

 24 xi 5,8 6,0 6,2 6,4 6,6 6,8
 yi 0,3 0,4 0,5 0,6 0,7 0,8

 25 xi 7,4 7,6 7,8 8,0 8,2 8,4
 yi 2,0 2,1 2,2 2,3 2,4 2,5

 26 xi 2,0 2,2 2,4 2,6 2,8 3,0
 yi 1,7 1,9 2,1 2,3 2,5 2,7
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 27 xi 2,6 2,8 3,0 3,2 3,4 3,6
 yi 3,3 3,5 3,7 3,9 4,1 4,3

 28 xi 5,2 5,4 5,6 5,8 6,0 6,2
 yi 4,9 5,1 5,3 5,5 5,7 5,9

 2. .
,  m = n. 

11 1 12 2 1 1

21 1 22 2 2 2,

1 1 2 2

... ,
...

...............................................,
... .

n n

n n

m m mn n m

a x a x a x b
a x a x a x b

a x a x a x b
 – ,

, 1, 2, . . . , n – ,

.
,  0, ,

: 1 = 1 , 2 = 2 ,  . . . , n = n .

.
 2. :

11 1 12 2 13 3 1

21 1 22 2 23 3 2

31 1 32 2 33 3 3

a x a x a x b
a x a x a x b
a x a x a x b

. 11, 12, 13, 21, 22, 23, 31, 32, 33, b1, b2, b3

 8 .
 1. :

82
112

3

321

321

321

xxx
xxx

xxx
.

, :

=
211
112
111

. :  = 
211
112
111

 = 5, . .

 0, .
1 ,

: 1 = 
218
1111
113

 =  

= 3(2 – 1) + 1(22 – 8) + 1(11 – 8) = 3 + 14 + 3 = 20. 2
,
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: 2 = 
281
1112
131

 = 1(22 – 8) – 3(4 – 1) + 1(16 – 

– 11) = 14 – 9 + 5. 3 ,
: 3

=
811

1112
311

 = 1(8 – 11) + 1(16 – 11) + 3(2 – 1) = –3 + 5 + 3 = 5. 

:

1 = 1  = 20/5 = 4, 2 = 2  = 10/5 = 2, 3 = 3  = 5/5 = 1. 

 8 
 1 2 3 4 5 6 7 8 9 10 11 12 13

11 1 2 1 1 5 1 7 2 1 2 –2 1 1 
12 –1 –3 1 2 8 2 2 1 1 –3 1 2 –1
13 1 4 –2 3 1 1 3 –1 1 –1 0 3 1 
21 2 3 2 2 3 –2 5 3 3 3 1 2 2 
22 1 4 3 3 –2 3 –3 4 2 4 –2 3 1 
23 1 –2 –7 –4 6 –3 2 0 1 3 –1 –1 1 
31 1 4 5 3 2 3 10 1 1 1 3 3 1 
32 1 2 2 1 1 –4 –11 0 3 1 4 1 1 
33 2 3 1 1 –1 5 5 1 –1 1 –2 –4 2 

b1 3 20 6 2 2 8 15 0 22 –6 –6 6 1 
b2 11 –11 16 –5 –7 –5 15 –6 47 –5 5 4 4 
b3 8 9 16 3 –5 10 36 1 18 –2 13 0 4 

 14 15 16 17 18 19 20 21 22 23 24 25 26
11 1 5 1 7 2 1 2 –2 1 1 2 1 1 
12 2 8 2 2 1 1 –3 1 2 –1 –3 1 2 
13 3 1 1 3 –1 1 –1 0 3 1 4 –2 3 
21 2 3 –2 5 3 3 3 1 2 2 3 2 2 
22 3 –2 3 –3 4 2 4 –2 3 1 4 3 3 
23 –4 6 –3 2 0 1 3 –1 –1 1 –2 –7 –4
31 3 2 3 10 1 1 1 3 3 1 4 5 3 
32 1 1 –4 –11 0 3 1 4 1 1 2 2 1 
33 1 –1 5 5 1 –1 1 –2 –4 2 3 1 1 

b1 6 14 4 12 2 3 –2 –1 3 2 6 0 12
b2 1 7 –2 4 7 6 10 –2 5 8 10 –4 2 
b3 5 2 4 4 2 3 3 5 4 8 18 16 10
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 3. 
.

,  m = n: 
11 1 12 2 1 1

21 1 22 2 2 2

1 1 2 2

...
...

...................................................
...

n n

n n

m m mn n m

a x a x a x b
a x a x a x b

a x a x a x b

 . 

:  = . –1.
:  = –1 ,

:
1

2

...

n

x
x

x

 =

11 21 1

12 22 2

1 2

...

...
... ... ... ...

...

n

n

n n nn

A A A
A A A

A A A

1

2

...

n

b
b

b

.

–1

, ,
, . . –1  = –1 = .

–1 ,
, . .  0. 

.
1. .  0, 

.
2. , .
3.

ij ,
: ij  = ij .

4. : –1 = 1/
5. –1,

: –1  = –1 = .
 3. 

:
3333232131

2323222121

1313212111

bxaxaxa
bxaxaxa

bxaxaxa
. 11, 12, 13, 21, 22, 23, 31, 32,

33, b1, b2, b3  8 .
 2. 

:
82
112

3

321

321

321

xxx
xxx

xxx
.

, :
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=
211
112
111

. :  = 
211
112
111

 = 5. 

.  = 5, ,
.

:  = 
211
111
121

.

:

11  = (–1)1+1

21
11  = 2 – 1 = 1, 12  = (–1)1+2

21
11  = –(–2 – 1) = 3; 

13  = (–1)1+3

11
11 = –1 – 1 = –2, 21  = (–1)2+1

21
12  = –(4 – 1) = –3; 

22  = (–1)2+2

21
11  = 2 – 1 = 1, 23  = (–1)2+3

11
21  = –(1 – 2) = 1; 

31  = (–1)3+1

11
12  = 2 – 1 = 1, 32  = (–1)3+2

11
11  = –(1 + 1) = –2; 

33  = (–1)3+3

11
21  = 1 + 2 = 3.

:  = 
321
113
231

.

: –1 = 1/  =1/5 
321
113
231

=
5/35/25/1
5/15/15/3
5/25/35/1

.

:

–1  = 
5/35/25/1
5/15/15/3
5/25/35/1

211
112
111

 = 
100
010
001

.

, :
 = –1

:

3

2

1

x
x
x

 = 
5/35/25/1
5/15/15/3
5/25/35/1

8
11
3

.

:
1 = 1/5  3 + 3/5  11 – 2/5  8 = 4, 
2 = –3/5  3 + 1/5  11 + 1/5  8 = 2, 
3 = 1/5  3 – 2/5  11 + 3/5  8 = 1. 
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 4. .
,  m = n. 

11 1 12 2 1 1

21 1 22 2 2 2

1 1 2 2

...
...

...............................................
...

n n

n n

m m mn n m

a x a x a x b
a x a x a x b

a x a x a x b

.

,

.
.

.
,

:  = 

11 12 1 1

21 22 2 2

1 2

...

...
... ... ... ...

...

n

n

m m mn n

a a a b
a a a b

a a a b

 4. :
11 1 12 2 13 3 1

21 1 22 2 23 3 2

31 1 32 2 33 3 3

a x a x a x b
a x a x a x b
a x a x a x b

. 11, 12, 13, 21, 22, 23, 31, 32, 33, b1, b2, b3

 8 .
 3. :

82
112

3

321

321

321

xxx
xxx

xxx
. :  = 

8|211
11|112
3|111

.

:
8|211

11|112
3|111

5|120
5|130
3|111

5|500
5|130
3|111

1|100
5|130
3|111

1|100
6|030
2|011

1|100
2|010
2|011

1|100
2|010
4|001

.

:

.1
,2

,4

3

2

x
x
x
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 6 (3 ).

,
,

.
,

, ,
.

 n-
:  F( , , /, y//, ... y( n)) = 0. 

.
.

y = (x), , ,
.  n-

 = ( , 1, 2, . . . , n)
 n 1, 2, . . . , n.

,

1, 2, . . . , n.
, . . : ( , ) = 0, 

.
 1. .

.
,

:  y/ = f(x, y). 

 – ,
: dy/dx = f(x)g(x) : M(x)N(y)dx + 

+ P(x)Q(y)dy = 0, : f(x), M(x), P(x) – ,
g(y), N(y), Q(y) –  .

 – 
,

: y/ = g(y/x), : g – .
 z = y/x 

.
 – 

, : y/ + f(x)y = g(x), 
 f(x)  g(x) – .

: y(x) = u(x)  v(x). 
,  – 
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 y/ + f(x)  = g(x). 
 = uv, : y/ = u/v + uv/.  y  y/

, : u/v + uv/ + f(x)uv = g(x). 
, : (u/v + f(x)uv) + uv/ = g(x). 

 v , : (u/ + f(x)u)v + uv/ = g(x). 

u = u(x)  u/ + f(x)u = 0, 
.  u 

 (u/v + f(x)uv) + uv/ = g(x), 
,  v. 

: y = uv. 
 1. 12y dx = xydy. 

12y

(  0), 
12y

ydy
x

dx . , :

12y
ydy

x
dx   ln x  = 12y  + C1. :

 = eC1 12ye  = 12ye .
 2.  (  + 2y)y/ = 1.

 z = ax + by + c, ,
b  – .  z =  x + 2y.  z/ = 1 + 2y./,
y/ = 

2
1 (z/ – 1). : 1/2z(z/ – 1) = 1, 

.
 3.    y/ = 

x
yx 2 .

x
yx 2  = 1 + 2y/x, : y/ = 1 + 2y/x. 

 z = y/x,  y = zx  y/ = z/x + z.  z/x + z = 1 + 
+ 2z  z/x = 1 + z – .

, :
x

dx
z

dz
1

.

, : ln 1 + z  = ln C ,  1 + z = Cx. 
, : 1 + y/x = Cx,  y = (Cx – 1)x – 

.
 4. : xy/ – 2y = 2x4.

,
 y/ – 

x
2  y = 2x3.  y = uv, 

y/ = u/v + uv/. : u/v + uv/ –
x
2  uv = 2x3,
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(u/v – 
x
2  uv) + uv/ = 2x3.  (u/ – 

x
2 u)v + uv/ = 2x3.  u/ – 

x
2 u = 

0, ,
u
du  = 

x
dx2 , , ,

, . . ln u  = 2ln x .  u = x2.
 u  (u/v – 

x
2  uv) + uv/ = 2x3,

v/x2 = 2x3,  v/ = 2x. 
,  u = x2 + C. 

 y = uv = (x2 + C)x2 = x4 + Cx2.
 2. ,

.
.

,
,

.
 y// = f(x), 

.
, . .  G(x,y/,y//) = 0, 

z = y/. , . . :
G(y,y/,y//) = 0, ,

 y,  z = y/.
 5.  xy// + y/ = 0. 

 z = y/,  y// = z/.  y/  y//

, : xz/ + z = 0. 
z

dz  = -
x

dx .

, : z = C1/x.
,  y/ = C1/x

dx
dy  = 

x
C1 . , : y = C1ln x  + C2.

 6.  2yy// = (y/)2 + 1. 
 z = z(y) = y/,  y// = 

dx
dz =

dy
dz

dx
dy  = z/(y)z.

: 2 zz/ = z2 + 1. 

. :
y

dy
z

zdz
1

2
2 y

dy
z
zd

1
)1(

2

2

.

, : ln(z2 + 1) = ln yC  z2 + 1 = yC. 
 z = 1yC .  z = y/,

( ):  y/ = 1yC dx
yC
dy

1
.

, 1yC  = (  + 1)/2 y – 1 = C2(x + C1)2/4. 
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 = 
CC

CxC 1
4

)( 2
1

2

 – 

.
 3.

.
.

: // + py/ +qy = f(x),  p, q – 
, f(x) – .

 f(x) = 0, // + py/ +qy = 0 
,  f(x)  0, 

// + py/ +qy = f(x) .

, . . : // + py/ +qy = 0. 
: 2 + p  + q = 0. 

1 2,
:  = 1

1  + 2
2 , 1 2 – .

,
:  = ( 1 + 2).

 + i  – i ,
:  = ( 1sin  + 2cos x).

 7. :
// – 3y/ + 2y = 0. 

2 – 3  + 2 = 0. 
: 1 = 1, 2 = 2. 

,
:

y = C1ex + C2e2x.
 8. :

// – 2y/ + y = 0. 
: 2 – 2  + 1 = 0. 

: 1 = 2 = 1. 
,

:
y = ex( 1 + C2 ).

 9. :
// – 2y/ + 2y = 0. 

: 2 – 2  + 2 = 0. 

: 1 = ii 1
2

22
2

842
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2 = 
2

22
2

842 i  = 1 + i. 

, ,  = 1  = 1, 
: y = 

ex( 1sinx + C2cosx).
 4.

, . .
: // + py/ +qy = f(x).

.

.
// + py/ +qy = 0 :  = 1 1 + 2 2.

:  = 1( ) 1 + 2( ) 2, . . , 1 2
. 1( ) 2( )

:
).()()(

,0)()(
/
2

/
2

/
1

/
1

2
/
21

/
1

xfyxCyxC
yxCyxC

.
 ( y ),

,
 ( y~ ).

 ( y~ )
.

: ( ), ( ) –  n-

, : y~ = ( ), ( ) = 
= 0 + 1  + 2

2 + . . . + nxn.
 (  = 1  = 2), 

: y~  = ( ).

: ( n( )cos x + 
 + Pm(x)sin x), n( ) m( ) –  n  m 

 z =  + i
, : y~  = (Mk( )cos x + 

Nk(x)sin x),  Mk(x) = 0 + 1  + 2
2 + . . . + kxk, Nk(x) = B0 + B1  + B2

2

+ . . . + Bkxk, k = max(n, m).  z =  + i
, :

y~  = (Mk( )cos x + Nk(x)sin x).
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 10. : // – 3y/ + 2y = .

// – 3y/ + 2y = 0. 2 – 3  + 2 = 0. 
1 = 1, 2 = 2. 

,
:

y = C1ex + C2e2x. : y1 = ex, y2 = e2x, y1
/ = ex,  y2

/ = 2e2x.
, 1 2 ,

, :

xxx

xx

eexCexC
exCexC

2/
2

/
1

2/
2

/
1

2)()(

,0)()(
xxx

xx

eeCeC
eCeC

2/
2

/
1

2/
2

/
1

2

,0 .

, : 2
/ 2  = ,

2
/ = ex/e2x = e–x.

1
/ : 1

/ex + e–xe2x = 0;   ( 1
/ + 1)  = 0; 1

/ = –1. 
: 2

/ = -
1
/ = –1.

.
dC2/dx = e–x, dC2

/ = e–xdx, : C2 = –e–x + C3,
dC1/dx = –1,  dC1 = –dx, : C1 = –x + C4,

3 4 – .
:  = (–  + 4) –  + (– –  + 3) 2  = 4

– + 3
2 – – –  – 

 2- .
 11. : y// – 3y/ = 1 + 6x. 

:  = yy ~ .
:

y// – 3y/ = 0. 2 – 3  = 0 
: 1 = 0, 2 = 3. 

,
:

y  = C1e0x + C2e3x = C1 + C2e3x.
,

: 1 + 6  = 0 (1 + 6 ).  = 0 – 
1( ) = 1 + 6  –  1- .

,
: y~  = (  + ).

. /~y =  +  +  =  + 2 .
//~y = 2 . /~y //~y , : 2  –

– 3  – 6  = 1 + 6 ,  (2  – 3 ) – 6  = 1 + 6 .

: 2 3 1,
6 6.
B A

B
, ,

 =  = –1. 
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: y~ = (–1 – ).

:  = C1 + C2e3x + (–1 – ).
 12. :

y// – 3y/ + 2  = 2 3 .

:  = yy ~ .
:

y// – 3y/ + 2  = 0. : 2 – 3  + 2 = 0. 
: 1 = 1, 2 = 2. 

,
:

y  = C1ex + C2e2x.
,

: 2 3 ,  = 3 
, 0( ) = 2 – .

: y~  = 3 .
. /~y  = 3 3 . //~y  = 9 3 .

/~y //~y , :  9 3  – 9 3  + 2 3  = 
= 2 3 , : 2  = 2,  = 1. 

: y~  = 3 .
:  = C1ex + 

+ C2e2x + 3 .
 13. :

 y// – 2y/ + 5  = sin2x. 

:  = yy ~ .
:

y// – 2y/ + 5  = 0.
: 2 – 2  + 5 = 0. 

: 1 = 1 + 2i, 2 = 1 – 2i,  = 1,  = 2. 

,
: y  = ex( 1 os2x + C2sin2x).

 sin2x, 
: 0 (0  cos2x + 1  sin2x),  = 0 + 2i – 

, 0( ) = 0, Q0(x) = 1 – 
.

: y~ = 0 (Acos2x + Bsin2x) = Acos2x + Bsin2x. 
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. /~y = –2 sin2x + 2Bcos2x,  
//~y = –4 cos2x – 4Bsin2x. /~y //~y

, : –4 cos2x – 4Bsin2x + 4 sin2x – 4Bcos2x + 5Acos2x 
+5Bsin2x  = sin2x, cos2x + Bsin2x + 4Asin2x – 4Bcos2x = 
= sin2x,  (  – 4B)cos2x + (B + 4A)sin2x = sin2x. 

:
.14
,04

AB
BA ,

:  = 4/17, B = 1/17. 
: y~ = (4/17)cos2x + (1/17)sin2x. 

:  = ex( 1 os2x + C2sin2x) + (4/17)cos2x + (1/17)sin2x. 

 7 (3 ).

 1.
.

.

: u1 + u2 + u3 + . . . = 
1n

nu ,

u1, u2, u3, . . . , un – .  n = 
 Sn  n- .

,  Sn  n 
, . .

n
lim Sn = S, 

.  S .
.

. :

1n
nu = u1 + u2 + u3 + . . . (1), 

1n
nv = v1 + v2 + v3 + . . . (2),  

 (1) 
 (2), . . un  vn,  (2) 

 (1),  (1) 
(2).

:

1.
1

1

n

naq  – q  < 1, q

1;

2.
1

1
n n

 – ;
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3.
1

1
n n

 –  > 1, 

 1.

 1.
1

13
1

n
nn

.

1
13

1
n

n ,

 q = 
3
1 < 1. , ,

, . .
3
1

6
1 ,

9
1

27
1 , . . . ,  

11 3
1

3
1

nnn
, .

.
:

1n
nu = u1 + u2 + u3 + . . . 

1n
nv = v1 + v2 + v3 + . . .

 lim(
n

n

v
u ) = k, 

.

 2. :
1

3

2 52
n n

n .

1

1
n n

.

)1:52(limlim 3

2

nn
n

v
u

n
n

n

n
= 2  0, ,

, .

.
1n

nu

 (n + 1)-  n- , . .
n

n

n u
u 1lim  = k, 

,  k < 1, ,  k > 1,  k = 1, 
.

 3. : )
1 2n

n

n , )
1

!3
n

n

n

n
n .

)
n

n

n u
u 1lim  = )

2
:

2
1(lim 1 nnn

nn =
n

n
n 2

1lim  = 
2
1  < 1, 

;
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)
n

n

n u
u 1lim  = )!3:

)1(
)!1(3(lim 1

1

n

n

n

n

n n
n

n
n  = 

!3)1()1(
)1(!33lim

nnn
nnn
nn

nn

n
 =  

= 3 n

n n
n )

1
(lim = 13

)11(lim

3
e

n
n

n

,

.

.
1n

nu ,

, . . u1  u2  . . .  un  . . .,  f(x), 
 1, ,  f(1) = u1,

f(2) = u2, . . . , f(n) = un . . . 
1n

nu

, dxxf )(
1

.

 4.

1

1
n n

.

 f(x) =
x
1 .  f(x)  1 

.

1 x
dx .

1 x
dx  = 

b
lim

b

x
dx

1

.  = 1, 

b
lim

b

x
dx

1

 = 
b
lim (ln x ) b

1 =
b
lim ( ln b  – ln1) = .  > 1, 

b
lim

b

x
dx

1

 =  

=
b
lim bx

1

1

)
1

( =
1

1
b
lim (b1- – 1) = 

1
1 . ,

> 1  1. 
 2. .

.
,

, .
 ( ).

, . .
u1 > u2 >  . . . > un > . . .,  n ,
. .

n
lim un = 0, ,

, . .  S  u1.

,
,

.
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,
, ,

.
,

, , ,
.

,
.

,
.

 5. :
1

2

1)1(
n

n

n
.

, . . 1 > 22
1 > 23

1  > . . . > 2

1
n

 > . . . , 

 0. . .
n
lim 2

1
n

= 0, .

,

, . .
1

2

1
n n

, ,

.
 3. .

.
, ,

. : 0 + 1  + 2
2 + . . . + nxn + . . ., 0,

1, 2, …, cn – .
, ,

.
.  = 0  0, 

, , ,
 < 0 .  = 1,

,  > 1 .
,  R  0, 

 < R ,  > R – .  R 
,  (–R; R) – 

. , . .  = –R  = R, 
, .

:

R = 
1

lim
n

n

n c
c .  R = 0, .

 R = , .
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 6. : 1 +  +  
+ 2 + . . . + n + … 

 q = .
,  < 1. ,

 (–1; 1). 

 7. :
1

2 3)12(
2

n
n

nn

n
x .

: R = 
1

lim
n

n

n c
c  =

=
12

1

2 3)1)1(2(
2:

3)12(
2lim

n

n

n

n

n nn
 = 

2
3

2

2

)12(
)32(lim

n
n

n
 = 

2
3 .  |x| < R, 

: (–
2
3 ;

2
3 ).

.

 = -
2
3

: 1 – 23
1  + 25

1  – . . . + 

2)12(
)1(

n

n

+ . . . . ,

.

 = 
2
3

: 1 + 23
1  + 25

1  – . . . + 2)12(
1

n
+ . . ., 

 = 2, 
. .

, : [–
2
3 ;

2
3 ].

,

n

n
n u

u 1lim  = 1. 

.
 4. .

, .
 f(x)  n 
 = 0, 

, . . :
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f(x) = c0 + c1x + c2x2 + c3x3 + . . . + cnxn + . . . 

 f(x): c0 = f(0), c1 = f/(0), c2 = 
!2

)0(//f , c3= !3
)0(///f .

:

f(x) = f(0) + f/(0)x + 
!2

)0(//f x2 + 
!3

)0(///f x3 + . . . + 
!

)0()(

n
f n

xn + . . . 

.

1.  = 1 +  + 
!2

2x  + 
!3

3x  + . . . + 
!n

xn

 + . . .  (– ; ).

2. sin x = –
!3

3x +
!5

5x – . . . + 
)!12(

)1( 121

n
x nn

+ . . .  (– ; ).

3. os x = 1–
!2

2x  + 
!4

4x  – . . . + 
)!2(

)1( 2

n
x nn

+ . . .  (– ; ).

4. (1 + )m = 1 + mx + 2

!2
)1( xmm  + 3

!3
)2)(1( xmmm  + . . . + nx

n
nmmm

!
)1)(1(

+ . . .,  m – .
(–1; 1) (  = 1  = –1 

 m). 

5. ln(1 + x) =  – 
2

2x  + 
3

3x – . . . + 
1

)1( 1

n
xnn

+ . . .  (–1; 1). 

 8.  = 2

2

1
x
e x

.

:  = 1 +  + 
!2

2x  + 
!3

3x + . . . + 
!n

xn

+ . . . 

 (– 2), : 2xe = 1 – 2 + 
!2

4x  – 
!3

6x + . . . +  

+
!

)1(
2

n
x n

n + . . . ,  1 – 2xe = 2 – 
!2

4x  + 
!3

6x + . . . + 
!

)1(
2

1

n
x n

n + . . . ,

: 2

2

1
x
e x

 = 1 – 
!2

2x  + 
!3

4x + . . . + 
!

)1(
22

1

n
x n

n + . . . 

 9. :  = 
x
x

1
1ln .

: ln(1 + x) =  – 
2

2x  + 
3

3x – . . . + 
1

)1( 1

n
xnn

+

+ ...  (– ), : ln(1–x) = –  – 
2

2x  – 
3

3x – . . . – 
1

1

n
xn

– . . ., 

x
x

1
1ln  = ln(1+x) – ln(1–x) = (  – 

2

2x  + 
3

3x – . . . + 
1

)1( 1

n
xnn

+ . . .) – (–  – 

–
2

2x  – 
3

3x  – . . . – 
1

1

n
xn

 – . . .) = 2(x + 
3

3x  + 
5

5x + . . . 
12

12

n
x n

+ . . . ). 
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 10.
1

0

dxex x

 0,0001. 

:  = 1 +  + 
!2

2x  +  . . . + 
!n

xn

+ . . .,  (– ),

: –  = 1 –  + 
!2

2x  – . . . + 
!

)1(
n

xnn

+ . . . x ,

: x –  = 2
1

x –  = 2
1

x  – 2
3

x + . . . + 
!

)1( 2
1

n
x

nn

+ . . . 

, :
1

0

dxex x =
1

0

2
1

dxx –
1

0

2
3

dxx + . . . + 
1

0

2
1

!
)1( dx
n

x
nn

+ . . . 

= 0
12

3

3
2 x 0

12
5

5
2 x . . . + 0

1
2
3

!)
2
3(

1
n

x

n

n

. . . = ...
!)32(

2)1(...
5
2

3
2

nn

n

 = 0,66667 – 

– 0,40000 + 0,14286 – 0,03704 + 0,00758 – 0,00128 + 0,00018 –…  0,37897 
 0,3790. 

 7 

 1.
 1.
:

1 1100
65

n n
n ,

1
2 )1(

1
n nn

 ,
1 3

)1(
n

n

nn  .

 2. :
1

2

1

)3(
)1(

n

n

n
,

1
3 4

)1(
n

n

n
n ,

1
3

2

2
)1(

n

n

n
n .

 3. :
1

)1()2(3
n

n
nn

x
n

.

 4. :  = 
x

ex 1 .

 5.  0,001: 
2/1

21o x
dx .

 2. 
 1.
:

1 117
27

n n
n ,

1
23 )2(

1
n nn

,
1 6

)5(
n

n

nn
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 2. :
1

2

1

)2(
)1(

n

n

n
,

1 )14(
)3(

n
n

n

n
,

1
122)12(

4)1(
n

n

n

n
.

 3. :
1

2

5
2

n

n
n

x .

 4. : y = cos2x.
 5.  0,001: 

2/1

0

2

dxe x .

 8 (3 ).

 1. .
.

 f(x)  2 .

: f(x) = 
1

0 )sincos(
2 n

nn nxbnxaa

 f(x). 0, n, bn
 f(x) :

0 = dxxf )(1 , n = nxdxxf cos)(1 , bn = nxdxxf sin)(1 .

,  f(x) 
 ( , )  2 .  S(x) 

 f(x) .
 f(x) 
 f(x) , . .  =  – 

,  S(x)x=c = 2
)0()0( cfcf .

, 0 = 0, n = 0,  

bn = 
0

sin)(2 nxdxxf . ,

0 = 
0

)(2 dxxf , n = 
0

cos)(2 nxdxxf , bn = 0. 

 1.  f(x) = x, –  < x .
 f(x) .

0 = dxxf )(1 , 0 = xdx1  = 
2

1 2x = 0. 
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n = nxdxxf cos)(1 , n = nxdxx cos1  = 

 = ]sin1sin[1 nxdx
nn

nxx = 0. 

 bn = nxdxxf sin)(1 ,  bn = nxdxx sin1  = 

 = ]cos1cos[1 nxdx
nn

nxx = (–1)n+1
n
2

.

, :
f(x) = 2[

1
sin x –

2
2sin x +

3
3sin x  – … (–1)n+1

n
nxsin +…]. 

 f(x)  2l. 
 2l :

f( ) = 
1

0 )sincos(
2 n

nn x
l

nbx
l

naa , : 0 = 
l

l

dxxf
l

)(1 , n = 
l

l

xdx
l

nxf
l

cos)(1 ,

bn = 
l

l

xdx
l

nxf
l

sin)(1 .

 2.  f(x) = |x| 
c  2l  [–l; l]. 

, 0 = lxdx
l

l

0

2 ,

n = 
l

dx
l
xnx

l 0

cos2 =
02

cos2 nxdxxl  = 
2 2

0, ,
4 , ,

k
l k
k

   bn = 0. 

, :

|x| = 2 2 2

3 (2 1)cos cos cos4 ... ...
2 1 3 (2 1)

px x xl l l l l
p

.

 2. .
.

 f(x)  (- ; + )

, . . : Qdxxf )( . (1) 

 f(x) -

(1), l : f( )=
0

1 ( )(tf )(cos xt dt)d . (2) 
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 f(x). ,
.

0

1 ( )(tf )(cos xt dt)d  = 
2

)0()0( xfxf .

,  (2), 
 cos (t – x):  cos (t – x) = cos t cos + sin t sin x.

 cos x  sin x ,
 t, :

f( )=
0

1 ( )(tf tcos dt)cos x d  + 
0

1 ( )(tf tsin dt)sin x d . (3) 

 t, , ,
 f(t)  (– ; + ), ,

,  f(t)cos t  f(t)sin t.
 (3): 

1.  f(x) – .  f(t)cos t – ,

f(t)sin t – . : )(tf tcos dt = 2
0

)(tf tcos dt,

)(tf tsin dt = 0.  (3) :

f( )=
0

2 (
0

)(tf tcos dt)cos x d  .  (4) 

2.  f(x) – .  f(t)cos t – 

,  f(t)sin t – . : )(tf tsin dt = 2
0

)(tf tsin dt,  

)(tf tcos dt = 0.  (3) :

f( )=
0

2 (
0

)(tf tsin dt)sin x d  . (5) 

 f(x) 

2
)0()0( xfxf .

 (3) , ,

. : ( ) = 1 )(tf tcos dt,

( ) = 1 )(tf tsin dt.  (3) :

f( )=
0

( ( )cos x + (  )sin x) d . (6)
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 (6)  f(x) 
 0 .

( ) ( ).

 (4)  F( ) = 2

0

)(tf tcos dt. (7)

 (4) :  f( )= 2

0

F( )cos x d . (8) 

 F( ) -
f(x).  (7)  F( ) ,  f(t) ,

 f(t).  (8) 
.

 (5) :      

( ) = 2

0

)(tf tsin dt. (9)  f( )= 2

0

( )sin x d . (10) 

( ) - .
 3.  f(x) = e– x,  > 0,  x  0. 

 (7) - :

F( ) = 2

0

 e– t tcos dt = 22

2 .  (9) -

: ( ) = 2

0

 e– t tsin dt = 22

2

 (8)  (10) 

0
22

cos2 xedx ,   x  0,
0

22

sin2 xedx ,  x > 0. 

 4. :

.10,0

,10,
2
1

,10,1

)(

xx

xx

x

xf

- ,
:  = 0  (– , 1),  = 1  (0, 1)  = 0  (1, )

 = 0  = 1. 
,  [0, 1] 

,
 [0, 1]. 
,

.  f( )=
0

1 ( )(tf )(cos xt dt)d :



 50

f( ) = 
0

1 ( )(tf )(cos xt dt)d =
0

1 (
1

0

1 · )(cos xt dt)d . =  

=
0

1 1
0

)(sin xt d  =
0

1 xx sin)1(sin  d   =
0

2 2
)21(cos

2
sin x

 d

.
 = 0  = 1,  f(x) ,

,
2

)0()0( xfxf  = 
2
1  = 

 = f(x). 

,  = 0 : f(0) = 
2
1 =

0

1 2
cos

2
sin2

 d  =  

=
0

1 sin  d ,
0

sin  = 
2

.

 5.

.2,0

,20,
2

1
)(

x

xx
xf

.

,

f( ) = 
0

2 (
0

)(tf tcos dt)cos x d ,  f(t) 

 [0, 2], .

 f( ) = 
0

2 (
2

0

)
2

1( t tcos dt)cos x d .

:
2

0

)
2

1( t tcos dt = (1 – 
2
t ) 2

0

sin t
+

2

0

sin
2
1 tdt = (0 – 0) - 2

02 cos
2

1 t =

 = 22
2cos1 = 2

2sin , , f( ) = 
0

2
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